
Ch3 Angularmomentum
a In physics we mainly try to understand
the world by pulling it apart

we break it into subsystems which
we try to isolate in space time

So the main operations we perform on

systems are

spatial translations rotations

temporal translation boosts

There can all be thought of as symmetry

operations on an isolated system

you can't tell the difference between
translating a system or leaving it fixed
and just changing the origin of your
coordinate system

In QM a symmetry operation is a linear

transformation of the Hilbert space
which preserves inner products and

therefore probabilities byBorn's role



o Symmetry operation as unitary operator

3 main symmetry operations in
this course

1 Rotations to Riga ch

2 Timetranslations as Nlt ch 4

nnwy a

Symmetry operations form lie groups

eg move along x axis byamount a then again
by amount az move by amound at Az

Flan Flan 147 5 Canan 47

Unitary op e
Hermit

So define

Dtc F It
PI generator of x translations



Flat flat Fta
cheek

Thai Flay Flaitaz

Flail Flap 0

In classical mechanics generator of
translations is momentum

I text.IE temitters is
flxta Taylor exp

translation x xta

In QM A B p t A B É
so e at a e

i apt
correspondence

So define generator translations momentum



Similarly for time translations rotations

Clanically
generator time transe energy
generator rotations angular momentum

so define in QM

Itt e
it th I energy op

RCqn e

iensh.F

ang.no

I I É
h unit vector in 3d space

f angle

Regni has physical interp as

rotation around axis i by

angle q
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3d rot n form a lie group
product of two rot us is anotherone

Iceni RG ni Rcp a
w q 919,9 ni ni

a a 91,92Mittal addition Ye's

inverse is Right Ee qui
Various names 013 5013 5012

I
orthogonal special Initary
group 3d

unitary oplx UUt 1
m you

41
y



3d roti do not commute Cionabelian

Elgin Rca Razin ECGni

E g cheek REAR ET REEF RIEF

CI JI JI must not commute

In fact they must satisfy particular
commutation relations Lie algebra
to enforce the rot n group law A

They are

Ix Fy it JI
D

Angular
momentum

Ty Iz it Ix algebra
a.k.a 50131 LiealgJI JI it Fy or such

Note ABI It It
g n
focus for the rest of the chapter



Angularmomentumalgebral
Rewrite more compactly

I Jy I Ji Ji Is

Jj j 1,23
Algebra

j JuitÉEjuI
with Gue e completely antisymmetric rank 3

tensor

Ej he Evje completely

f
antisymmetric

Eelej

Ejek

Eyke o if any 2 of its indices are equal

123
I 1 defn normalization



antisymmetry then determines all Eight 11,03

Ex show Ej he Eejk

Ex list all non zero components of Eijle
there are only 6

Ex check that AO

2 Names Ig or Ej or Ej
total aug mom spinangmom orbitalanymoi

3 JI Ji are hermitian What are

their eigenvalues possible outcomes

of measuring them

They are determined by
Classic math argument

o n

Iz eigen basis Im m

DJzImmh1m MEIR



mln 8min

JI Fy also have eigenbases
but since don't commute
their bases are typically different

Trick 1 Define Casimir operator

J is name of operator

Check I is hermitian

Ij 0 je X Y Z

I I simultaneous eigeibasis It m

Ilam tu la m Lamkin's S San

Tam tam



I É I É II EJTF
It EX la mlX m a m I 7 my positive

operator

D ml EJTF Him

II a mi Ill m

El Il Jin m 1
2
70

730
of 11JIHim 114 1151am IF

Xml It JIJI la m

x m 52 JI 17 my

La mi a E m t la my

tic me

72m20



Trick 2 Define raising lowering ops

I It if
I I i

note not hermitian but

It I

Check I II It JI
I É7 24

I II O

Note IJIICII
Compute

JI JI aim JI JET Him
JI mt It Him
MII K JI IT m



I II Him JE I Tim
JI Atta my
D JIM m

I Ltd eigenstates

Élan YEH my IXmyth me Its lame
chain of orthog States But what if
Hilbert space is finite dimensional

Only way out must exist maximum

value of M m j such that

5 17 j 7 0

I 0 115 17 j IF Aj I JI la j
A jl Ix it Ixtify 17,57

a jl IF't JI Ji 7,57

Ail JE AJI IX j



27,51 Ex Aja Ej Dj

4 A j j

x jcg max

Also I minimum value m j sit

I 17 j 7 0

cheek

X j Cain

Only solutions to Cmax min are

j ji or j je X
Summat I o n basis lj my with

lj m Ej jen Ij m
Iz Ijm him lj.my

mg y gy g.gjyg
je10 t 4E3 3



EI Io only m o allowed

52 JI 0 spin O

j m t's allowed

IEEE i BYE all states

Iz It et El's t

y
spin's

It I E E I

so lez It I
1 27 13 27

Finally can compute matrix elements
of Fx Fy in this basis

Know Jet j m Ct Ij med
for some apex no C Compute

5142 11 JI lj.my12 jimIII ljim

Lj.m1C5ZJI tJzIIj m



42 jljer manti

C fjljtitmemet Phase choice

Same for I

Ilj.net jgedmCmeT1jmy
Can find JI Ju using

JI CI E

Ty I JI I



Angular
JI JI it Ix

y
momentum
algebra

Ja JI it Fy

52 I e Fy JI
JI I JI t iFy

y
I I if

It I

j F 0 je X Y Z

É II IT JI
JI I I 24 Iz
I JI O



theorem proven above

Any Hilbert space with angular momentum
operators has an orthogonal direct sum

decomposition

H GH je 0 1.3

where each 95 subspace has o n basis

lj m me j je jez j 2 j i j

such that

Lj m Ej jen Ijm
Iz Ijm him Ij my

Ijm tfjljedmtmtlj.mn
The Hj subspaces are called the spin j
subspaces or the sping representations



Examples

Spinjparticle ignoring its positions
momentum

Hilbert space is Hj
52 Ej it I

since basis is jim me j it's
and all have same 52 eigenvalue

dim Hj 2jt1
because thats how many m's there are

Iz lj my tmlj.ms

Matrix elements of Iz are

a mm Jim Fe lj m Am Julia's
tu 8mm

Ja es acting
lini



I lj.ms
Itt E lj.ms

It jejenminet I j mti

Viljthment lj m 17

Matrix elements of I

D mm Lj.nl lj uis

E fjljtitm'cm'tt jim j m't
fjljtll nitmiTLj.mu jsm i7

E fjtjeitm'cm'tt8m nie

fjljtllnitmfsm.ms l

fjcjeit imcmtsm.me
fjljtn mcmty sm.mil i

Note Sunmix Sm i m etc
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Spiny particle can be in any state

147 É c l jim Entente

calculate probabilities expectation rakes
etc by usual rules

Hydrogenatominn

2energy6vHnz He o He

li.On CE Iz eiga basis is

sTasik

Write J L j se by convention



General H atom energy angularmom
eigenstates denoted In l my
So above n 2 eigerbasis are usually
written
12 0,07 12,1 17 12 1,07 12 1,173

Consider state of H atom

4 12,0 07 52 2 1,07 5312,1 7

a What is Lx
b What is E
C What are poss values of measuring LI

what are their probabilities
d If measure Lz 0 what is the

state right after the measurement

Ca Lx CHILI 14
14 42,0o rizno 5312,1s

L 41Gt E 14

4 I th 12,007 521211,07 0313417

I



HE
ÉÉ

ÉÉ
t h

Eg 24thrictiocott 12,417

Egalitarian

If F 42,111 2,41 It 2 1,012,107

É É IT
14 120,07 12,107 53131,17b E 4415147

441 0 2425212,40 5312,1117

f2E rites EE

C Iz eigenvalue f ft O th f fu 1 9 or 1 1

But only m o I occur in 14 so

only possible outcomes are

0 a Lz th
Probabilities

12 0 4 Pizzo x
14 1390 triano rising

Pozzo 12,0107420,01412 1,0742 1,01



i Plato 1220014744210 4712

It
P LEG 41 Paz 147

41112117 2111 47

1211147 33 2

d If measure 2 0 147 8130,0 trio no trial s

147 814 TEETH

12007 5212107

normalized V


