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Use extra paper but staple this page on top of your answers. I

Take-home MATH 6012 Quiz2-2019. due Mo, Sept 16 at 2:31PM
Answer: Key

Select the total of three questions to turn in: one on linear independence, one on bases, one on coordinates.
You may work with others to figure out how to do questions, and you are welcome to look for answers in the
book, online, by talking to someone who had the course before, etc. However, you must write the answers on

your own.

You must also show your work.

I Linear independence: Turn in solution of one of the following

Q1.1

Q1.2:

Q 1.3:

Check whether polynomials p;(t) = t2, pa(t) = (1 — t)2,p3(t) = (1 +t)? are linearly independent.
Answer: There are many ways of solving this question: one can compute the derivatives, one
can express the problem in the standard coordinates, or one can choose enough values of ¢.
Here is one of the solutions by the latter method for a slightly different question: show that
q1(t) =13, q2(t) = (1 — )3, q3(t) = (1 +¢)? are linearly independent.
Consider

f(t) = Cit? + Co(1 — 1) + C3(1 + t)?

and suppose that f(t) = 0 for all t. Then f(0) = 0 and f(1) = 0 and f(—1) = 0 so we get the
following system of equations:

Cy+C3 = 0 (1)
Ci1+8C3 = 0 (2)
~C1—8C, = 0 (3)
0o 1 1
The matrix of this systemis A= | 1 0 8|. Now
-1 -8 0
0 1 1 11
det A=det |1 0 8| =—det {—8 8} =-16#0
0 -8 8
So A is invertible. We now use the invertibility as follows:
&
Write ¢ = |Cy|. The system of equations (1-3) in vector notation is AC = 0. Since A is
Cs
B B B Ch 0
invertible, the equation AC = 0 has the unique solution C = A='0 =0. So C = |Cy| = |0].
Cs 0

This shows that C; = Cy = C3 = 0 is the only choice of the coefficients for the linear combination
to make f(t) =0 for all ¢.

Check whether functions fi(z) = %_H, f2(z) = =15, f3(x) = %5 are linearly independent An-

swer: They are not linearly independent as f3 = (f1 + f2)/2.

Check whether functions go(z) = 1, g1(z) = x, g2(x) = z€®, g3(z) = x%e® are linearly independent.
Answer: Suppose
cogo + c1g1 + cago + c3gs = 0 for all real . (*)



Evaluating this expression at z = 0 we get ¢y = 0.
So we are left with
€191 + c2g2 + c3g3 = 0
which is the same as
1z + coxe® + czxle® =0

Since this holds for all x, we can divide by x # 0 and get
1+ coe” + c3xe® =0

Taking the limit as * — —oco we get ¢; = 0.

So we are left with coe® + c3ze® = 0. Dividing by e® we get ¢o + csz = 0, and by continuity this
must hold also at x = 0. Evaluating at x = 0, we get co = 0.

So we are left with zcs = 0. Putting x = 1 we get ¢3 = 0.

In summary, we showed that if (??) holds then ¢y = ¢; = ¢3 = ¢3 = 0 i.e. the functions are
linearly independent.

II Bases: Turn in solution of one of the following

Q 2.1:

Q 2.2:

Q 2.3:

Give two different bases for R2. Verify that each is a basis.
Answer: There is an infinite number of answers. Perhaps the easiest for proofs are choices easy

1 1] [0
to convert into in echelon form like By = (0], [1]| |1|), with the matrix is already in echelon
0 0] |1
0 0 1
form and By = (0|, |1]|, |1|) where the rows can be permuted into echelon form.
1 1 1

Find a basis for the subspace M = {a+ bz + cx?+dz3 : such that a+b+c—d = 0} of P3. Verify
that it is a basis.

Answer: There are many answers. Since the condition for p € M is p(z) = a + bx + cx® + (a +
b+c)a® =a(l+2?) + bz + 2%) + c(2? + 23), it is clear that

M = span{l + 23,z + 23, 2% + 23}
This is a basis, after we check that these polynomials are linearly independent: Suppose
ci(1+2%) + o+ 2°) +e3(x? +2°) =0

Then ¢; + cox + c32 + (1 +c2+ 03)963 = 0+ 0z + 022 + 023 so comparing the coefficients at
1, 2,22 we get ¢; = c3 = c3 = 0, proving linear independence. (We can also invoke a theorem
from the book that every p € M is a unique linear combination of {1 + z3,z + 23,22 + 23}, so
this is a basis.)

Find a basis for the subspace

W{[a b} suchthatadO}
c d

of Myyo. Verify that it is a basis.
Answer: Lets write W as a span. If A € W then

S P Y i R

w=wan ([} .03 9]}

It is not hard to verify that these three matrices are linearly independent so W is a 3-dimensional
subspace of Msyo with the above basis.

So



Q 2.4: Find a basis for the subspace

x
P = y| such that x 4+ 2y =0
z
of R3. i
—2y -2 0
Answer: Lets write P as the span: if v € Pthenv=| y | =y | 1| +2|0]|. So
| Z 0 1
-2] o
P = span 11,10
0 1

i.e. as expected, P is a plane through origin in R3.

ITII Coordinates: Turn in solution of one of the following

Q 3.1:

Q 3.2:

. 1 .
Represent vector v = [ } with respect to each of the two bases.

4

Blz<[_ﬂ7m>’ BQ:<HH>

Answer: This problem asks for solutions of two systems of equations: Repg, (¥) = [

Lol Bl =l

x
Ll where
Z2

So we get

For the second basis, Repg, (V) = [3;1} where
2
1 1] [
2 3| lyo| = |4

Repg, (0) = [21}

which gives

Consider the vector space V of all symmetric 2 by 2 matrices with the basis B = (41, As, A3)

11 1 1 2 1
where A1:|:1 1:|,A2=|:1 2:| ,A3=|:1 2:|

i. Find the coordinates of the matrix A = {0 in this basis.

1 1

Answer: The routine way to answer this question is to solve the system of equations for the

new coordinates. Here is a ”slick way” to get the asnwer: As—A; = [8 ﬂ L, As3—Ag = [(1) 8]
1

andAg—Al:ISOA:2A1—A3+(A2—A1):A1+A2—A3. [A]B: 1

-1



1
ii. Which matrix C has coordinates Repg(C) = |2|?
3

Answer: This is much easier than the previous question:

B= A +24,+ 345 = E 161]

Q 3.3: Consider the following basis B = (1, 1+, (1+1)2) of the vector space Py of quadratic polynomials.
3
i. Which polynomial p has coordinates Repg(p) = |2|? Simplify your answer.
1
Answer: p(t) =3+2(1+1t)+ (1 +1)? =6+ 4t + 1>
ii. What are the coordinates of the monomial ¢? in basis B?

1
Answer: t?2 = (t+1—1)?>=(t+1)2 —2(t+1) + 1 so the coordinates are [t?]z = | —2
1
1 1 1
Q 3.4: Consider the subspace H of R* spanned by the vectors 51 = } , 52 = 3 , 53 = g . Assume
1 2 3
(without checking) that B = (51, 52, gg> is linearly independent so that B is a basis of H. Find the
5
. - 7. .
coordinates of vector v = 1] basis B.
11

Answer: We need to solve the system of equations cll_;l + 0252 + 6353 = ¢ for the unknown
coordinates ¢y, ca, c3 of vector ¥ in basis B. That is

1 1 1 )
1 n 2 n 21 |7
Al T2l T3] T |11
1 2 3 11
The augmented matrix of this system is
11 1 5
1 2 2 7
1 2 3 11
1 2 3 11
After row reduction we get
1 1 15
01 1 2
0 01 4
00 0 0
Solving the resulting system ¢y + co +¢3 =5, ca +¢c3 =2, c3 = 4, we get ¢; = 3,0 = —2,¢c3 = 4.
3
so the coordinates of ¥ in basis B are given by Repg(v) = | —2

4



