
Quantum electrodynamics sort of 6h 14

QM of particles
Observables I I Xj Pa it Sjk

5 Sj Su it Ejuese

Parameters me s t

QM of waves fields A quantumfield theory
Classical E M fields are ECI t BCE t

parameters are C I t h a
When quantize fields become operators ECI.tl

i e an a set of operators labelled by I.tl

What we will do

Treat Eam field classically charged
particles quantum mechanically
This is not self consistent but gives the
leading result in perturbation series of
the full QFT in the parameter a EE
Show how to quantize GM fields but
will not couple to charged particles



Semi classical electrodynamics

Review classical fall

55171 Max's

equs
Exit I É 4 Ej IxÉxdÉ o

É qÉ at Be 3
Law

Solve magnetic M E w gaugepotentials

I Tix I

É Tig it

Solutions for Cq Fl are not unique

I A Ex Gauge invariance

p g ti ambiguity in

description of EM
i to q E



Rewrite ME LFL i t.o.CA e and
want to write FL as equation of
motion as Euler Lagrange equs so can

identify the canonical momentum

Recall Lagrangian K.E e E
d

gig 20 Egns of Motion

To get CFL for particle of charge q
mass m need

1 225 qgcim.tt t.ACICH.tl

t
NBD get pitch ICI ALICE

NB There is also a lagrangian for Maxwell's
eyas

Lem fixLen
Lem É É BB i t.co Cq



go.tl analogs of Ect
ICI t

PCI t
Ici

analogs y Ey
Once you

have LCE É the

canonical momentum conjugate to F is

F 3
and the Hamiltonian energy i f o Ep

HELP LEAVE
EI

Then quantize by saying I I are

hermitian ops satisfying canonical
commutation relations

I p it

NB can do analogous w EM fields

Result of this is



FEMI E Ici

H p Ect F EE 1 Epa

Where F I are operators satisfying

Xj Pa it Sju i.e usual

How about spin Answ

ft Elp Fca p Eto 99151 I'm 5 Bci

xj.pk it Sjk Sj Sujit Eines

Xj Xu I pj Pa 1 0 Sj Xu Sj Pa

Quantum particle in classical EM field

Hilbert space o n basis

H I my
Te IR
ME S set s

with s fixed e 0 s 1 3 3



property ofparticle spin

Aharanov Bohm effect

Start from path integral description of GM

consider following experiment
screen to
measure I

ÉÉf

source

of charged pattern from

o mn
i ii

i
As a crude approximation pretend
there are only 2 paths the particle



I

can take to arrive at a point I

81 82

The path integral says we are to

sum over these paths to compute
the amplitude
In terms of states this just means

147 148,7 14827

is the state of the particle and
the probability of observing it at

is

Prob E I IN T

5148 414gal
Since sum inside the 1 R tget
interference

Now want to use path integral
to compute relative phase between

1427 and 14827 due to B field



Key fact

B Txt foras t have

I to outside
EÉI am

At Ex doesn't

change this

Path integral gust

I I V it to It Nyc
eÉÉdELegal

gCto to

YLE t LEITCH LINCE HI Tito

Sdk I Ttt toll I IN to

fix fayette Tito tofto



L E IT EI ICI

YET t In ÉÉ it qq.cat
State picks up additional

phase

e fitly jdt
due to presence of É field
Now examine this phase

Algren Feldt t

It Ii If de
gin

I Feil dy to



so we get rule

4 I getting
Apply this to Aharanov Bohm

experiment

8 14,7 the 14 e
So dippy

82 14,7 It's 142 eteratdity

8 8 o

147 14 at MIA
YES tt d e's fatdi fried1 14



t.fi

Ig.stythnwhere S is a Cang surface with boundary

25 8

Ext di E di s

Magnetic flux
through 5

B BE B d5 R B



i When turn on B field in solenoid
the interfering path states gain
an additional relative phase

C
EE IR B

This will shift interference pattern
so is observable

This is even though charged particles
never see the B field

Lesson In QM phenomena experiments depend
not only on ECB fields classical but
also the field holonomy

exp i F ditgdt Wilson line



Atoms in EM fields

Say we have an atom and we

shine light on it

The atom is described by say the
usual H atom Hamiltonian

Hatim É e get In E
governing the state of the election

If the light is bright enough it is
well described by a classical EM
wave

Rewrite Earl in terms of its plane wave

solutions I e plug into Max's equs

É Tq It B Ext

Simplify by partially fixing the

gauge ambiguity
in 6 Il by



choosing Lorentz gauge
0 5 I tie

Then Max's equs then become

I É tin o

te É tip so

no sources

which are just separate wave ego

of each component of g

But notice that does not completely

fix the gauge ambiguity

A Frix p'T Ex
because

IF't're FEtty tix tix

So Lorentz gauge still allows
shift Og by any x satisfying

Tix EX o



Say get t is solution of and at
an initial time to dyeo o

Then

xct.tl I cStfuE patio dE
solves

Proof Tix clothe TgiofdE ELIF.EEIat
IfdECit7 YCIF ELICIT

I X 1414154 gun I

Then can make gauge transformation
with this x still preserve

But the new g is

p get t IX Iit

get t quit 94,07

go o



Net result we can choose a gauge
in which

get t 915,0 is time independent

and I satisfies

TA I É o F I o

since 6 0 Lorentz gaugebecome

This is known as Coulomb gauge since

now we can take

yet o E
the static Coulomb potential that the
electron feels and all the EM radiation
is in the Act t field

The general solution of the Coulomb gauge
wave equation for F is

A cat E qq.ae xeiCEE
wt

complexconj



where

w ck k lil

Elle X are pair of orthonormal polarization
vectors perpendicular to Te

Eli X Ellen 8 7,7 e 1,23
E E E X 0

each plane wave component

To volume factor is for later convenience
I

me TamwravesCool field

initiate
TB



Then Hamiltonian for the H atom
election in the presence of lightwave

III t was cite wt
c e

H Em Ft E Ici.tk fth5
BEtt

fm er ELF.EC t tAcItl.pt25BEt
I EACH I

Ho t a H t

For weak EM fieldtretta as small

parameter try perturbation theory
i.e expand in power series in a

But can't use time independent Schri

egh H 147 147 ble H is time dependent

so have to develop pert theory for
full time dependent Schriequ

it 14147 44114147



Time dep't perturbation theory

HIA Ho Hilt with 4cal

Hole E4 I El given solinof timeinder't
part

Given initial condition at t o

141017 5 Ei ceiling encollei

then general solution can be written

141 1 Cult é
th Ei

If 7 0 then cult Cuco Galt o

so if 741 then expect tinct small

Plug into Schiro equ to get

it init Epact e
isn't

Ei

Cult e
it

Hoxha Ei

Can simplify by computing Eg



use Ho Ei Enl Ei a orthonormality
v u

jct Cult
É E EI't Helen

Now look for a solution for Cult
by expanding it in a power series
in X

C Ctl Cn CH ten t ex

060 Cj t o CECE Cf o

x
y

constants bk

Cf E cue
F E th Ey ticalEi

oa.IN
Linear ODE in t for Cj f

Cj t c.io dt'edE Ent ceElH.cellEi



Typically t o the initial state is an

H atom eigenstate i.e

141077 1 E Ci Sni

Then Cylt Cj 7cg E t 8g.it lcelt

Cflt Sf E de e Ei t.LEgla.tl E El

and probability of observing the election in
state let at time t is

Prob ist t ICflt 1



Spontaneous emission of light
1

no photon
Ito

1 photon

q ftI

ÉÉ
Ez T

HatomoThem Hatom Them
to t O

Question What is probability1sec for this to
happen

So this is not a case of a classical
E M field to treat this we have to

quantize the Ecm field

We will motivate in the next lecture the

following answer

In Coulomb gauge 9 0 F I classicalplane



wave solutions were

At t Cinema eictiwttcg.pecepseiCEt
utl

Upon quantization Actt becomes an operatorAct

AFI JIYIglajeci.netttatg ecexse
it t

where Eat Ig are creation annihilation

operators for 1 photon of energy hw tick
and polarization Ect X

This gives a rule of thumb wack

Creating 1 photonwith wiki corresponds to
complex classical field

ACI.tl
qgen

CtYIfe ci.xe
iciI wtl

Annihilating 1 photon with witeE corresponds to

complex classical field

Altitllannin giftEckneticie
wt

photon
Note V volume of box with periodic boundary conditions



We now use this time dependent
perturbation theory to study spontaneous
emission of one photon

H É CREATE.tl Er
In E ftp.Aciitlttci.HFEAE.tt

IF ten
Since Xj Pu it Sjk

PjAk Cpj An Aupj

I 3ft pine Aup

it 3 t Aupj

F I it A F p
g
t

in Coulomb gauge

Hilt Ec Act t.pt Aii t



Recall from last lecture that 1st order
time dependent pert theory says that the
amplitude get for ending up in the atom
state af at time t if youstart in atom
state lai at time 0 is

Cylt SI State Et Filth LastHilt ai

In our case

Itt ghost
hand

iii ÉÉÉÉ ox to Iai to
If I't.lt Ql1E x I 1970116

10 I no photon no EM field
Ily E one photon w wave rector I

and polarization 7

I 1k ate toy a
creation op
creates a photon

an nih op
AT 107 0 kills vacuum

AI Ily lo
annih op
annihilates 1 photon



Since I n

Enfantate

H if t.pt E A

I law tats
E la tat
61

LAH ti 1,1 ftp.tqtltslatati 107
tod Y

Clint ant 107

Only part of H which contributes to the
matrix element is

Elif H i f EM creates a photon
with E x

New we plug into our time dep't pert thry
formula using our rule of thumb

Celt Iftdt e let filthy EJETe
ik.int
EPlay



Glt I fat e Eft
hw Filth

M

M
Effy

ii caste plan

Green photon properties
Blue electron atom properties operators

M decay amplitude
time indep't H atom matrix element

which you can compute see text

DE Eg tw Ei
total energy finalstate tot energy initial state

i DE tht
gotat e set'm egg sin EE t

Plot 1 F s

ÉÉ



se

so approximate S function SIDE i.e

enforces energy conservation in limit

as t 70 Cle t Vw in practice

In fact him finite tsial so
tax

Transition probability is

Piatt IGHT sina.EEI

ZI t.IMTSCAE
Define decay rate prob time

Ti g ti.PE EIMFS se



In practice not interested in decay
rate to emit photon with an exact
value of K and polarization 7

Generally only detect photon final state
with some finite energy de angular dr
resolutions

he dk how de L II time resolution

direction at E dot ta of detector

and sum over y ou don't detect photon

polarization

so to compute First we should
sum over all kid with

ke Ck let de
yakthe dr
regionall X E 1,2
in E space

at ZI fdk.n.IM 28 AE
x Bk

number of photon
States per dz volume

density
m

t space



9 .9 Orbital Angula r Momentum Eigenfunctio ns I 333 

z y 

rd¢ 

X 
(a) (b) 

Figure 9.10 (a) The solid angle dQ in three dimensions is 
defined as the surface area dS subtended divided by the radius 
squared: dSjr2 = (r d&)(r sin 8 d(p)jr2 = dQ. (b)l'he ordinary 
angle d¢ in two dimensions is defi ned as the arc length ds 
subtended divided by the radius: ds j r = d¢. 

To obtain the orbital angular momentum eigenfunctions Yz,m (e, ¢) themselves, 
we start with the equation 14 

L+ il, l} = o (9.141) 

Since L± = Lx ± ify, using (9.127) and (9.128), we can represent the raising and 
lowering operators in position space by the differential operators 

A fi +icb ( . a a ) L±---+ - e- · ±t-- cote-
i ae arp 

Thus in position space (9.141) becomes 

A 11 .<P ( a a ) (e,¢1L+ IL,l)=-e1 i-- cote - (e , ¢1l , l) = O 
i ae a¢ 

Inserting the known eilif> dependence, we can solve the differential equation 

to obtain 

- l cot e) (e, ¢11, l ) = 0 ae 

(9.1 42) 

(9.143) 

(9.144) 

(9.145) 

14 This approach is similar to the one we use in Section 7.4 for determination of the position-
space eigenfunctions of the harmonic oscillator. For an alternative technique in which the spherical 
hannonics are detenuined by solving a second-order partial differential equation by separation of 
variab 1 es, see Prob 1 em 9.17. 
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Naively n x there are infinitely many
photon states per disk volume since there
exist photons with any value of E

But this infinity is from working in

infinite volume in space In real life
we only measure things in finite volumes V

Eg say we put our experiment in a cubic

box of side L so U E The
box give boundary conditions on EM waves

Say we use periodic boundary conditions

F x y z Xt Ly Z

FIX ytL Z

x y Ztt

17

what BC's we use doesn't matter in the end



Since
I Eee

periodicity ei K It Loo
e
it I

ei kl

k ZIYI ne E 21

Similarly for by lez

t IT Pez PE

Therefore there is A allowed k in

a volume E of Te space i e

N
EEP c Isis

So the differential decay rate is

at E EE S
03k MCI S Etta Ei

Bk

fatty 1kt
de

idle for 1M Kt S Esttick Ei

In take small dr



É ar see Emet Mt

E tick to

a Y.gggddE1Mctntlaw t.n

Ei Ef
Differential decay rate

dat III Incant
Total decay rate

M fardt.ci oESarimiiilt

Fermi golden rule

Implict w M evaluated at energy conserving
values Ktc hw Ei Ef
Sdr is over directions of I

Factor of V cancels 1min



Quantizing the electromagnetic field

canonical quantization

PARTICLESIFIELDT
Legal get fdxLCqct.tl go.tl
I Legendre f Legendre

H alt PLH H quits pct til

I 1
ay

w E F it IcelPeil it Sciy

i i i

Work in Coulomb gauge T t o g

I EB EA HYE Ext



H E BY long story

Easier to work directly at the level of
solutions to Maxwell's equations

Act4 É q Elaine t c c
6,7

with w Ike Ect X EEE x 8 Xe 1,4
I É o

and V13 the volume of large box with
periodic boundary conditions an'd

I LIT FEZ

So to quantize want to treat

ICI o operator Cq operator

But what commutation relations should
We give CE Cte

Look at Hamiltonian



H Sfx FEB try it

E kilt catch Ctx

Have to use Id's e
t h't

V84

Define hermitian operators

q
I cut Centcom

Pax its Ci Cte

Then find

m t and frequency wack

I EM field x of decoupled harmonic
oscillators
normal modes of EM field



It is now easy to guess how to

quantize just like S H O

qi Pat I it 85,618 2

EE qi Pe PE 7 0

420 Quantum electromagnetism

Alternatively we can rewrite in terms

of SHO creation annihilation operators

a ET CE

ai Etr can

aw at Seti Stix

ania Ak I ate ate O

H Ey tu
Canta ai E



All that remains is to interpret
the physical meaning of att t ai
operators

From SHO

NE at At
is the number operator for the lit mode
with eigenvalues

Me E 0,1 2,3

in an orthonormal eigenbasis

Inter

We have this for each mode 6,7 so

an o n basis for the whole EM
Hilbert space is

the x he 7 1 5,7370
I Ino

So this is a huge Hilbert space



Since H E too nine
E tick no thEtiw

unobservable
constant ITrip

I Etch no
To TEO 1,4

i Ground state vacuum is

107 010 7 H 07 0
tend

Now consider next eigenstate

11 7
1771501
ate 107

Has energy HITE 7 tick he



This is the energy of A photon hw tick

Similarly the N photon state would

be

INCE itched in n at i 107

So the Hilbert space includes all possible
numbers of photons Fock space

To confirm our interpretation of these
states as photons particles of light
we should be able to see that they
have definite momentum and spin as

well as energy

W chH E tune
F EefarÉxB try it

E th ne

I 11 the 11in



I Photon has

EPI Aw At

the the

S R Ej mic pic
11
3oz 4262 4 2

My o

Photons are massless they move speed o light

Spin

for Tx Ext messy

Take ELI then I É o

can take basis Elt l I Elderly
doesn't give Jz eigenstates

Right basis of polarizations
right d

Er I I ig Left circular



ET É E X ig
polarizations

Then find III e 1Er are

eigenstates of Iz

Ille th It a

Iz 15,1 h 115,1

So looks like photon spin 1
but should have Iz o eigenvalue

5 1 me 1 O I

missing

Ty Ty Iz do not satisfy any mom

rotation algebra
In fact only component of F along
direction of motion of photon is

well defined

he II J helicity



Reason photons can never be

brought to rest so there is no

frame in which they have rotational
symmetry so angular momentum
can't even be defined for them

The only symmetry is rotations around
the direction of motion of the
photon which is generated by h



Relativistic Quantum Mechanics

Quantum Field Theory

Quantize Ed M field Hilbert space
included all possible number of particles
photons

This is general consequence of special
relativity quantum mechanics

particle number is not conserved
i have to include all possible number
of particles in Hilbert space

Often say can create particle antiparticle

pairs from the vacuum Many particles
are their own antiparticle e.g photons



The operators which create annihilate a

particle at a position I are called

quantum field operators

Ect porters not operators

E.g ice is a quantum field

In special relativity relativistic symmetry
Lorentz covariance is manifest in

space time Xue t I M 9443

In our formulation of QM field operators
depend on space a state depend on time

SchrodingerIces Heh
picture

This makes Lorentz covariance my manifest

HÉi IÉ ask
1414 Iggy

S Schro



Recall 14147 é tall cosy
Note 12414 8,41145147

11 l

e
it a Xslo Isle e

it
14cos

Xs o eti those é't good

Define 14 7 I 1451017

duct t I etititage e
itta

HE Heisenberg Then

States are time independent

Operators have time dependence

Schro equ it 14,142 1 14s t

Heis equ it THEt it duct ti

Note HH Ils H

Transl inv ok It Iit É list

it2y4lx7nLPIqxII7wlxmct.FPI H E



E Lorentz covariant Schiro equ

RelativisticParticle free no interactions

Also described by field

MEM Lorentz group rep n index
E spin

create annihilate particle antiparticle at xu

Tigitation22 22m
2281 m d o I d

É E prem a KleinGordon equ

If I It scalar particle ofmass in

which is own antiparticle

If I It a scalar particle antiparticlemass m

Iif
Tt lasts

a

i me Dirac

28É 4x4 Dirac martial

spin z particle aantiparticle man m

Ceg e et



Majorana 5 42 particle own antiparticle

Masslessvectorchellpatic AnCyo
Satisfy Maxwell equs in Loztzen
ET An 0 SME o

Gauge init version 272mA 2 Ai o

WmCxm

EÉIIÉ eat
scalar

Lingayat
In tracelentransura gauge 2mg In o

equs of motion
2 Im o

Gauge ind't version Einstein eyas clan

Non relativisticlimit
Look at Klein Gordon field free relativistic so particles

KG É 3 titid m c d o

For non rule particles E http mzc4
i E Go me



So define Eat
greatIII t I e

fast t dep slow t dep Ign 4G Onr
Plug into KG egn d

E I ÉÉIÉÉÉ.IEiij.e e.t

42820 titian e
Eat

mic'd myoir
y

e Eat

caucaldry
O I zitmourth din
it fur É In wave function

Interpret gone log q qy
of singleparticle

vacuum I

it lone Et dir
NR Schriegu for freeparticle.y


