
Identical particles ch 12

2 particles are identical if there
is no intrinsic way of telling
them apart

They can have different dynamical
properties such as positions momenta and

components of spin but their invariant

properties such as their 5 spin quantum
number s as well as mass and charge
are the same

There are therefore no additional invariant

properties that can be used to distinguish
identical particles from each other as they
move and interact
In other words there is no way in principle
to mark one as particle number 1 and

another as particle number 2

We have discovered that at the atomic
and sub atomic level nature is made up
of identical particles in this sense



of

Their existence is some sort of indication
that we are approaching a more fundamental
description of nature

Examples
e all electrons have 5 42 q e m 0.511 MeV

H all hydrogen atoms in their groundstate are

all identical But 2 H atoms in

different internal energy eigenstates are

distinguishable

In classical mechanics can tell apart by following
position in time

1 g2
Thus even if we accept that the two particles
are identical in the above sense we could
still label them by their initial positions

In QM there are no definite paths so

can't use this strategy to tell them apart

i y IHi



So the existence of identical particles is

an inherently quantum phenomenon

If 2 particles are distinguishable then

particle 1 a Hilbert space 1 E V
a 2 as a 2 I V2

and total 2 particle state is

147 E V V2

E g if 14 x ay I eigenstate in V

1427 x2 b I V2
147 1a a 16 I la b

147 b a is a different state

But if particles are identical then

V1 If isomorphic same
shape

and can't tell la by lb a apart

Rule For identical particles state
remains the same under interchange
of their labels 162



How do we implement this mathematically
Although V G V22 V Q Vi Vz Vi

we still have that la b lb a

Say 147 a a b p lb
a

Interchange 142 labels get new
state

alb a tf a b I 14

Only invariant if 2 8 i.e if

Ms
alignment state

But 147 and e 0147 are physically
equivalent for any O so there are more

possibilities

eid u a lb a plait

x peit p ne'd

Ezio I it 11



e
O t1 a p 14 a lab t bas symmetrized

ed 1 a p My a lab Iba antisymmetrized

Bosons I identical particles which have

symmetrized states

Fermions I identical particles which have

antisymmetrized states

The statistics of a particle refers to
whether it is a boson or a fermion
Hence Bose Einstein statistics or

Fermi Dirac statistics

2 distinguishable particles with same spin
have same Hilbert space V So

OV 2 particle Hills space it distinguishable

Vav Vs Va
TT

bosons fermions

Vs 2 particle Hills sp of identical bosons

A Z particle Hills sp of identical fermions



Us Va are orthogonal subspaces of Vav
u v

15 Lab Iba led Idc I IA

SIA abl bat led Idc

abled baled Lab dc balds

and thbleyaldy
Taldyble tale

O

no matter what lay by la Id EV

Note not every state in Us or Va can be
written as

147 19 b IIb a

For example

147 fab led7 I Iba tlds

1a 110 b tidy I lb tidy la ties

This is the boson fermion version of
unentangled versus entangled states



Orthonormal bases of Va Vs

Say lil it n is o h basis of V
Then iggy i j in VOD

O n basis Us

ft
Iii lii is

lij s
Ii i sign

dim Us In Cnn

O n basis VA

Eli ji Kisjen Iii A7 is

dim Va Inch 1

Note dimUsedimVa n dim Vav V

No Iii allowed I Pauli exclusion principle



Orthonormality completeness

Vs Lij sike s Siusje

sEgenlijis Lij
Sl 1g

identity on Vs

not on Vav

Va Lij Al ke A SiuSje

Eagen ii A is Al 1A an
identity on VA

Continuous basis eg 3 d position eigenbasi 187
Bosons

III s I III TIE I

No natural way to order Ii x2 so

just accept that
IET s LET S

are the same state and be careful
not to overcount



With definition get lit s flies
which has wrong normalization We

generally can just ignore this mistake be
it is wrong in measure zero

Note that Us Ii I Us to Ii

ortho normality looks a bit different

to Sly 92,5 KIKI taxi 1 Jiya legs
SCI g 8 toys 8 xiii s i g

completeness needs factorof h to avoid
over counting

Is faxd3x litas Lexi s

Because of this factor of 12 we

change the definition of wavefunction

Us Hh te It 514s

É Katie d 14s



I I xx its taxi 14s

xx 14s

using that xx 4g xox 14s since 14s

is symmetrized

The normalization condition for Us is

1 14 147 4411.145

I fdx.dk 41 1 2,5 4 2,5 4

fdx.dz 4s xi xilt
But note that since the 2 particles
are identical there is no way of
telling which is at position x and which
at Xz so the probability density

Pex xa
Probability rap to find

two particles at x x2

is normalized by

a dis Pla th



where the 29factor corrects for integrating
over both the Ritz the Xuxa
configurations

So with the definition the

probability density is given in terms

of the wavefunction by

PCT I 214s i E T

All the above applies also to fermions

IX A I III XIX

xx Aly get a 8 x g 8Cxzyal S x galaxy

YA I fdsx.dz xixz A7 xixz Al

YA xoxo I E xx A YA Yalta x

Examples



Say 2 identical bosons are in the normalized

single particle states ni 1h27
Then the state of the 2 particles is

147 2 Ini ha t tha ni

What is N Determine it by the
normalization condition

1 2414721212 na na 42,41 na na the 47

412.2kWhgin's Chainz nai

N É fittaint
So N t only if 4.1927 0

Say Lu ne so so NE What is YCaxy

xx Lxx 5147

h Laxalt axil China than

Xilai talus thine Hathi



X2hi LX na talha Kiln

In kxin and x2 ni Xi nz

UnlxnYndxdttnzcxiyn.la

Symmetrized product of wave functions

Say 2 ident fermions in fail 1ha 4,14270

Then 147 E In n7 1h47

Yaa tax A 47

In LxXy axil hiha nan

calm Katha kilns Hathi

Lala x ha Kalna 4 n

kiln alk x the x2 ni

det
d Kitna

x2 h x2 ha

Slater determinant



Statistics probability distributions

Consider 2 particles in o n states In in

Then the 2 particle wave function is

Y xx Yuck Ym x2 distinguishable

Y xoxo YukiYmca tYmCx Yalta boson

Ya Xiu I Yuki Ymca Yuki Yucca fermion

Then probability density to find at Int
is 1412

Polak
14ncxilf.lymlxzllpglx.dz

2 4gCxixaT 4nCxiYmlxa t4n agent

1441114mW t 4mcx.lt 14nlx4l

Yncxikmcxilmexilntexitc.CI

Palxitz 2 4acxixat 4ncxi 4mlxa Uncallment

1441114mW 14mcx.lt 14nlx4l



Yncxikmcxilmexilntexitc.CI

I Different probability distributions

Eg say state In is localized near x

and a m Xz
l e Yu Xi 0 4m x2 0

Yu Xo 0 4m x 0

Then Pg xx Pacha Ppk x2

E g say X Xz X Unix 0 44mA 0

Ppcxx Much Ymca

Ps kit 414cal 4mW
2 48 xx

statistical
attraction

Pa xx I 0 statistical
repulsion



2 identical particles N identical particles

N 3

191 92,93 SAY I

19,929s laza as t lazasa

I lazara 19,9392 t 19291937

Note correct normalization factor only
if 197419 lazy are all orthonormal

completely symmetrized
completely antisymmetrized

Is A 3h fdx.dxzdxzlxixzxs.gsA xixzxs

SAlYs1a

X Xzx3 I KiXx Salts a

I kxixzxsltxzxitytxxsx.ly
I xxx xx xd xxx



I
x XX 14s A

I Ys Alls a fdx.de z 4sakixzxsll

P x xzx3 3 4S A xxx

Ya.ua xixzx3 f Ya lxi4azlxy4aslxs IpeTniitations
of 9,9293

YaG YaCa Ya Xs
Ya a a A dit Yaki Yalta Yaz x

YazXi Ya x2 Yas Xs

Note however that

V03 IVANOV

Vs Va bk

dim n t
in

YI it

For 3 or more particles there are more

possibilities for states than total symmetrization
or total antisymmetrization



Larger N

Say la a t i n is on basis of V

Then IEg.netatunaitizi Atwi7EVs a

where Sin I groupof permutations on
N objects symmetricgroup

N 181

ITESM 123 N ILI TN ICN

C
t I sign ofpermutation it

C of paiggisariateereaganges.needed

dim Us n't IN

dim Va I NEI Got new
n I dim 1particle Hilbert space
N i number of particles

Beginning of whole formalism



Spin statistics

00 Special relativity t quantum mechanics
t locality implies the

Spin Statistics theorem

Identical integer spin particles are bosons

identical half odd integer spin particles are fermions

E.g es p n have 5 112 fermions

T J Hayhave 5 0,1 0 or 1 resp bosons

L ground state of H atom
The spin of a composite object like Hel
is just its total angular momentum

Hm e t p in an 1 0 state
5 112 5 112

Recall addition of angular momentum
from fall 42 42 001

I sit Ipt I



Vs1120 Us 1120 Ve o Vj o Vj
I

dim z z x
I
I 3

So total any mom of Hay can be

either j o on j l depending on

spin states of e p So we say
Henan has spin O or 1 In
either case it is a boson

In general any collection of
b bosons t f fermions

with spins so 2 1 b t Sj j l if
will have total spin

I 5 II Sittis

acting on Hilbert space

tot Vs Q Us V5 V8 Ve

Repeated use of the addition of angular
momentum formula

VJ Vj Vij ja Vij ji bite



implies
V tot Vjj

b f
with j E sit Jj t d n

for some integers well But

lez Si E Z Sj E Z th so

je
21 if F is even

21 1 odd

Any bound state of b bosons tf fermions
has integer spin if f is even and

half odd integer spin if f is odd

Spin statistics bound state is a boson if
f is even and a fermion if f is odd

See problem set for argument just from
anti symmetry of wave function that this
must be true

Intuitive argument for the spin
statistics theorem



Interchanging 2 identical

particles in space is equivalent
to rotating one of them by 25

relative to the other But a

Zit rotation operator

R at
t for se Z
I for seat

So interchanging 2 identical SEZ

particles gives a 41 phase in the state
and a C 1 phase for seat's particles

More detail interchange 2 identical

particles interchange

as a

park E'pants vector

spinvector

as follows a row

step 1 Rotate by T counterclockwise

KittyH'on It
translation



Step 2 Rotate Cat
Rat 4 1

É
7 as a

So net effect on spins is É
RL it

RCH RCH RIO

I q as
u

Riza eat it exp ti f rsi
iii

g
I e

tis I

Itis
tl sezSince

saz I therefore

Rat III
se Z

SE 2 12



Some implications of spin a statistics

o spin 12 particles e.g electrons

If the electrons had only spin states
117 Vj then antisymmetry would

imply that they could only be in

the state

14 1 7 1 7

Recall addition of angular momenta

Vj 1 Vj42 Vj o Vj l

117 1 7 TF
with Ij m

10,0 E It 1 7 VE VA

11,17 Lte

11,07 E H I t Via Vs

11 17 l S



Beat particles also have position
momentum degrees of freedom
For example an electron in a

hydrogen atom energy eigenstate is

described by them Adding in
spin get o n basis of states

them Ms In em I

y
I'lz Sz f eigenvalues

So 2 e s in the same H atom

potential will have a basis of
states

In l mi I OA Inalzma I

J
means antisymmetric combo

Let's practice antiggmmetrizing on

multiple quantum numbers with a

simpler example

Say é Hills space has basis 19,67



Then general ze states are

la bi Galazbe

IE a b larbi larbi la bi

Ella as a bibs lazar albabi

where I have re ordered tensor product basis

from Va D Va b Va Va Us 72

Then

la bi Galazbe

la az laza a lb be

I la az lazar a lb be

I 19 a lazar G Ib b
I Lacan lazar a lab

L 1aaz lazar a biba lab
I land azad a biba babis

faraz 5 a biba A t adz A Glbibs s



Similarly for bosons

larbi Os larbi

lair 5 G kik s 19,92 A a bibs A

For 2 e s if a's orbital

gu no's b's spin quantum numbers

then 2 e state will be

ans a

14 1
199 70

Examples

Say 2 e s in orbital ground state

Indu 11007 of H atom Then

16001,110 5 681 7 1 7

11007,110072415 07

since 111007,10012 A 20



But if both in n 2,1 1 orbital stats
hem 121 m m t 1,0 13
then can be any of the states

121m Ms 3.2 6 states so

121m Ms Ga 21msm's
6

15 states

which can be written in basis

1121m 21ms s a 15 07 4 6 stats

I calm Zima A 015 1,47 3 ÉY

Total angular momentum

121m m Y Y 0 5 42 G 1 G

et sty 3 2 2 4

121mms Ga 121m my

XIII IGA GI II E is

E GA j E EGGED
tie

2 4

j 3 Qa j 32

I



4
4.3 1 6

5 0 06 1706 21
I 3 5

9 9 75 ED

i Ze s in n 2 1 1 orbital live in

a 6.512 15 dm'd Hilbert space which

can be decomposed into I eigenspaces

j O 0 10202

of din t t t t 3 t T t 5 15

Multi electron atoms

Simplest Helium
Nucleus has 2 2 i.e charge the

2 e s each of charge e so

Hamiltonian for relative motion is

Hae In E Em

e e interactionFoamed
To Il



The Hotty

If ignore it say it is Catto then

ground state I to is

In D 14007 looks j 07A

W j O E
e
Z É E 8 EH

x
I 5.8 Ey experimentally

Treat It as perturbation find 1 order

pert theory gives an answer within 10

of experimental value But then 2ndorder

gives worse Gee pp 424 428 Townsend

No reason to expect pit to work

iffy I w same order of magnitude

as terms in to

Another approach which gives a

better approximation to Ewe is the



Variational Method

Say l En n 112 is o n exact

energy eigenbasis of Hae ordered so
that E SE EE E

Then any state 147 can be witten

14 E cul En Eleni 1

Compute

4414 147 n.E.cmcnlEm tTnelEu

I CmcuEnSmin ItenPEn
Ei Eileni E

241 Hae147 ZE

Variational method choose a family
of trial ground states i.e guesses

14677



where a are some adjustable parameters

Compute

EG 46114,14617

Minimize Ela i.e solve for a

such that

dff ly 4
0 minimum

Then Elda 7 Eye is new estimate

Clearly depends on guess of 14617

I g if choose

HI 461 Eta etc a a z

in 18 0 a spinsinglet state

then minimizing w.at a Z gives

E A E BE 25.7 EH

which is accurate to 2 0



But does this really tell us anything
beyond a better upper bound on the

energy The variational wavefunction

was involved no correlation between

the two electrons whereas expect
them to repel one another

Tt
e

e

Nevertheless ignoring the e e interaction

gives a qualitatively very good picture
of the spins ionization energies of atomic

ground states reproducing much of the

periodic table See 512.3 Townsend

Famous example metals Fermi liquids


