
Chill Time independent Perturbation Theory

1714 En 14ns

In general we cannot solve the energy
eigenvalue problem in closed form
So we look for approximate techniques

Suppose
I Hot H

and we know how to solve

I Igi's En 195

Can we find an approximation to

1447 En it in some sense

I Kito

There is no precise meaning to the
above inequality between operators
but if the expectation value of
It in the Ho basis are all small
compared to the Ho eigenvalues
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then you might guess that ti has
a small effect

We formalize this by writing

H Flo x H

and consider X to be an arbitrarily
small parameter

17141
In real life problems we often do
not have such a parameter that
can be adjusted to be arbitrarily
small

For example in the hydrogen atom including

relativistic corrections we have

A Not a Il



where to É E is the

non relativistic H atom we have

already solved and

2 17
So 2 is small but not
adjustable

So I xx H w latest

know Ho 1949 En quay
with 29919177 Sn.m

Can also do for S function normalized

scattering states but more complicated

Perturbation theory ans atz

ansatz is fancy for guess
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En En x Ene X En t

Now solve for 164 19412 and

Ei Ei simply by plugging power
series into A and solving order byorder
in X

HotXH 1992 719 x 195 t

En txEn x Ent't 1997 7194327pile

Since this is true for all small 7 it
must be true for each power separately

Holy s Enola's
Holen 4.194 Enola Eileen's
Holen H pi Enola En Ign Ensign's



Solve for 194 Ei
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LEFTY
194 squatting

En sentient ten gÉÉÉ

q it q
Ent Ek q an sunEi

If Ken Enc g ti pi

2 I f k h

sang titty
Note I have assumed En Eid if k n

Ign 19 7 9 19 s



ten s Eaten aÉ
Ign's Ign's

So have almost solved for 194

But we haven't used the normalization
condition

4414m Sum
yet

Shim Kei le an t lent 719m t

Snm 7 an qui Iginla t

antique e gimp
if men pi yn i a aer

i 14.7 1997 714 t



least iation Enlai
a

eiaxiqiztol.tt

But get to choose overall phase so

choose
eiat 1 a o

In otherwords we can choose

anti pi o

So our final answer to first order in 7

En En t a qi lil qt's Old

Mn let's t Enlai ftp.t 047
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der solve e.g

Leif e'n'liken s

Ein EYES Etan
Enl quo H pi

Cena
4
45

en E É
Can save for 19 ad infinitum

Example Id harmonic oscillator
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attn VattinedJETtatat any min is
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Then A Hota ti to tacaeat
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Compute E
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So if l thot K Etu

Mate
we expect to get a good approximation
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Just look at potential

All states are scattering states

No discrete eigenvalues no matter
how small x is as long as

740

What went wrong with our perturbation
theory argument



The problem was our initial ausatz

End Ei't En t Enter Ei

This is not an innocuous assumption it

is actually a very strong assumption

Most almost all functions do not
have a convergent power series expansion

If a function f x has a power series

expansion around x Xo with a non zero

radius of convergence

f x f xo ex to Flo ex toff to

for lx tol e r

then we say fix is analytic at Xo

Examples of functions which are not

analytic at x 0

f Ca E t f



flat a f
t

fix e
t

a

ft1
smooth as x got

him
not Ifn 0 Taylor series is

f x flat x f'cost x'f cost

O X O x O 34x Ot

I 0 a radius ofconvergence but
completely wrong

Lesson perturbation theory can be wrong
must always also ask about
non perturbative physics

non analytic contributions



Example harm oscill e Xx 4

Perturbation theorygives
sensible results and

comparison to experiment numerical solh

seems to work for small enough

But we know it is wrong
actually has 0 radius of convergence
misses e la non analytic terms

Example QED 7 41 24 10
6

Perturbation theory computed to 5thorder
gives amazing agreement w experiment
accurate to 14 significantdigits

But we know is wrong
O radius of convergence
misses e a 10

750

non pert terms

Example Q C D pert theory is not reliable
at energies I IGeV



Degenerate perturbation theory

Say the nth unperturbed eigenvalue
is degenerate i.e there are N I

eigenstates gig it N all with

the same eigenvalue En fi ti

Holy Emlyn it in

Sqn t pug Sing

Then the earlier formula for the
1st order perturbative correction to

1h S diverges

19 Emily tIÉ
7 19 ÉÉÉ
E 19



To understand whats going on consider

first the case N 2 i.e doubly degenerate

Then 19597,195 7 o n basis

of 2 din'd eigenspace w eigenvalue Enl

mis f

1a

After perturbation the new exact eigenbasis

Mn 14.7 need not be

close to either 194 on 19
spiesunit

14mi

5



So our perturbative assumption

14.17 199 7195 t

14m27 lenis eaten t

is simply wrong We chose the

wrong 19497 leni 3 basis

of the degenerate eigenspace

Correct ansatz is

14mi Écjilqn.gl X quilt
where Ccj is some NXN 099

unitary matrix

cc is unitary because it rotates
o n basis 19mg 3 to

new o h basis

Ign EColeen



So when we do perturbation theory
for a degenerate level the first
step Oct is to determine the

Cig matrix

Plug pert ansatz into

H14ns a Eng 14m

w En j En x Eng t

Note that this allows for the possibility
that the degenerate El level can split
to up to N non degenerate levels e.g

En

t
01 0

Hol Cijlyn E E.cijlqn.is



This is satisfied for any Ccj

Oca

Iolani it E.ci ten s

Ei pi's's Eni's Escala

quinoa use Eng pi Sai

Milton Icuhqiiif.tqn.tt
Hilki

ikq'nIqnijstEnijE.ci Sia

E CHilaicij Eng Cu

foreach valve y j c orgy
column of cg

H recite Eni jail
Matrix eigenvalue

problem

Eng are the eigenvalues of the matrix

Hi an tile s

eigenvector determine Cig matrix
Note that H is hermitian so can choose the

I il eigenvectors to be on Cj is unitary



Example Hydrogen atom Stark effect

Put an H atom in a uniform electric
field É EE

constant unit vector in Z direction

Then Il me É Gerst.É eEz

j T
electric dipole I position operator
moment of Hatom

a 1st order in E corrections to
H atom energy levels are given by

Eni'm nemi H In em
Y

usual unperturbedby a degenerate
H atom eigenstateperturbation theory

E g 2 1 d m o non degenerate

so

E 41001 Fl too eeloolElioo



400121100 for MICE z Yoo E

fadrdor Rider ftp.rcoso.Riocnl.YEj
fdr.r3lRiocrl1 at fdr cos 0

I
E 0 0 Need to compute EY

see text book

Tmmetryreasonthattoooo o

In dm has parity C it under E s t

Call P x y Z as C x y z inversion

P is a symmetry of the H atom

Quantumly P IT a unitary operator

satisfying z
1 FAT



TIE EF Fye YT FE ETT

Townsend uses I not IT but don'tconfuse
with momenta É

IF EI IF Fit

IF f I pi pi
it to 0 to E E

definition of symmetry op in QM

Since
2
1 its eigenvalues

can only be I 1

Since It Hoo 0 can find simultaneous

eigenbasis so eigenstates have definite

parity
Inemitinems

Compute It 8 r O 4 É Cr it O qtr



Them Rnelr YemCo 4 Is RneerYem it 0get

YemCo q Pem lol eine

Yen it 0,6 4 Pew it O e'my empenlingeing

Recall cha

Pence cities.to I m

Penct o sEnI iE
sin T O si all cos it O cost

Pem it o e
em
Pen O

Yem it O et ellYen O 4
Parity

i IT In em E n lm asylum of
H atom

This symmetry implies the selection role

Luse'm Zinem Lne'm Zit In em



Lu l'm FEI nem

c je't l Ln e'm Einem

Cute'm E In em 0 unless lte's odd

an s i
Compute n 2 energy level perturbations

But Inge any
eat met so degeneracy

41 0 m D

So have to use degenerate pit

Eyem eigenvalues of 4x4 H matrix

A em e
I 42 l'm them e Ece'm Elem

So need to first compute H matrix
in

f to entries
I ai

a

a x



H Hit only 10 indep'tentries

Use parity selection rule

G e'mi em 0 unless lte odd

i e non zero only for 1 0 tell
or est alto

H I of only 3 indep't entries

There is another selection role coming
from notational symmetry around z axis

Iz o

m't n'e'm Einem n't'm LIZ Inam

n'l'm ÉEzln em km n't'm Enemy

Ln e'm É In lm o unless m m

Lz selection rule



Hile'm em
0 unless m m

i H f only tinder't entry200 ft 12107

Compute

4200 Fl 21072 e E 2001212107

effradrfdd REYou cosoRa Yeo

eE Sir dr R2 Rio Sdr YotYo cosa

ao 390 din'd no 1

3aoeE

Reorganize rows columns so block diagonal

O 3eEao oo

lo

E

I 17



Iz o eigenvalues

o def X
Zeta

Beta x 42 90Ead

eigenvalues I Be Fao

i Ed O O 3 Gao 3 Ea

Ems n 12107 12007

o Edy z

FI t.si tan in s

E n ay É
12007

E ele fld

othersimpleexampleswyou can

practice pit

Spin 12 or I systems y e.g I SI TX SI

3d rigid rotor system

2d 430 harmonic oscillator



Fine structure of the hydrogen atom

Add relativistic corrections to H atom Hamiltonian

Hi É E

Relativistic corrections can be expanded in a

power series in E where v is the

typical speed of the electron

Virial theorem clanicalmechanics says

2LKineticenergy Pot's energy

if the pot'd goes as er

So for n't energy level

Ent LK E LP E CK E

Ence Eno MILE

so LET YE Ia E



Thus E E in H atom so

Max E I 7,342 5 10 6 CC 1

We expect perturbation theory expansion
in E should be pretty good

What are the leading relativistic
corrections

H Ho t it that
T T T

OEI OlOF

finestructure

Il Il t Iso Hear
T T T

Relativistic spinorbit Darwin
kineticenergy coupling term

HT ga p
4

check

HT EE KEEP



Cuse ao times

Iso age 5 É Aso Ita É PELET

Han I 8cm Hear att
Somewhat amazingly the tot H atom
hamiltonian can be exactly diagonalized
giving the energy levels

Eng En It E
1
En

where j is I quantum number where

I see is th angular momentum
I spin of electron

Where do these terms come from

non relativistic relativistic
kin energy kin energy

Ht It jmcttp.it meditate



smalltime ICI t

met Em I e

T T
constant INE ter

Iso In rest frame of E pt is orbiting

T
Moving charge current creates magnetic field

by Ampere's law

B E Em Is
so so y 5 B Ee Ers S E

up to factor of I Correct argument
a bit more subtle be rest frame
of E is not an inertial frame



Hear This is more difficult to motivate
intuitively Relativity QM implies
the electron é must have an

anti particle the position et
They are described together by the
Dirac equation a relativistic generalization

of Schrodinger's equ Eliminating et
from this equation gives rise to Ibar
Some people explain this in terms of
virtual particle antiparticle pair production
near the proton

Note that since parasite it

will only perturb states that are

non zero at 5 0

Recall that them r are as no

so par does not affect stats with 170

Hyperfine structure of H atom

Nuclei have spin therefore a magnetic dipole
moment So by the same argument that

gave so we find another contribution



He mfr sit
C nucleus spin n t

nucleus mass 103 x me

in Hp tis 10
3 Iso n 10

3
finestructure

Nuclei have no efetric dipole moments for
symmetry reasons but they can have a

electric quadrupole moment giving

HQ n 10
3
fine structure


