Printed: March 10, 2023 Name

Dynamical Systems Exam-2 ' A Key

Instructions. Simplify your answers when appropriate. Be sure to show your work so that it is clear how you got your

answers.
A-1. Use the Laplace transform to solve the initial value problem y” — 2y’ + 5y = 0, y(0) = 2,(0) = 4.
$2Y (s) — 25 — 4 —2(sY(s) —2) + 5Y(s) =0 s0 \

23 _ 2s ‘_2 s—1
2 —-2s+5 (s—12+4 “(s—1)2+4

Y{s) = B 2L [e' cos(2t)] + L [e" sin(2t)]

(s—1)2+4
From the tables/formulas we read out the answer:

[y(t) = ¢t sin(2t) + 2¢t cos(2t)J

A-2. Determine the function with given Laplace transform, and sketch its graph.

(8) F(s) = sty

o A e B N

F(s)=%—-p—fﬁso f(t)=1—cost|
1 1

(b) F(s) = ;—5;—’3 From previous problem, F/(s) = ¢ — %7 +€7"* (; - ﬁ)

We get f(t) =1 —cost + ur(t)(1 — cos(t — 7)) = 1 — cost + ur(t)(1 + cost).
To graph the function, write

f(t) =

l1—cost t<m
2 >

o2r ¢ 37 At

A-3. Solve the fourth-order differential equation y*) —y = 0 with the initial conditions y(0) = 1 y’(0) = 0, y"(0) = —1,

y'""(0) = 0 Laplace transform with careful algebra should be convenient.

3_ = .
sV (s) = s® +s+Y(s) =0, 50 Y(s) = =505y = (325_(1)(S;)H) =%

Answer: | y(t) = cost




A-4. Compute the Laplace transform Y (s) of the solution y(t) to the initial value problem v +y = g(t), y(0) = 2,
y'(0) = 3, with discontinuous right hand side function

0 t<nm
g(t) =43 form<t<2r
2 fort>2m

(Do not simplify your answer. Do not solve for y(t).) g(t) = 3H(t — 7) — H(t — 2m) has the Laplace transform

—-7s —27s
G(s) = 3= /s — e~ /5. So [Y(s) =4 g e T,+—1)]

A-5. Determine the eigenvalues and eigenvectors if the eigenvalues are real, classify the system (state whether stable or
unstable node, stable or unstable spiral, center, saddle point) and sketch the phase plane of the linear system.

% = 3z 42y
dy

Alss cleedied x=0y=-2
eys0 L[]

"""""" oot usess / \\ The matrix of the system is A = [3 2] The eigenvalues are

1 2
A =4, Ay = 1. Eigenvectors are 7 =/L2/1’]/, and Uy = [71,/f] [This is an unstable node]




Printed: March 10, 2023 Name

Dynamical Systems Exam-2 B Key

Instructions. Simplify your answers when appropriate. Be sure to show your work so that it is clear how you got your
answers.

B-1. Use the Laplace transform to solve the initial value problem y" + 2y + 5y =0, y(0) =4,y'(0) = 2.
%Y (s) — 4s — 2+ 2(sY (s) — 4) + 5Y(s) = 0 s0

Y(s) = 4s +10 4s+10 s+1 3 2
T 24+25+5 (s+1)24+4  (s+1)2+4  (s+1)2+4

@(t) = 3e~*'sin(2t) + 4e™" cos(2t)]

B-2. Determine the function with given Laplace transform, and sketch its graph.

(8) F(s) = 52y

f(t)
IR IS W e . SN
7T o 3 4 t
F(S)= _}'__ s‘i_l S0 f(t)=1—‘COSt i TN DO T SR N e, Lo s
(b) F(s) = -sl-(i;‘;;% From previous problem, F(s) = 1 — %4 +e™™* (% - -5-2%)
We get f(t) =1 —cost + ur(t)(1 — cos(t — 7)) = 1 — cost + ur(t)(1 + cost).
To graph the function, write
l—cost t<m
t) =
1) {2 t>m
ft)
D S A
T 1 9r | 3 | 4m ot

B-3. Solve the fourth-order differential equation y*) — y = 0 with the initial conditions y(0) = 0 /(0) = 1, ¥”(0) = 0
y"(0) = —1 Laplace transform with careful algebra should be convenient. ‘ 7

34,Y(S) ~s2+1+Y(s)=0,50Y(s) = (‘57%2)??1?1) = 2

Answer: |y(t) = sint




B-4. Compute the Laplace transform Y (s) of the solution y(t) to the initial value problem y” + y = g(t), y(0)

y'(0) = 2, with discontinuous right hand side function

0
=44
2

g(t)

(Do not simplify your answer. Do not solve for y(t).)

t<m .
PN
form <t<2rm 2
for t > 27 =]
| e 27

9(t) = 4H(t — m) — 2H(t — 27) has the Laplace transform

-7

58+2

241

G(s) = de=™ /s — 2e=275 /5. So &(s) =

—27s
+ 4s(e\32+1§ -2 36(332+1]

B-5. Determine the eigenvalues and eigenvectors if the eigenvalues are real, classify the system (state whether stable or
unstable node, stable or unstable spiral, center, saddle point) and sketch the phase plane of the linear system.

dzx
dt
dy
dt

Il

.

The matrix of the system is A = [:

B = m. This is a

-3z — 4y

o Chor. e,«yhn : >Z+ EN+i=20"
enGesY 0

_

— - 2
_ﬂ the eigenvalues are \; = —5, Ay = —1. The eigenvectors are 7 = [1] and



Printed: March 10, 2023 Name

Dynamical Systems Exam-2 G Key

Instructions. Simplify your answers when appropriate. Be sure to show your work so that it is clear how you got your
answers.

C-1. Use the Laplace transform to solve the initial value problem y" — 4y’ + 5y = 0, y(0) = 2,y'(0) = 1.
§2Y (s) — 25 — 1 —4(sY(s) —2) +5Y(s) = 0 so

Y(s) = 2s—7  2s=7 _ 2(s-2) 3
= @ _ds+5 (5-202+1 (s-2°+1 (s-22+1

(y(t) = 2¢?! cos(t) — 3e?* sin(t)J

C-2. Determine the function with given Laplace transform, and sketch its graph.

(a) F(s) = 537

F(s)=1— %7 s0(f(t)=1-cost}
1 1

(b) F(s) = —sl(iq%;—:; From previous problem, F(s) = 5 — &7 +e7™° (; - 354_—1)
We get f(t) =1 —cost + ur(t)(1 — cos(t — m)) = 1 — cost + ur(t)(1 + cost).
To graph the function, write

ft) =

1—cost t<m
2 t >

C-3. Solve the fourth-order differential equation ) — y = 0 with the initial conditions y(0) = 0 y’(0) = 1, y”(0) = 0,
y"’(0) = 1 Laplace transform with careful algebra should be convenient.

4 a2 L _ _ 2 . 2
sY(s) =82 —1+Y(s)=0,s0 Y(s) = (52_51;{51”1) =5 = (s—l)l(s+1) — EI_L1 - %QT

Answer: [y(t) = Le! — fe~! = sinh tJ




C-4. Compute the Laplace transform Y (s) of the solution y(t) to the initial value problem y” +y = g(t), y(0) = 2,

y'(0) = 3, with discontinuous right hand side function

g(t) =

0
2
1

(Do not simplify your answer. Do not solve for y(t).)

form <t<2m

G(s) =2e"™ /s —e 2" /5. So [Y(s)

— 25+3+ _ e
5241 s(s241) s(s241)

2e” "

s }

% A -
‘ : —-—>
—l I8 257

2H(t — ) — H(t — 2m) has the Laplace transform

C-5. Determine the eigenvalues and eigenvectors if the eigenvalues are real, classify the system (state whether stable or
unstable node, stable or unstable spiral, center, saddle point) and sketch the phase plane of the linear system.

dzx
dt
dy
dt

The matrix of this system is A = [

5=

This is a saddle point.

VISICT TN

Chaw. €cr : | )4/(1 d()

x < Z — -
} The eigenvalues are Ay = —2, Ay = 2. The eigenvectors are 7, = E] Bad



Printed: March 10, 2023 Name

Dynamical Systems Exam-2 b Key

Instructions. Simplify your answers when appropriate. Be sure to show your work so that it is clear how you got your

answers.

D-1. Use the Laplace transform to solve the initial value problem y” + 4y’ + 5y = 0, y(0) = 2,3(0) = 1.
s2Y (s) — 25 — 1 +4(sY (s) — 2) + 5Y (s) = 0 so

25 +9 25+ 9 2(s + 2) 5

> T TEn R e L R (R LR R CP L

Combining formula F(s+2) = L[e~2t f(t)] with the Laplace transforms of the trig functions we see that £ [e~2" cos t] (s)

G:f—%f—g and L [e~? sint] (s) = (T+2_1)m We read out the answer: (y(t) = e~ sin(t) +2e~2 cos(t)]

D-2. Determine the function with given Laplace transform, and sketch its graph.

(a) F(5) = s

Q(,oVO 1o ,,,,, ,,,,,,, ________ ______ ..... —

O GET e B YA B

(b) F(s) = ;—F:%;—_% From previous problem, F'(s) = é — oy e (% - ?%ﬁ)

We get f(t) =1 —cost + ur(t)(1 — cos(t —m)) = 1 — cost + ur(t)(1 + cost).
To graph the function, write
l—cost t<m
0=

2 t>mw

D-3. Solve the fourth-order differential equation y*) —y = 0 with the initial conditions y(0) = 1 y/(0) = 0, y'(0) = 1,

~y"”"(0) =0 Laplace transform with careful algebra should be convenient.

"4V (g) — §% g ) _ 34 . s(s?+1) 1/2 1/2
'Y (s) —s°—s+Y(s) =0,80 Y(s) = (32-31)(:2+1) = GP-D(s2HD) T s s ek #

Answer: | y(t) = e’ + $e~t = cosh tJ




D-4. Compute the Laplace transform Y(s) of the solution y(t) to the initial value problem y” 4+ y = g(t), y(0) = 5
y'(0) = 3, with discontinuous right hand side function

)

Vi
0 t<m ' ;
}
gt) =<3 forr<t<orm _ ]."‘_"":3
1 fort>2nm l w (411

(Do not simplify your answer. Do not solve for y(t).) g(t) = 3H(t — 7) — 2H(t — 27) has the Laplace transform
G(s) =3e™™ /s — 22" /5. So [Y(s) =00+ - zs;;;j;)J

D-5. Determine the eigenvalues and eigenvectors if the eigenvalues are real, classify the system (state whether stable or
unstable node, stable or unstable spiral, center, saddle point) and sketch the phase plane of the linear system.

dx

— = 4z -2

dt S

d ' \.“\
d—‘Z = z+4+2 1
=

4 =2
1 2

. by woiawiod oxa[";h S @y ez < 36340

The matrix of this system is A = [ ] The eigenvalues are A = 34-i. This is an [unstable spiral, moving counter—clockwisej



