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Differential Equations MATH 2073 Final-2019x «.,

Instructions. Simplify your answers when appropriate. Be sure to show your work so that it is clear how you got your
answers.

1. Solve the initial value problem y' = 2x + y; y(0) = 2.

Solution

% —y = 2z, so integrating factor is u(x) = e~*. The general solution is y = Ce® + 2¢* foz ue *du = Ce* —2x — 2 and

the initial value is satisfied by y = 4e* — 2z — 2.

2. Solve the initial value problem y’ = 6yz; y(0) =6

Solution % = 6xdw, so In|y| = 322 + C. The general solution is y = Ce32” and the initial value is satisfied by

y = 6e37”.

3. Find the solution of the equation y” — 2y’ = 4 with the initial value y(0) = 1,3/(0) = 1.
Solution I The Laplace transform of y satisfies the equation s?Y — s — 1 — 2sY + 2 = 4/s Therefore

s2—s+4 A B C
==+ +

Yis) = 2(s—2) s 2 s—2

This gives As? — 24s + sB — 2B + Cs?> = s> — s + 4. Therefore A+ C =1,-2B=4,B —2A = —1. So

11 1 3 1
Y(§)=—=- -2 4+ =
(5) 2s 52—’_2572

The answer is | y(t) = —3 — 2t + ¢ |

Solution IT The homogeneous equation has the characteristic equation r? — 2r = 0 so the solution is y(t) = Ce?* +
Cy + y«(t). By undetermined coefficients method, the particular solution takes form y, = At. Putting this into the
equation, 0 — 24 = 4, so A = —2. Thus the general solution is y(t) = Cye? + Cy — 2t.

Now we use the initial values: y(0) = Cy +Cy = 1,4/(0) = 2C, — 2 =1. So C; = 3/2,C5 = —1/2, and the solution is
y(t) = —2 —2t + 32|

Solution III Substitute u = 3’. This reduces the order of the equation to v’ — 2u = 4. This equation of order 1 can
be solved either by integrating factor method, or by general theory of n-th order linear equations, or by separation of

variables. Choosing the latter method, u’ = 2(u+2), so ud—fr‘Z = [2dt, and In(u+2) = c¢+2¢t. This gives u = Cye* —2.

Since u = %/, this means that y' = C1e?" — 2. Using the initial condition y/(0) = 1 we get C; = 3 and ¢y’ = 3¢ — 2.
Integrating this, we get y(t) = 3e* — 2t + Cy. From y(0) = 1 we determine Co = 1 — 3/2 = —1/2. So the answer is

y=3e—2t—1|

4. Find the solution of the equation
y" + 4y’ = 0 with initial conditions y(0) = 1, y/(0) = 2, y"(0) = 4

Solution: Characteristic equation 7% + 4r = 0 factors as 7(r — 2i)(r + 2i) = 0. The roots are 0,—2i,2i. So
the general solution is y = C; + Cycos2x + C3sin2z. The initial conditions determine the constants. Answer:

y =2 — cos(2x) + sin(2x) ‘

5. Find the general solution of the equation y®*) — y = 4e.

The characteristic equation 7 —1 =0 factors as r* — 1 = (72 = 1)(r2 +1) = (r — 1)(r + 1)(r — i)(r +14) = 0 with roots
+1, £4. The general solution is y = Ciet + Coe™t + Cssint + Cy cost.

Seek particular solution y, = Ate’. This gives y, = te' Answer: [y = Cyel + Coe™ + Czsint + Cycost + tet]

6. Find the general solution of the homogeneous Euler equation 2%y” — 6y = 0 for > 0. Hint. Recall that we search for
the solutions of the form y = x".

The characteristic equation is r(r —1)—6 = 0. This factors as (r—3)(r+2) = 0 The general solution of the homogeneous
equation is [y = Clx% + Cga?‘ﬂ




7. Find the power series solution y = Y ; a,z™ of equation y” — zy’ — y = 0 with the initial value y(0) = 1,4/(0) = 0.
Steps in the solution:

(a) Express xy’ and y” as the power series in powers of .
!/ o n
xy =3 napx
y' =3 o(n+2)(n+1)a,0z"

(b) Determine the recurrence relation for coefficients a,,. Simplify your answer!
(n+2)(n+ 1)ap+e —nay, —a, =0

This simplifies to

a — an
n+2 n+ 2
(¢) Compute the first six terms of the power series y = ap + a1x + asx? + asx® + asx* + asz® + ... and notice the

pattern.

Since ag = 1,a; = 0, the recursion gives

Qo 1 0 as 1 as 0 ay 1
a:—:—7a——7a :—:7’a5:—:77a = —_— =
2Ty M Ty M T T 9y 5 3.5 °° 6 246

Theﬁrstsixtermsare[yzl—l—%z—i—%—&—2356—&—...]:1—1—”3—22—!—%—#%—&—....
The pattern is

1 1
G2k = 9 A% % (2k)  2FK!
aggy1 =0
The answer is .
b $2k > (%) 2
_\ __z?/2
y=> okLl > B e’
k=0 k=0

8. Solve the differential equation y” + 4y = 4u,(t), y(0) = 1,4'(0) = 0. (Here u(t) is the unit step function.)
Sketch the graph of the solution.

3
wlw

o3

—7s

Solution: The Laplace transform is Y (s) = 3214 + 3%562+4) = 3214 + e 7 (% — ﬁ) Therefore the solution is
y(t) = cos 2t + ur(t)(1 — cos 2(t — 7)) = cost + ur(t)(1 — cost). Thus

cos2t t<m
y(t) =

1 t>7



9. Solve the differential equation " +y = §(t — 7),y(0) = 0,4y’ (0) = 1. (Here §(t) is the unit impulse function.)
Sketch the graph of the solution.
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Solution: The Laplace transform is Y (s) = ﬁ + % Therefore the solution is y(t) = sint + u,(¢)sin(t — 7) =

(1 — ur(t))sint. Thus
sint ift<nmw
y(t) = { 0 ift>mn



10. Consider the system of differential equations

Uy = 2u; + ug,

Uy = U+ 2uy

with initial condition u(0) = 4, u2(0) = 2.

Determine solution wus (t) of this system. Hint. Transform the system into a single equation of order 2. (Alternatively,
you can use the Laplace transform.)

Standard solution from the book: From first equation, us = uj — 2uq, so the second equation becomes uf — 2u} =
uy + 2(u} — 2uq). This simplifies to

uf —4u] +3up =0
The initial conditions are u1(0) = 4 and v} (0) = 2u1(0) + u2(0) = 10.

The characteristic equation is 72 — 4r + 3 = (r — 1)(r — 3) = 0 so the general solution is u; = Ce! + Cye3t. Using the
initial condition

Ci+Cy=4, C; +3C, =10
We determine that C; = 3 and C = 1.
Answer: [ul(t) = 3e% + et} and ug(t) = 3e3t — et

Non-standard solution:

Adding the equations we get u} + u, = 3u; + 3us. So we have an equation y’' = 3y with initial condition y(0) = 6 for
y = u; + up. The solution of this equation is y = Ce3' with C' = 6.

Subtracting the equations we get u} — uy = u3 — us. So we have an equation y’ = y with y(0) = 2 for y = uy — us. The
solution of this equation is y = C'e! with C' = 2.

So uy + us = 6e3 and uy — uy = 2¢t.
Adding the equations we get 2u; = 6e3t + 2¢!
Answer: [ul(t) = 3e3t + etj

Laplace transform solution: Taking the Laplace transforms of both sides of the equations we get
sU1(s) —4 =2U; + Uy and sU; — 2 = Uy + 20U,

where Uy (s) = L(uy). Solving the system of equations

(8—2)U1—U2 =
—U1+(S—2)U2 = 2
we get
4 -1
U — 2 s—-2| 4s — 6 B 45 — 6 B 4s — 6 3 N 1
P s =2 1’_(5—2)2_12_((3_2)_1)((3_2)+1)_(5—3)(5—1)_3—3 s—1
-1 s—2

From the table of Laplace transforms we read out the answer



