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larmomenton

Tensonproductsoftlifertspaces

Consider 2 spin 112 particles e.g proton
electron of Hydrogen atom
Call the angular momentum operators of
particles 1 2

I 5 1 Fyi Fat
affnticle

I 5 2 Jyz Izz
o If particles are far apart should beable
to think of each as being described

by its own Hilbert space
particle 1 Es H

particle 2 as Hz

oQuestiouiwhatisazI.at is
Itertespacedescribingbotparticle



Clue to answer think about total angular
momentum I of the 2 particle system

Classically I J Iz
i.e just add the 1 particle angular momenta

Quantumly I J are operators in 2

different Hilbert spaces Rt Hz and

I is operator in 2particle H.s Hitz

TryaiveganiDIxtJxz y.z
This only makes sense if we think
or Ix Jxz now also as operators

in Hitz
Question What properties do I II

is an angular momentum operator

i
Jx Jy JxiJxz JytJyz

Ix Jy t In Jyz t JxzJy t JxzJyz
t t t t



it Jz t itJez
it Tz t

so want Jx Jyz Jxz Jy 0

Generalize

Rolf
if M N F satisfy Min P on H

R if Ga KaSa GRIST on Hz

then MN P CERES still true on 4th
and M z 0 on Haz

y

Also we can figure out how big Hitz
should be Say

dimat d and dim Had
So there is a basis of d states

describing particle 1 similarly a

basis of da states deserting particle 2

So there should be a basis of states of
Hitz for each state of particle 1 Cd



f
and particle 2 du at the same time

Iim9t z dim4tifdinH

This are the rules axiom's for how to
combine subsystems in quantum mechanics

The mathematical construction which
realizes this rule is called
Tensorproductofrectorspaces

Townsend uses direct product

2 particle Hilbert space

T H
t particle
Hilbert spaces

tensor product operation

So tensor product is a way to make a

new vector space from other vector spaces



MWe have already seen in the spectral theorem

and discussion of angular momentum eigenbasis
a way of combining vector spaces called

directsum

H H OH

If lay a t di o n basis H

Ij j l da Ha

then la at d U 127,5 1 dz on basis 4

dima dimH t dim42

So direct sum does not obey rule 2

Definitioniteusorproduct

H H Hz

If la a t di o n basis H

lj j l da Ha

then
I

la j a c d ja da H

dim at di da dima dimas



la j basis vectors have many notations

la j 107157 197,1572 la Gli a olj z

Ox should seem stupidly simple make the
new basisbyjustmakingalist of all
possible subsystem basis vectors in order

Bt H 09 2 Ha Hi offer
la j I Ij a matters

So when taking tensor products
pick an order stick with it

Opreserves linearityandadjoints

1 e Ox distributes over addition molt byscalars

air btw ox Clay aclu u belw u

all 1 7 914 7 14 alk

and adjoint distributes over o

Callx Cally Ix It alt to let
a 41 a x1 a 4 1



Note t does not reverse order of tensorproducts

General state in H H GHz is

147
a j

Ca j la j

Note in general 147 14,701427
Only true in special case that I da ej sit

Ca da ej

Example 2 spin t particles in Tz basis
H bassis 11,117 1173
Hz bassis It 117 1173

4 94,64 basis Ijm jump book

12,711,17 11,1 II 1 7
1 HE HE D It
11 71 IH I L

15171 17 1 2 7 1 7

Note In It 7 state particle 1 has Jz tE
particle 2 has Jz E

I t state



Operators If M is an operator on H
N Hz

then NON At GHz
defined to act linearly and by

MON la j NaN la ex

Mlas Nij

the operators

MOI EM acts only on the factor

I ctn E N i Hu

E y MOI la j Mia Ily Mlas Ii

check

IIIIIireman
Generaloperatorf on At 042 can bewritten

Na Np forsome Ma Nj



0147 EMON Cajlasalis

Zapf Can.CM as
a tp1i7

Exampf JJ Ja for particle 1
Izz Z

Iz IGI Zzz I a I
5211 t GI 1 71 2

1 7 I It
L El 2 It

E l 7

Izz l t El t

Mi NT O F Ni Ni

ble z MaI IGN
MGIICIGN IGN NAE
MI GIN IMAI
Met NON O V



Example Define
I 5 1 5 2 JAI II

FYI Ty t Iya JAI I JT
Iz Iz tJa JAI É GE

G Éx Jy itÉ cyclic mxyz

Addition'ofangularmomentum

Since total angular momentum

J J I
satisfies the ang mom algebra it must

give a lj my eigen basis of

H H 042
in usual way i.e

I ly my Ej ja Ijm je 0,41 3
lj m tm lj m me j ja gj

Cj m jim Sjj Smm



Question How is this Ja basis for H
related to the Iz Jaz bases of H Hz

Consider this question for two spin a particles

spin 112 At Ij m j ha m t's It

Hr same II I

dimH dim H041 MimHi dima 2.2 4

So what can Ijm basis of 97 91,042 be

Ij 2 m13,47 dim 4

jet m to Ij t m dim 2 2 4

j I m11,07 lj o m o din 3 1 4

j t m 1 Ij am07 lj o.mg dim 2 1 1 4

lj ojmo73 Elj o.m 07 1j o.mo7l E1jo.m073 dim1 1 1 1 4

I direct sumlie 5 possibilities

44420442 97312

j
J Hi Hi



H Ho

Hia Ho Ho

Hot Hot HotHo

One is right rest are wrong

Write basis of 97,994,2 11 7
I EgythJzFIE

Then I 1 7 Iz Falltt
GET E let titty

But Jeljm tm Ijm

i learn that Itt Ij ma for some j or j's

Since j 3,1mi l j must be 1

So looking at our list of 5 possible answers

44420442 97312

Hi His

Xy
jet

H Ho
Hia Ho Ho X
Hot Hot HotHo X



But for Aziz basis jeez me t I ha
no states with m l X

Therefore answer must be

Hi 091,2 97 Ho

E E 01

Check this by finding explicit relationship
between Hi GHz basis I I

and
Ho 09 basis IT5 11,07 10,03

Compute
Jzltt th 1 7 Ht a Ij ma
Jzlt 7 0 It Ij m o

Jzl 7 0

Iz l y ti y
I t Ijm o

I a Ij m 1

i must have
Itt 11,1
Lt all o 610,07 1914 61 1



1 7 c 1,0 t d 10,07 1441dL I

1 7 11 17

for some a b c dell

But O L It caroled ol alto blog
o ctatdtb

Ltda up top

To figure out a b recall

Ilja ma h jljtdmtm.it j m i tF 1,07
11

I I Itt IHH it Iits
A1 7 It It Ats
h i t 1 7

Ija m o 1 7 1 t

Memorize
a

YE E
11107 f At L t triplet

11 17 1 7liyg.yyy.gg
y y



I

Gew
tionfangularmomentomauswejiajz

ljij.tt j j otjfg
Ek dimensions match

j 1 2jzt1 25 1

j lj 54

Egle j I 12 3 2

I 3 11 21 0 1131 1 0 it

I I E

dimensions 21 1 2.3 1 I 2.1 1 2.3 1 2 5 1

3 4 2 4 t 6

General formula relating bases

Ijm EI Ctm
item

Jim jim

Clebsch Gordan coefficients

complicated look them up



i i
Schrodinger 1935
Bohm 1951
Bell 1964

Thought experiments involving entangled state
a Prepare entangled state of systems At B
b Separate systems A B in space
e Make independent measurements on A B

A's at It
a Preparation Ha 1127 ÉÉÉe

HB 1127.3 states

Put in EPR state

147 42 1 27,1 27 1 27A Z B

e.g total j o state

b Separate let fly apart



c Measure

Alice measure Ja I F To
Bob JB I F No
w to cos 0 I sind I

Claim Alice a Bob's measurements are

correlated

Prob Ja E Prob JB E 3

Prob Jao E Jr o E 0

Prob Jao E JB o E

Clear for O E Ja a I
JB a Tz

AE Bob

147 50

Yi us too50



But also true for any O

Jo E eigenstates lot cost lez sin El z

Jo E eigenstates10 7 sing 1 2 cost1 z

Ck for any O

14 10 7 10 7 10 7 10 7,3

C Meature new experiment

Alice measures Jz
simultaneously so

mean.se

Alice predicts Bob's Jz w 100 certainty

Bob predicts Alice's Jx w 100 certainty

QM Iz Jx O uncertainty
principle implies AJz1Jx It

i Cant know Tx Ja simultaneously
with 100 certainty



Compute using rules of QM

JzEt JxB H
12 7 2 1

A txt Axl

12 7 2 17 17 7 17 7 ztlt z 1

L It A 12 7 12 7 Ktla Et E DB

ht the 7 attest 1

If measure JzA tE Jab E

147 147 1,4
Ethmatist

I 1 7 1 7 1 2 Hz 1 77

x Hz Alex

Noparadot Though JzA JxA 0

Jza IB JAI I Jx 0

A Jza AIB 30 so 100 certainty allowed



E.P.R.argument
Since cans predict Jaa or Jets with
certainty by measuring JxB or Jet

And because lofty means B's measurement

can't affect A's vice versa

Jaz Jax are Ifinte properties
elements of reality objective properties ofnature

of particle A

But QM does not have any object with
definite values of Jaz a Jax 147 can

only have definite value of one or theother

Enigmata
It is missing

30yearslater I.be

Main point of EPR are correlators of
A 4 B's measurements

Correlators expectation value



Qq Fa 5,47 50059

in state 147 1 7 t t with

Jo Ico OTze sin JI It eigenvalues

E.g 0 9 0 COO Iz JI EY
p CCO G E rot's inv

0 0 p E O E LEGIT 0

Compute good exercise

Op JoJo 44150 5914

ZCHIÉ CA
QM prediction

0 4 0 E 100 anticorrelated r

Binay not a statement aboutQu

Following EPR assume exists local hidden



variable theory underlying completing QM
such that valves of Jax JAz JBx JBZ
are all objective properties of state

147h v before measurement

E g if
Alice measures Jo a

Bob measure Jp b
then system has
definite hidden
values Ca b

Any probabilities only enter in

our preparation step from lack of
experimental control over hidden

variables

System prepared with values a b

with probability Pca b

Now consider correlators of various measures
A I Jae B I IBE
Az JAOz Bz Jagz
with results a ay bi be respectively

all either Ith



Then Clauser Horne Shimony Holt

TWITTER.sta.BE can

hiddenYY'd on

Prof A B AaB AzBa A Ba

b
Pai bi a b tab tarbz a be

Is Plan bi altar bit Caz ai be

since a either E
since bi IE Cartan b Cazaiba It S E
I 3Plaibi E E ERai bi E I
Now compare

to x

local hiddenvariable theory
quantum mechanics

x A B Az B AzBa A Big
E cos 0 q costa g cos Oz44 cos 0 ga

Does this function satisfy No



E g maximal violation when

O E E p 37 92 E

to
alice

x E cos I cos 4 cos 34 cos E

ETC E E E E

Eye É violates

Therefore

QM is not a local hidden variable theory

Have to give up either or both

realism physical properties have definite
valves independent of observer



locality
simultaneous separated measurement

do not influence each other

The experiment was actually done in

the 1970 s QM prediction was

confirmed

If give up locality get spooky action at a

distance

But QM does not allow

acausality
transfer of information or energy
faster than light or backwards
I in time


