
Ch 6 Position Momentum

Start with particle moving in one dimension

clanically positiongiven by x exo e IR

Ignore spin will come back next semester

Experimentally we seem to find we can

measure a particle's position e.g by scattering

light off it and find any value XER
l e position does not seem to be quantized

So posit exists a position operator

I It with eigenvalues IR

TNote is an idealization simplification
In reality can only ever measure to some finite
precision Sx eg wavelengthoflight and
also 7 max extent L e.g size of
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limits exist
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SIX y not really a function generalizedfac or
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Note 147 dimensionless purenumbers probability
but Yet has dimension ft
x is not normalized Not physicalstate
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General rule eigenstates corresponding to
continuous eigenvalues have

8 function normalization Lx y Six y
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Relation of I to P bases

P is generator of translations
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True for all 147
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Momentum space wave function
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Say I 21mF't Y particle moving in
a potential

potentialTE IRt
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Plug into CA gives diff eg for 46 tl

it EFL
2nd order linear partial differential equation

Since It is t independent we can solve l

for its time dependence of ylx.tl once a for
all it we can solve the energy eigenvalue



problem
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So we want to solve 2ndorder linear ODE

Itqva_ E
qnp Eu E for E get
energy eigenvalue equation

General solution of a 2ndorder ODE is

91N A 9,41 139241 AA

for arbitrary A B E Q where 9in are

two linearly independent solutions

In other words for each value of the eigenvalue
E there is potentially a 2 dimensional eigenspace
with basis wavefunctions 91,923 which

depend on the value of E

But this 2 d space of solutions AA for each
E is not in general allowed This is

because A is not complete we need to

specify Boundary Conditions BC's
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The basic Bcs come from demanding
that states be normalizable so

i Cplp fax1912 ftp 191 B

We will see that BC's are actually a bit
more subtle The rule is

Exists BC III 191 0 only if

E LEIVA
Exists BC 11,191 0 only if B

E II Vix
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y
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If E V60 region A

Y States

If V44 E V1 x region B I
continuum

one BC 1 din'd eigenspace each E spectra

If V1 x E region C

two BCS i generically Odin'd eigenspace ca E

generically E is not an eigenvalue

But in region C there may be special valves
of E for which exists a special linear

combination of 9 x 9 x such that
both BC's are satisfied

For this discrete set of E's each has a
1 dimensional Jigenspace These are called
the bound states of the system



Simple potentials

There is no closed form solution forgeneral Vix
So focus to start on special simple potentials

1 Constant VIX Vo Cindy't of x

E Piecewise constant

Vo x a

U aux a

via V2 a ex Caz

Vn annex

NE

6 Constant potential

x Vo constant free particle no forces
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P I 0 so can simultaneously diagonalize
F att

p basis energy eigenbasis
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oterallphase unobservable drop
reflects fact that overall zero of energy is unobservant

Tp.tl 4 4147 e
E TpTNT

This is solution in momentum basis
What is it in position basis
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Recall simple diff eghs
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In case Lim pl 1Alekt a onion to

fig 191 IB e x unten 13 0

I 191 a unten A B O no solution
i No normalizable solutions for E Vo

In case fine let oscillates between lait 1131

does not diverge but still get fdxlpi x

so not normalizable
Compare to momentum space solution found

197 Alp Bl p u p tile
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LAP 8 p p ABABASEPTIBRSCpp
LATIN 810 0

also not normalize66

IMathnukiifqoscillatesoxbvtdoesn.tngrowithenginSfunctionnorardizable

So we allow all E Vo as doubly degenerate eigenvalues



So need to figure out what happens at aiii
iii
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discontinuity n Vix
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But if AV e can get

fig e Isv quoll so
to b

so find

pix continuous buty'd can have finite jump
myatrverdiscontinit
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so energy eigenvalue problem

Hln En n w In fax quails

I M quem En quin x ah

II EmGnex En quem exch

III M quit En quin EN

In regions I d III for any En only solution
is

91 7 0 1 4242921
Matches classical expectation

In region II weak

Gn YEEn g I
keen if Enso

K'yn if Endo

with Riflemen K Vamtent
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IfEnso q AektBe

Now use matching condition

qt E p E O
M

q1qq q

If Enso Mc

Aek ItBett o

A eke Be ke o

At Beka o

At Beka o

B eka e ka o 13 0 A O

Darton No eigenenergies 0

Makes sense classically
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A Ceiba e
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o

Either A o 13 0 no solution
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Solution

Actually we have over counted the solutions

In f g n since kn kn

so we only have independent solutions for
ne 42 3 3

quo 0

Note that

gu x
A sin knx n even

2 A cos Lux n odd



Note also that solving the eigenvector
equation does not determine the overall

normalization A of In or gu x

To fix A note that we have found a
discrete set of eigenvalues so we should

normalize the eigenvectors using
Snp ulm Sdt gutex quit

In particular
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sin n 44,6
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As a check the must hartomatically be orthogonal
for n m

o Lulu
fdxqtnqmafgxfe

iknfcpeik.li eihmt cymeikmx
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Picture E
Vix

Question from clan exist infinitely
wingmorenormalizable orthogonal
wave functions in 1 particle Hilbert

space than are in the energy eigenbosis

Example gu xt ma lml 1



2b Square well

potential
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Vo 1 179 2

Set up problem will notsolve see problem set

a of E Vo Bound state

1197 8197 Kia gu

Eng Vaq Eq
X C 912

q E GI ax can
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Only of special values of E satisfying A are

there solutions D discrete eigenenergies



a l General potential

i

9 8 El y
ga

E e Kx e f e it

_iX

Exactly at E E E 0 Ex eigenvalue

Discrete spectrum of bound stateewgiesinpotentidwellI



b Ed y
9 I Aeke
Ye Eek'x ne d

9 Fe ke
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ble for real exponentials
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c E V scattering state

g desk Be
it

fq Ceiba De ibex

g E e's't Feit't F
MCs p A p Byz
w Gi e

k
Goscillatory everywhere

i II let 0

But in free case found that we should

Allow plane wave states i.e oscillatory
wavefuuctionswith111961coust 20

LIwe will interpret them later as scattering states

2 lin indep't solis allowed
for any E

continuous spectrum w degeneracy 2
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Recall Kip empt

i Yen Chikka Dal tkr
4 n Alxtaka BCal the

Yu p are superposition of left
right moving states of definite
momentum AP o

PR I like etc

Non normalizable just like Ip states

Cplp 7 81p p Cplp 8107 0

But can make normalizable wave packets
which are superpositions of an infinite
number of momentum eigenstates

E g
Pot Ap

Ipo Ap INS dp 1ps
Po Ap



LposplpoAp INI f did pig
Sep q

potAp2 Po Aplz

INTf Ip Ap INF

PoAp a

Normalized if pick N

What does wavefunction look like
Potsplz

44 AlpoAp fp.gg dpeiptlt
yet a

Pod Mprobley

_T
Note Use Gaussians for cleaner wave packets



Summary
Have continuum of eigenvalues but no
physical eigenstates only scattering states

But can make physical states with

eigenvalue spread as small as you like

Physical interpretation of wave packets

x
Particle with momentum p

n pot Ap

velocity n I I AI

ft
1141

Particle with position x

Xo I DX

DX Ep

Expect time dependence free particle

Xlt Xo tot Xo t PE tce

É Xlt Xo IEpt Po t



D

Xce t I Gt for large t

Ax t It
Uncertainty in x increases with time

dispersion or spread of Xcx

The answer is wrong Correct answer

in Q M i.e use Schri's e g n is

Axel F C

See Townsend for calculation

More generally to see time dependence want
to solve Schri's Equi

2ft Kitt 467

I 1 Em Yet Vix texts

Complicated for a general wave packet but
we really only want qualitative info e.g
how fast does peak of wave packet move
how fast does it spread etc



141,41 I P x t probabilitydensity for
finding particle ex t

t
Howdoes P change with time
Smoothly
Totalprob sfpd

conserved flow of

probability

Egg j ka jug
rate of change of
probability a exes

rate rob rateprob
flows in tea flows out x b

So compute

Pex 144,417 3 4 4 54

t.EE NNY E4 C EEI vX
14 3 4 1 31 43 4 D
Ej x t



So Schri Gyu

If t II o local conservation law

P I 1412 prob density

WWLj zz.ly ytI1 E

X

Apply to Xcx Aeik state

free particle in momentum eigenstate p ti k

j z.tn AeihxA dgI Ate ilnad
Em Atf ik ik

AT tmt LAPEm AT V V

Use probability current density to make

physical interpretation of scattering states
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2 physically interesting problems

X
RX

BC for i D 0 i.e no in R

BC for C2 A O i.e no in L

i Solve 1719 E 97 find
reflected

p n II Be ibexlim

lim
to 9 C e

k
De ikr

x

T
transmitted disallowed by BC
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jeans tha la

i RI reflectionprobability YAI
ft

transmissionprob.li it 19 1
tfT

Expect Rtt 1 Can prove using
definitions Jt P D j O SPdx 1

Similarly for problem 2

O CE c Vo

incoming from left no e
ik term in Y
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4 x E Agila Beihai Dekay Eekak
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k Eeka

4 x eE Cihak Deka Ee kak

Y x ta ikCeiba pekan k Ee kak
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E e
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Generalizes to arbitrary potential barrier as
long as wide a high enough e g WEBapprox

NE

ÉI

log tunnelprob TEAL F VAT

Example Resonant Tunnelling
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no matter how high thick pot'd barrier



Resonant tunnelling example.
Resonant tunnelling from a piecewise flat potential:

V(x)  = 0,    |x|>b and |x|<a,

         = v, a<|x|<b,

with b>a>0.  Define 

                  k = 2 mE í ,

                  k = 2 m Hv- EL í.

Define the matrices for matching conditions at x=±a, ±b, are

M1@a_D = 99‰Â k a, ‰-Â k a=, 9Â k ‰Â k a, -Â k ‰-Â k a==;
M2@a_D = 88‰k a, ‰- k a<, 8k ‰k a, -k ‰-k a<<;
M1@xD êê MatrixForm

M2@xD êê MatrixForm

‰Â k x ‰-Â k x

Â ‰Â k x k -Â ‰-Â k x k

‰x k ‰-x k

‰x k k -‰-x k k

Then, if the wave function for |x|>b has the form

y(x) = A ‰Â k x + B ‰-Â k x  , for x < -b,

        = C ‰Â k x                   , for x > b,

the matching conditions can be written as the matrix equation a
Ø

 = X c
Ø

where a
Ø T

= (A, B), c
Ø T

= (C, 0), and

X = Simplify@
Inverse@M1@-bDD.M2@-bD.Inverse@M2@-aDD.M1@-aD.Inverse@M1@aDD.M2@aD.Inverse@M2@bDD.M1@bDD;

Then C/A = 1 ê X11 where

X11 = X@@1, 1DD

1

16 k2 k2
 ‰

-2 Â a k+2 Â b k-2 a k-2 b k J-‰
4 b k Hk + Â kL4 - ‰

4 a k HÂ k + kL4 +

2 ‰
2 Ha+bL k Ik2 + k

2M2 + ‰
4 a HÂ k+kL Ik2 + k

2M2 - 2 ‰
4 Â a k+2 a k+2 b k Ik2 + k

2M2 + ‰
4 Â a k+4 b k Ik2 + k

2M2N

so the transmission probability is given by T = 1 ê » X11 »2:

yo

because of
scatteringBsc



Xexp = ComplexExpand@X11D;
Xconj = Xexp ê. Â Ø -Â;
Xsquared = Simplify@Expand@Xexp XconjDD

-
1

128 k4 k4
 

‰
-4 Ha+bL k J-‰

8 a k k8 - ‰
8 b k k8 - 6 ‰

4 Ha+bL k k8 + 4 ‰
2 H3 a+bL k k8 + 4 ‰

2 Ha+3 bL k k8 - 4 ‰
8 a k k6 k

2
- 4 ‰

8 b k k6 k
2

+

8 ‰
4 Ha+bL k k6 k

2
- 6 ‰

8 a k k4 k
4

- 6 ‰
8 b k k4 k

4
- 100 ‰

4 Ha+bL k k4 k
4

- 8 ‰
2 H3 a+bL k k4 k

4
-

8 ‰
2 Ha+3 bL k k4 k

4
- 4 ‰

8 a k k2 k
6

- 4 ‰
8 b k k2 k

6
+ 8 ‰

4 Ha+bL k k2 k
6

- ‰
8 a k

k
8

-

‰
8 b k

k
8

- 6 ‰
4 Ha+bL k

k
8

+ 4 ‰
2 H3 a+bL k

k
8

+ 4 ‰
2 Ha+3 bL k

k
8

+ I‰
2 a k

- ‰
2 b kM2 Ik2 + k

2M2

J-2 ‰
2 Ha+bL k Ik2 + k

2M2 + ‰
4 a k Ik4 - 6 k2 k

2
+ k

4M + ‰
4 b k Ik4 - 6 k2 k

2
+ k

4MN Cos@4 a kD +

4 I‰
2 a k

- ‰
2 b kM3 I‰

2 a k
+ ‰

2 b kM k k I-k2 + k
2M Ik2 + k

2M2 Sin@4 a kDN

This is a mess, but plot it for some convenient values ( a=p/2, b=p, E = n
2,  v=100,  m/(2)=1), so that the two barriers each have

thickness p/2:

WellTransmission = 1êXsquared ê. :a Ø p ê2, b Ø p, k Ø n, k Ø 100 - n2 >;
welltranplot = Plot@Log@WellTransmissionD, 8n, 0, 10<, PlotRange Ø All, PlotPoints Ø 100000D

2 4 6 8 10

-100

-80

-60

-40

-20

Note the peaks in T at n º {1,2,3,4,...}.  These values of n correspond to the bound state energies of the square well potential in

the middle (x<|a|).  These peaks in the transmission probability are called "resonant tunnelling".

For comparison, consider instead the transmission probability through a single square barrier of thickness p  (i.e., without an

intervening potential well).   Following the same steps as above gives ...

2  resonant.tunnelling.nb EVETT
JET

log T



B = Simplify@Inverse@M1@-bDD.M2@-bD.Inverse@M2@-aDD.M1@-aDD;
B11 = B@@1, 1DD;
Bexp = ComplexExpand@B11D;
Bconj = Bexp ê. Â Ø -Â;
Bsquared = Simplify@Expand@Bexp BconjDD

BarrierTransmission = 1êBsquared ê. :a Ø 0, b Ø p, k Ø n, k Ø 100 - n2 >;
Plot@8Log@WellTransmissionD, Log@BarrierTransmissionD<,
8n, 0, 10<, PlotRange Ø All, PlotPoints Ø 100000D

‰-2 Ha+bL k J‰4 a k Ik2 + k2M2 + ‰4 b k Ik2 + k2M2 - 2 ‰2 Ha+bL k Ik4 - 6 k2 k2 + k4MN

16 k2 k2

2 4 6 8 10

-100

-80

-60

-40

-20

... which closely follows the transmission probability for the case with an intervening potential well, except for the absence of the

resonant tunnelling peaks.  

[Note:  In the plot the resonant tunnelling peaks only seem to rise about 10 orders of magnitude (i.e., a factor of about ‰25) above

the background, but this is just because of the numerical resolution of Mathematica --- in fact, they rise to values much closer to 1

(i.e., log(T) º 0 ).  Numerical evidence of this is just to evaluate the peak values by searching for relevant extrema of T.  This

gives the points in the  following plot...

resonant.tunnelling.nb  3



Off@FindRoot::"lstol"D
Off@Power::"infy"D
peak@1D = FindRoot@D@Denominator@WellTransmissionD, nD ã 0, 8n, .95<D;
val@1D = 8y Ø Log@Abs@WellTransmission ê. peak@1DDD<;
peak@2D = FindRoot@D@Denominator@WellTransmissionD, nD ã 0, 8n, 1.9<D;
val@2D = 8y Ø Log@Abs@WellTransmission ê. peak@2DDD<;
peak@3D = FindRoot@D@Denominator@WellTransmissionD, nD ã 0, 8n, 2.8<D;
val@3D = 8y Ø Log@Abs@WellTransmission ê. peak@3DDD<;
peak@4D = FindRoot@D@Denominator@WellTransmissionD, nD ã 0, 8n, 3.75<D;
val@4D = 8y Ø Log@Abs@WellTransmission ê. peak@4DDD<;
peak@5D = FindRoot@D@Denominator@WellTransmissionD, nD ã 0, 8n, 4.7<D;
val@5D = 8y Ø Log@Abs@WellTransmission ê. peak@5DDD<;
peak@6D = FindRoot@D@Denominator@WellTransmissionD, nD ã 0, 8n, 5.6<D;
val@6D = 8y Ø Log@Abs@WellTransmission ê. peak@6DDD<;
peak@7D = FindRoot@D@Denominator@WellTransmissionD, nD ã 0, 8n, 6.55<D;
val@7D = 8y Ø Min@Log@Abs@WellTransmission ê. peak@7DDD, 0D<;
peak@8D = FindRoot@D@Denominator@WellTransmissionD, nD ã 0, 8n, 7.4<D;
val@8D = 8y Ø Min@Log@Abs@WellTransmission ê. peak@8DDD, 0D<;
peak@9D = FindRoot@D@Denominator@WellTransmissionD, nD ã 0, 8n, 8.35<D;
val@9D = 8y Ø Log@Abs@WellTransmission ê. peak@9DDD<;
peak@10D = FindRoot@D@Denominator@WellTransmissionD, nD ã 0, 8n, 9.24<D;
val@10D = 8y Ø Log@Abs@WellTransmission ê. peak@10DDD<;
peaks = Table@8n ê. peak@iD, y ê. val@iD<, 8i, 1, 10<D;
peakplot = ListPlot@peaksD;
Show@welltranplot, peakplotD
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... showing another factor of ‰10  increase in T over the line plot.  Also, the fact that for the last 4 peaks the value is essentially

T=1 (log(T)=0), indicates that the values at the earlier peaks are probably just limited by numerical accuracy.]
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This should seem like a wrong answer

since if true it would be in

contradiction to the classical limit

The resolution of this paradox is

that the above calculation is correct
but we are being mis led by using
unphysical scattering states instead of
physical wave packet states

We have seen that wave packets have
a finite spread in energies
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So transmission probability for physical state
14 is average of TCE s
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So even if exists En w T Eu L if
width of TCE peak is narrow the

TCU K 1

Note T R are not the only
scattering questions experiments one

can do Another common experiment
is scattering time delay

we

Thfigmitted particledid.to
to t T

Time delay ATT EL
This can also be computed using scattering
states scattering phase shift


