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1. Introduction. Let M(R) denote the collection of all subprobability distribution functions
on R. We say for {F,,} ¢ M(R), F,, converges vaguely to F' € M(R) (written F,, — F) if for all
la, b], a,b continuity points of F, lim,, .o F,,{[a,b]} = F{[a,b]}. We write F, L, F, when F,, F
are probability distribution functions (equivalent to lim,,_,~ F},(a) = F'(a) for all continuity points
a of F).

For FF € M(R),

r—=z

mp(z)E/ ! dF(z), 2€CT={zeC:3z>0}

is defined as the Stieltjes transform of F'.
Properties:

mp is an analytic function on C*.
Smp(z) > 0.

me(2)| < &

For continuity points a < b of F'

Ll s

1 b
F{la,b]} = — lim \smF(f + in)dE,

T n—0*t

since the right hand side

= — lim / / dF(x = — lim // dﬁdF(x)
T n—0+ Qj‘ — ™ n—0t 33 -




1 _ _
= — lim [Tan_1<b :1:> —Tan_1<a x)]dF(x)
T n—0t n n

_ / Ty dF () = F{[a,b]}.

5. If, for g € R, Smp(zg) = lim,ccr—p, SMmp(z) exists, then F is differentiable at xy with
value (1)Smp(zo) (S. and Choi (1995)).
Let S € C* be countable with a cluster point in C*. Using 4., the fact that F,, — F is

equivalent to

[ Fu@)ibu@) ~ [ r@)ar@

for all continuous f vanishing at Ztoo, and the fact that an analytic function defined on C* is

uniquely determined by the values it takes on S, we have
F, - F <= mp(2)—mp(z) forallzesS.

The fundamental connection to random matrices:

For any Hermitian n x n matrix A, we let F' denote the empirical distribution function (e.d.f.)

of its eigenvalues:

1
FA(z) = = (number of eigenvalues of A < x).
n

Then .
mpa(z) = Etr(A — D)7t
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So, if we have a sequence {A,} of Hermitian random matrices, to show, with probability one,
FA» 25 F for some F € M(R), it is equivalent to show for any z € C*

1
—tr(A, —zI)"' = mp(2) a.s.
n

The main goal of the lecture is to show the importance of the Stieltjes transform to limiting
behavior of certain classes of random matrices. We will begin with an attempt at providing a
systematic way to show a.s. convergence of the e.d.f.’s of the eigenvalues of three classes of large
dimensional random matrices via the Stieltjes transform approach. Essential properties involved
will be emphasized in order to better understand where randomness comes in and where basic
properties of matrices are used.

Then it will be shown, via the Stieltjes transform, how the limiting distribution can be numer-
ically constructed, how it can explicitly (mathematically) be derived in some cases, and, in general,
how important qualitative information can be inferred. Other results will be reviewed, namely the
exact separation properties of eigenvalues, and distributional behavior of linear spectral statistics.

It is hoped that with this knowledge other ensembles can be explored for possible limiting
behavior.

FEach theorem below corresponds to a matrix ensemble. For each one the random quantities
are defined on a common probability space. They all assume:

Forn=1,2,... X,, = (X[3),nx N, Xiz € C, id. for all n,1,j, independent across i, j for each n,
E|X{, —EX{,|?=1,and N = N(n) with n/N — ¢ > 0 as n — oo.

THEOREM 1.1 (Marc¢enko and Pastur (1967), S. and Bai (1995)). Assume:
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a) T, = diag(t},...,t}), t? € R, and the e.d.f. of {t},...,tI'} converges weakly, with
probability one to a nonrandom probability distribution function H as n — oc.

b) A, is a random N x N Hermitian random matrix for which FA»~ — A where A is
nonrandom (possibly defective).

¢) Xn, Ty, and A, are independent.

Let B, = A, + (1/N)X*T,,X,,. Then, with probability one FB» — F as n — co where for
each z € C* m = m () satisfies

(1.1) m:mA<z—c / 1+ttde(t)).

It is the only solution to (1.1) with positive imaginary part.




THEOREM 1.2 (Yin (1986), S. (1995)). Assume:

T,, n x n is random Hermitian non-negative definite, independent of X,, with FTr L.oHas
as n — 0o, H nonrandom.

Let Trlb/2 denote any Hermitian square root of T,, and define B, = (1/N)T7%/2XX*TT{/2.
Then, with probability one FBr L, F asn — oo where for each z € C* m = mp(z) satisfies

(1.2) nu:/tu_c_tmm_wdH@)

It is the only solution to (1.2) in the set {m € C: —(1 —¢)/z 4+ cm € C*}.

THEOREM 1.3 (Dozier and S. a)). Assume:

R, n x N is random, independent of X,,, with F(1/N)Enf, L. Hoas asn — oo, H

nonrandom.
Let B, = (1/N)(R, + 0X,,)(R,, + 0 X,)* where 0 > 0, nonrandom. Then, with probability
one FBn 25 F asn — oo where for each z € C* m = mp(z) satisfies

1
1.3). = dH (t
(13) " /m—(1+020m)z—|—02(1—c) (®)
It is the only solution to (1.3) in the set {m € CT : &(mz) > 0}.

Remark: In Theorem 1.1 if A,, = 0 for all n large, then m4(z) = —1/z and we find that mpg
has an inverse

(1.4) z:—i+c/ f dH(t).




Since
FA/N)X T Xy (1 _ £>I[O,oo) L p/NT X X T,

N N
we have
1—n/N n
(1.5) M p /N X7 Tn Xn (2) = _T/ + Nmp(l/N)Ti/QXnX;;Ti/Q (2) z€ c
so we have
l1—c¢c
(1.6) mp(z) = — . + emp(2).

Using this identity, it is easy to see that (1.2) and (1.4) are equivalent.

2. Why these theorems are true. We begin with three facts which account for most of
why the limiting results are true, and the appearance of the limiting equations for the Stieltjes
transforms.

LEMMA 2.1 Forn xn A, q € C", and t € C with A and A + tqq* invertible, we have

1

* A t *\—1 — *A—l
q (A+1tqq") i A1y
(since ¢* A (A +tqq") = (1 +tg" A7 q)q").
COROLLARY 2.1 Forg=a+ b, t =1 we have
a*A Y a +b)

a*(A+(a+Db)(a+ b))t =a*A" - (a+Db)*A™1

1+ (a+b)*A=1(a+b)



L+b*A Y a+b) a*A"'(a +b) -1
14+ (a+b)*A~1(a+0) 14+ (a+0b)*A~1(a+b)

Proof: Using Lemma 2.1 we have

(A+(a+b)(a+b)*) ' —A = —(A+(a+b)(a+b)*) a+b)(a+b)*A™?
1 —1 * 1—1
= T TrlarbrA ity @tblatdra

Multiplying both sides on the left by a* gives the result.
LEMMA 2.2 For n x n A and B, with B Hermitian, z € C*, t € R, and ¢ € C", we have

(B - 2D A((B ~ =) q| _ |4l
1+tq*(B—zI)"1q - Sz

tr[(B — 2I)~' — (B +tqq* — zI) 1 A| = ‘t

Proof. The identity follows from Lemma 2.1. We have

q" (B — z])_lA((B — zI)_lq
1+tqg*(B—z21)"1q

B =Dl
< WA o o B =3

Write B = ). A\je;ef, its spectral decomposition. Then

2
. I 2 ’6 Q|
I8 ==l = 3 et

and |2
* -1 = q
[1+1t¢"(B —2I)" "¢ = [t[S(¢" (B — 21)~ W“Z X — 22



LEMMA 2.3. For X = (Xy1,...,X,)7T iid. standardized entries, C n x n, we have for any
p=>2

E|X*CX — tr O < K, ((E|X1|"tr CC*)?? + E| X, [2Ptr (CC™)P/2)

where the constant K, does not depend on n, C, nor on the distribution of X;. (Proof given in
Bai and S. (1998).)

From these properties, roughly speaking, we can make observations like the following: for
n x n Hermitian A, ¢ = (1/y/n)(X1,...,X,)T, with X; i.i.d. standardized and independent of A,
and z € Ct, teR

) tq* (A —zI)"'q 1
tq* (A +tqq* — 2I)"1q = =1-
g (A+tqq —21)" g [+ ig"(A—2D) 1g 1+tq* (A — 21)"1q
1 1

~ ~

1— ~1-— :
1+ t(l/n)tr (A — ZI)_l 1+ th—}—tqq* (Z)

Making this and other observations rigorous requires technical considerations, the first being
truncation and centralization of the elements of X,,, and truncation of the eigenvalues of T;, in
Theorem 1.2 (not needed in Theorem 1.1) and (1/n)R, R} in Theorem 1.3, all at a rate slower than
n (alnn for some positive a is sufficient). The truncation and centralization steps will be outlined
later. We are at this stage able to go through algebraic manipulations, keeping in mind the above
three lemmas, and intuitively derive the equations appearing in each of the three theorems. At
the same time we can see what technical details need to be worked out.

Before continuing, two more basic properties of matrices is included here.
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LEMMA 2.4 Let 21,20 € Ct with max(S z1,S22) > v >0, A and B n x n with A Hermitian,
and g € C". Then

1
ltr B((A — zll)_l — (A - zgl)_l)\ < |zg — 21|NHBHU—2, and

* — * — ]-
" B(A—210)" g = q"B(A = 21)""q| <[22 — =1 |al*l|Bll

Consider first the B,, in Theorem 1.1. Let ¢; denote 1/v/N times the i*® column of X;. Then

(1/N)X T X, thqlql.

Let B(;) = By, — tiqiq;. For any z € C* and = € C we write
B,—z[=A,—(z—x)[+ (1/N)XT,X,, — xI.
Taking inverses we have

(A, — (z —2)I)~*
= (B, — 2D '+ (A, — (z—2)) "N (/NXT, X, — xI)(B,, — 2I)~!

Dividing by IV, taking traces and using Lemma 2.1 we find

M (z = 1) — mpsa (2) = (/N)tr (An — (2 — 2) (thqzqz 1) (B, 21



_ (1N ° tiq; (Buy — 27N A, — (z—2)]) g
= (N2 L+ tig; (B — 21) i

=1

—z(1/N)tr (B,, — 2zI) YA, — (z —2)I)~ L.
Notice when x and ¢; are independent, Lemmas 2.2,2.3 give us

q;‘(B(Z-) — z[)_l(An —(z— x)[)_lqi ~ (1/N)tr (B,, — z[)_l(An —(z— x)])_l.

Letting

n £
e (1/ );1—1—25@-7711:3”(2)
we have
n £
Mpan (2 —X,) —Mmps, (2) = (1/N d;
F ( ) F () (/ );1+tszBn(z)
where

L+ t;mps, (Z) 4 »
T tiq (Bgy — 1) 1, & B =20 (Aa = V)~ lg

— (1/N)tr (B, — 2I) Y (A, — (z — 2,)I) "L,

In order to use Lemma 2.3, for each 7, x,, is replaced by

n

L) = (1/N)Z 1

=1

tj
+tym n, (2)
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An outline of the remainder of the proof is given. It is easy to argue that if A is the zero
measure on R (that is, almost surely, only o(/N) eigenvalues of A, remain bounded), then the
Stieltjes transforms of F4» and F'P» converge a.s. to zero, the limits obviously satisfying (1.1) .
So we assume A is not the zero measure. One can then show

0 = inf S(mps, (2))

is positive almost surely.

Using Lemma 2.3 (p = 6 is sufficient) and the fact that all matrix inverses encountered are
bounded in spectral norm by 1/3z we have from standard arguments using Boole’s and Chebyshev’s
inequalities, almost surely

(2.1) max max(| ;[|* = 1], 1} (B = 21) ™ ¢ = m g,y (2)];

47 By — 21) " (An — (2 — 2)) 1) s — (1/N)tr (B — 2I) " (An — (2 — 2)) 1) ']
— 0 asn — oo.

Consider now a realization for which (2.1) holds, § > 0, F» Lom ,and F4» %5 A. From Lemma
2.2 and (2.1) we have

(2.2 max max{|m pe. (2) = m o, (o)), lmesa (2) = ¢} (B = 21) " ail] = 0,

and subsequently

1 +tiq; (Buy — 21) " tq;

(2.3) max max [ —1

1<n

s |$ — :C(Z)|] — 0.
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Therefore, from Lemmas 2.2,2.4, and (2.1) -(2.3), we get max;<,, d; — 0, and since

<

Y

ti
| 1+ timps. (2)

Sl

we conclude from (4.1) that

ma, (z —x,) —mp, (z) — 0.

Consider a subsequence {n;} on which m 5., (#) converges to a number m. It follows that

t
T, —>c/ dH ().
1+tm

Therefore, m satisfies (1.1). Uniqueness (to be discussed later) gives us, for this realization

mps, (2) — m. This event occurs with probability one.

3. The other equations. Let us now derive the equation for the matrix B,, = (1/N)Tﬁ/2XnXT*LT71/2,
after the truncation steps have been taken. Let ¢, = n/N, ¢; = (1/y/n)X; (the j** column of

Xp), rj = (1/\/N)T71/2X.j, and By = Bp, —rjrj. Fix z € C* and let m,(2) = mps.(2),

m,, (2) = Mpa/nxim.x, (2). By (1.5) we have

1— n
(3.1) m,(z) = — ¢ + cpmy,.
z

We first derive an identity for m,,(z). Write

N
By —zl+zI=Y .
j=1
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Taking the inverse of B,, — zI on the right on both sides and using Lemma 2.1 we find

I+ 2(B, —zI)~ Z

J=1

b (B — 2L
B<J>—zf> 1,173 B —20)

Taking the trace on both sides and dividing by N we have

N * —1 N
1 r (B — zI r 1 1
cn+zcnmn=—E ‘7(*(‘7) ) _i :1——5 " 1,
N 1+75(Bgy) — =) N = 14 r7(B() — 2I)~'r

Therefore

1 & 1
(3.2) m,(z) = —— - — :
N o z(1+ 73 (Bgyy — zI)~r;)

J

Write B, — zI — (—zmy,(2)T, — 2I) = Zjvzl i1y — (—2my,(2))T;,. Taking inverses and using
Lemma 2.1, (3.2) we have

zmy, ()T, — 21y — (B, — 2I)~*

= (~zmy, ()T}, — zI)~! {ﬁ: r (—zm, (2 ))Tn] (B, — zI)7!

j=1

N
—1
W, + D7 e (B — 21t
Jzzlzl_i_r () ZI) ) (m (Z) + ) 7“]7“]( (j) Z)

— (1/N)(m,, ()T}, + I) ' T, (B, — zI)_1] :
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Taking the trace and dividing by n we find

» 1 & ~1
(1/n)tr (—zmy, (2)T, — 21) _WM@q:EVEZzG%wJUi)—zD—Wﬁdj

where

dj = ¢;Ty/?(Byy — 2I) " (my, (2)T, + 1)1 2,
— (1/n)tr (my,(2)T, + I) "' T (B, — 21)7*
The derivation for Theorem 1.3 will proceed in a constructive way. Here we let x; and r;

denote, respectively, the j'® columns of X,, and R, (after truncation). As before m, = mpgs.,,
and let

My, (2) = Mpa/N)(RntoXn)* (Rntoxn) (2)-

We have again the relationship (3.1) . Notice then equation (1.3) can be written

1
(3.3) m:/ : ~ dH (¢)
71+Ucm—azm—z

where
1—c

2
Let B(jy = B, — (1/N)(rj + ox;)(r; + ox;)*. Then, as in (3.2) we have

m—= — + cm.

1 1
(3.4) m, :_N;z YN, + 0w) By — =) M(r + 0w)))
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Pick z € C*. For any n x n Y,, we write

Mz

B, —zI — (Y, — zI) (rj +ozj)(r; +ox;)" =Y,.

1
N
7=1

Taking inverses, dividing by n and using Lemma 2.1 we get

(1/n)tr (Y, — 2I)~t — my(2)

1 i (1/n)(r; +ox;)* (B(j) —z])_l(Yn—zI)_l(rj—l—axj)
1L+ (1/N)(r;j +ox;)*(Byy — 2L) 71 (r; + ox;)

J=1

— (1/n)tr (Y, — 2I) 'Y, (B, — 2zI)~*
The goal is to determine Y,, so that each term goes to zero. Notice first that
(1/n):c;f(B(j) — z])_l(Yn — z[)_lzr;j ~ (1/n)tr (B, — z[)_l(Yn — z])_l
so from (3.4) we see that Y,, should have a term
—o?zm,, (2)1.
Since for any n x n C bounded in norm
|(1/n)25Crj* = (1/n?)zCryr; Cx;

15



we have from Lemma 2.3
(3.5) 1(1/n)x *C'rj|2 (1/n? )tr Cryr;C* = (1/n2)r;-‘C*er =o0(1)

(from truncation (1/N)||r;||* < lnn), so the cross terms are negligible.
This leaves us (1/n)r5(B(y — 2I)~ (Y, — 2I)~'r;. Recall Corollary 2.1
a*(A+ (a+0b)(a+0b)*)?

14+ 0*A7 Y (a+D) AL a*A~1(a + b)
14 (a+b)*A1(a+b) 1+ (a+b)*A~1(a+b)

Identify a with (1/v/N)r;, b with (1/v/N)oz;, and A with B(;). Using Lemmas 2.2, 2.3 and (3.5)
, we have

b* AL,

(1/n)r;(Bn — 27N, — 27!
1+ o%c,mp(2)
1 + %(Tj + O':Ej)*(B(j) — Z[)_I(Tj + O'SL‘j)

~

(l/n)r;‘(BU) — 27N, — 2D r

Therefore

Z 1/n (B(j) ZI)_l(Yn — ZI)_lT
1+ ~(r; + oz;)* (B — 2I)~Yr; + ox;)

1 <. (1/n)r(B, — ) 7YY, — 2I)"tr
N Z 1+ 02c,my(2)
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1
1+ o2¢c,my(2)

= (1/n) tr (1/N)R, R (B, — zI) 1 (Y;, — 2I) L.

So we should take .

1+ g2c,my(2)

Then (1/n)tr (Y,, — 2I)~! will approach the right hand side of (3.3).

(1/N)R, R — 0%2zm,,(2)I.

n
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4. Proof of uniqueness of (1.1). For m € CT satisfying (1.1) with z € C* we have

1
" / T — (z —cf 1+ttde(t)> AT
- 1 T
/T— R (z —cf ﬁdH(t)) —i (%z—l—cf &%dmt)) A
Therefore
- e (%HC H:%dlf(t)) / ‘THCI%M@)MAW

Suppose m € C* also satisfies (1.1). Then

_ ) vt ] a0

1+tm 1+tm

t2
(m - m)C/ (1 + tm)(1 + tm)

dH ()
1

<f
(7’ —z+4c/ 1+ttde(t)) <7’ —z+cf 1+ttde(t)>

dA(T).

Using Cauchy-Schwarz and (4.1) we have

18



t2
C/ A+ tm) (1 + tm) 2O
1

</
(T—z+cf 1+ttde(t)) (T—z+cf 1+ttde(t)>

dA(T)

1/2
/ T Hw / ! dA(T)
c 5 5 T
[T+ tm) ‘T—ZJrCf 1+ttde(t)
1/2
t2 1
T tledH(t) ; 7 4A(T)
’7‘ — 2+ cf 1+tde(t)
1/2
Im
C/ |1 —i—thdH(t) t23m
<\sz +cf Trim® dH(t))
1/2
Sm
(\sz + cf |1+tm|2 dH(t))

Therefore, from (4.2) we must have m = m.
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5. Truncation and Centralization. We outline here the steps taken to enable us to assume
in the proof of Theorem 1.1, for each n, the X;;’s are bounded by a multiple of Inn. The following
lemmas are needed.

LEMMA 5.1. Let Xi,...,X,, be iid. Bernoulli with p = P(X; = 1) < 1/2. Then for any
€ > 0 such that p+ € < 1/2 we have

2

n
P(ZXi —p > e) < e T Fo
i=1

LEMMA 5.2. Let A be N x N Hermitian, Q, Q both n x N, and T, T both n x n Hermitian.
Then

* akala) 2 =Y
a) |PA+QTQ — pATQTY)| < Zrank(Q - Q)
and

* * 1 f—
b) |FATQTE _ pATQTTQ) < rank(T = T).

LEMMA 5.3. For rectangular A, rank(A) < the number of nonzero entries of A.
LEMMA 5.4 For Hermitian N x N matrices A, B

N
d M =AP)? <tr(A- B2

1=1

20



LEMMA 5.5 Let {f;} be an enumeration of all continuous functions that take a constant %

value (m a positive integer) on [a,b], where a, b are rational, 0 on (—oco,a — L]U [b+ L, 00), and
linear on each of [a — =, al, [b,b+ -]. Then

a) for F1, Fo € M(R)

D(Fl, Fg) = Z /fzdFl — /deFQ 2_i
i=1

is a metric on M(R) inducing the topology of vague convergence.

b) For Fn,Gn € M(R)

J\;im HFN — GNH =0 — A}lm D(FN,GN) =0.
c) For empirical distribution functions F, G on the (respective) sets {x1,... ,xn},{y1,--- ,yn}

1 & 2 1
DAF.G) < | =D lai—wil | <5 D (@ — )
j=1 J=1

Let p, = P(|X11| > v/n). Since the second moment of Xi; is finite we have

(5.1) np, = o(1).
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Let )?ij = Xijl(1x,,1< ) and En = A, + (1/N))?;§Tn)?n, where X = (Xij). Then from Lemmas
5.2 a) 5.3, for any positive €

= 2
P(|FPr — FPr|| > ¢) < P(ﬁ quxmzm > €>
ij
1 €
=P m%:fuxmzﬁ) “PnZ 5~ Pn

Then by Lemma 5.1, for all n large

Ne
16

P(|FB" — FBr|| > ¢) < e %,

which is summable. Therefore R
|FBr — PP &350,

Let B, = A, + (1/N))A(:nTn)N(:L where X,, = )A(n — E)A(n. Since rank(E)?n) < 1, we have from
Lemma 5.2 a)
|FBr — FBr|| — 0.

For a > 0 define T, = diag(t?l(“ﬁga), . ,tﬁ]wmga)), and let () be any n x N matrix. If o

and —a are continuity points of H, we have by Lemma 5.2 b)

n

1 a.s. c
rank(Tn — Ta) = N Z I(|t?|>a) — CH{[—CV, Oé] }
1=1

1
<
- N
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It follows that if @« = «,, — 00 then

[FATQ TaQ _ pAn+Q TaQ)| 235,

o Let ng = XZJI(|X”|<IHTL) EXz'jI(|Xij|<lnn) X ((1/\/7) )7 1y XZJ o XZ]’ and
X, = ((1/V'N)X,;). Then, from Lemmas 5.5

c) and 5.4 and simple applications of Cauchy-
Schwarz we have

~

DZ(FAn—l-XnTaXZ’FA-i-YnTaYn*) (X T X* YnTayn*)Q

1
N

1 —_— s —_— [ — —_—
< N[tr (X ToX,)? +4tr (X, T, X, X, To X))

We have

and

Therefore, to verify o
D(FA—i—XTaX * FA+YTa7*) as.

it is sufficient to find a sequence {,} increasing to oo so that

1 == a.s. 1 — —x
anﬁtr(XX )2 2% 0 and ~ (XX )?*=0(1) as..
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The details are omitted.

Notice the matrix diag(E|X11[%t7, ... ,E|X11]?t") also satisfies assumption a) of Theorem 1.1.
Just substitute this matrix for T;,, and replace X, by (1/4/E|X11|?)X,,. Therefore we may assume
1) X;; are i.i.d. for fixed n,

2) |X11] < alnn for some positive a,
3) EX11 =0, E[ X112 =1.
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6. The limiting distributions. The Stieltjes transform provides a great deal of information
to the nature of the limiting distribution F when A,, = 0 in Theorem 1.1, and F' in Theorems 1.2,
1.3. For the first two

1 t
= —— dH(t
© m+c/1—l—tm (t)

is the inverse of m = m (), the limiting Stieltjes transform of F'(1/N)X2TaXn  Recall, when T, is

nonnegative definite, the relationships between F, the limit of F(1/N )T/ 2 X X0T02 and F

F(.I) =1- CI[O,OO)('T) + CF(ZC)a

and mp and m
l1—c¢c

mp(z) = . + cmp(2).

Based solely on the inverse of mz the following is shown in S. and Choi (1995):

1. Forallz € R, x #£ 0

lim ma(z) = mg(x
z€Ct—zx F( ) 0( )

exists. The function mg is continuous on R — {0}. Consequently, by property 5. of Stieltjes
transforms, F' has a continuous derivative f on R — {0} given by f(z) = 1Smg(x) (F subsequently
has derivative f = % f ). The density f is analytic (possess a power series expansion) for every = # 0

for which f(z) > 0. Moreover, for these z, wf(x) is the imaginary part of the unique m € C*

1 t
= —— dH (t).
. m+0/1—|—tm ()
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satisfying




2. Let x; denote the above function of m. It is defined and analytic on B = {m € R: m #

0,—m~! € 84} (S5 denoting the complement of the support of distribution G). Then if z € S%

we have m = my(z) € B and 2’;(m) > 0. Conversely, if m € B and z = 2’;(m) > 0, then z € 5%,

We see then a systematic way of determining the support of F: Plot z #(m) for m € B,

Remove all intervals on the vertical axis corresponding to places where x; is increasing. What

remains is Sz, the support of F.

Let us look at an example where H places mass at 1, 3, and 10, with respective probabilities

.2, .4, and 4, and c = .1.
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Figure (b) is the graph of

1 1 1
xﬁ(m):———l—.l(.2 + 4 ; —I—.4—0>.

m 1+m 1+3m 1+ 10m

We see the support boundaries occur at relative extreme values. These values were estimated and
for values of z € Sp, f(z) = LQmo(z) was computed using Newton’s method on = = z(m),
resulting in figure (a).

It is possible for a support boundary to occur at a boundary of the support of B, which would
only happen for a nondiscrete H. However, we have

3. Suppose support boundary a is such that mz(a) € B, and is a left-endpoint in the support

ra=( mg(t)dt)m.

where g(a) > 0 (analogous statement holds for a a right-endpoint in the support of F ). Thus,

of I'. Then for z > a and near a

near support boundaries, f and the square root function share common features, as can be seen
in figure (a).

It is remarked here that similar results have been obtained for the matrices in Theorem 1.3.
See Dozier and S. b).

Explicit solutions can be derived in a few cases. Consider the Mafcenko-Pastur distribution,
where T;, = I. Then m = mg(x) solves




resulting in the quadratic equation
rm? 4+ m(z+1—c)+1=0

with solution

—(z+1—c)E/(z+1—0c)2—4x
2z

m =

—(z+1—c)x /22 —2z(1+c)+ (1 —c)?
2z
—(e+1-0x/(z—(1-V)?)(z - (1++0c)?)
2z
We see the imaginary part of m is zero when z lies outside the interval [(1 — /¢)?, (1 + v/¢)?], and

we conclude that

2mwex

) = { VG0 e (1= voR, (L4 Vo)

0 otherwise

The Stieltjes transform in the multivariate F' matrix case, that is, when T}, = ((1/N") X, X))~ 1,
X, n x N’ containing i.i.d. standardized entries, n/N’ — ¢ € (0,1), also satisfies a quadratic
equation. Indeed, H now is the distribution of the reciprocal of a Marcenko-Pasur distributed
random variable which we’ll denote by X/, the Stieltjes transform of its distribution denoted by

mx_,. We have
1

1 ; 1 1
r=—— —I—CE<X—C1) = —— +CE(—)
m 1—|—X—/m m Xy +m
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=—— + cmx , (—m).

From above we have

1—¢ —(z4+1—c)++/(z+1—-0)2—4z2

—2+1—Cd+(z+1-0)2 -4z
2zc

(the square root defined so that the expression is a Stieltjes transform) so that m = mq(x) satisfies

r=——+¢
m

1 m+1—c+/(-m+1-c)?+4m
—2mc’ '

It follows that m satisfies
m?(cd2? +cx) +m2dz —c?+c+cx(l—c))+ +c(1—-¢)=0.
Solving for m we conclude that, with

b= (1_\/1_(1_0)(1_CI)>2 by = (1_\/1—(1—0)(1—0’))2

1—-¢ 1—-¢

2wz (xc’+c)

flx) =

0 otherwise.

{ (1—c")4/(z—b1)(b2—2) bl << b2
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7. Other uses of the Stieltjes transform. We conclude this lecture with two results

requiring Stieltjes transforms.

The first concerns the eigenvalues of matrices in Theorem 1.2 outside the support of the

limiting distribution. The results mentioned so far clearly say nothing about the possibility of

some eigenvalues lingering in this region. Consider this example with T}, given earlier, but now

c = .05. Below is a scatterplot of the eigenvalues from a simulation with n = 200 (N = 4000),

superimposed on the limiting density.
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0.6-ﬂ
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0.1F
0.0~ 2 6 8 10 12 14

Here the entries of X, are N(0,1). All the eigenvalues appear to stay close to the limiting support.

Such simulations were the prime motivation to prove
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THEOREM 7.1 (Bai and S. (1998)). Let, for any d > 0 and d.f. G, F%C denote the limiting
e.d.f. of (1/N)X*T,, X, corresponding to limiting ratio d and limiting F™» G.
Assume in addition to the previous assumptions:
a) EX11 =0, E|[X11]?> =1, and E| X4 |* < 0.
b) T, is nonrandom and ||T,|| is bounded in n.
¢) The interval [a,b] with a > 0 lies in an open interval outside the support of F¢¥n for all
large n, where H,, = F™~.
Then

P( no eigenvalue of B,, appears in [a,b] for all large n ) = 1.
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Steps in proof:

1. Let B, = (1/N)X;T, X, m,, =mgs, and mo = M ey 1, - Lhen for z = x 4 ivy,

sup |m,, (2) —mY(2)| = o(1/Nv,) a.s.
z€la,b]

when v,, = N—1/68,

2. The proof of 1. allows 1. to hold for Im(z) = V2vp, V3vp, ... ,Vv/34v,. Then almost surely

max  sup |m, (x + iVkv,) — m®(z + iVkv,)| = o(vS7).
ke{1,...,34} z€[a,b]

We take the imaginary part of these Stieltjes transforms and get

max sup
ke{1,2...,34} z€la,b]

d(FBa(\) = Fent (V)
/ (x — N)2 + kv2

’ = o(v%%) a.s.

Upon taking differences we find with probability one

v2 d(FBn(X) — FenHn())) 66
e sup | SR R | =
02)2 d(FEa(X\) — Fentn ()
max sup / 2( )2 ( ( 2) 5 ( ))2 5 20(026)
k1, ka kg z€[a,b] ((JZ'—)\) —|—k’1?)n)((33—)\) +k2vn)((x_)‘) +k3vn)

distinct
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sup
x€la,b]

/ (02)33 d(FEn(X) — FenHn(N)) _
(x—=N)2+v2)((x—N)2+202) - - ((z—N)2+3402) |

Thus with probability one

/ d(FEn(X) — Forn (X))
((x=N)2+02)((x = N)2+202) - ((x — \)? + 3402)

= o(1)

sup
x€|a,b]

Let 0 < @’ < a, b’ > b be such that [a/,b'] is also in the open interval outside the support of
FenHn for all large n. We split up the integral and get with probability one

/ I 1o (A) d(FBn (X) — FenHn (1))

vetanl] (@=NZ+02) (@ = N2 +202) - ((z — N)2 + 3402)
D (F ¥ (s W R T S (e W T |

Now if, for each term in a subsequence satisfying the above, there is at least one eigenvalue
contained in [a, b], then the sum, with = evaluated at these eigenvalues, will be uniformly bounded
away from 0. Thus, at these same x values, the integral must also stay uniformly bounded away
from 0. But the integral MUST converge to zero a.s. since the integrand is bounded and with
probability one, both FZ» and FrensHn converge weakly to the same limit having no mass on
{a’,b'}. Contradiction!
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The last result is on the rate of convergence of linear statistics of the eigenvalues of B,,, that

is, quantities of the form
JEC Z 8

where f is a function defined on [0, 00), and the A;’s are the eigenvalues of B,,. The result establishes

the rate to be 1/n for analytic f. It considers integrals of functions with respect to
Gn(x) = n[FP (z) — Fot (2)]

where for any d > 0 and d.f. G, F%% is the limiting e.d.f. of B, = (1/N)T71/2XnXT*LTT%/2
corresponding to limiting ratio d and limiting F'» G.
THEOREM 7.2. Under the assumptions in Theorem 7.1, Let fi,..., f, be C! functions on R

with bounded derivatives, and analytic on an open interval containing
[hm inf )‘mT;nI(O,l)<C)(1 — /) limsup Aln (14 +/c)?].

Let m = my. Then

(1) the random vector

(7.1) </f1 ) dGin( /fr ) dG( )

forms a tight sequence in n.
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(2) If X11 and T, are real and E(X{;) = 3, then (7.1) converges weakly to a Gaussian vector

(X#,...,Xy,), with means

m(z)?’t dH(t)
T (1+tm(2))3
7.2 EXy=—— d
( ) F= 27Tl/f m(z)2t2dH(t))2 y
(1+tm(z))?

and covariance function

Zl d d
. X = _
13 Covp ) =g [ LIS ) L)z,

(f,g€{f1,..., fr}). The contours in (7.2) and (7.3) (two in (7.3), which we may assume to
be non—overlappmg) are closed and are taken in the positive direction in the complex plane,
each enclosing the support of F&™1 .

If X171 is complex with E(X%) = 0 and E(|X11]*) = 2, then (2) also holds, except the means
are zero and the covariance function is 1/2 the function given in (7.3) .

If the assumptions in (2) or (3) were to hold, then G,,, considered as a random element in
DI0, 00) (the space of functions on [0, c0) right-continuous with left-hand limits, together with
the Skorohod metric) cannot form a tight sequence in D0, c0).
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The proof relies on the identity

[ f@icta) = -5 [ fema:

(f analytic on the support of GG, contour positively oriented around the support), and establishes

the following results on

M, (2) = n[mpe. (2) — Mpen, 1, (2)].

a) {M,(z)} forms a tight sequence for z in a sufficiently large contour about the origin.
b) If X1; is complex with E(X?% ) = 0 and E(X7,) = 2, then for 21, ... , z, with nonzero imaginary
parts,
(ReMy,(21), ImM,(z1),...,ReM,(z), ImM,(2,))

converges weakly to a mean zero Gaussian vector. It follows that M,,, viewed as a random
element in the metric space of continuous R2?-valued functions with domain restricted to a
contour in the complex plane, converges weakly to a (2 dimensional) Gaussian process M.

The limiting covariance function can be derived from the formula

E(M(21)M(22)) = (mm(;ijllmm/((z))p - (=1 _122)2'

c) If X1 is real and E(X7,) = 3 then b) still holds, except the limiting mean can be derived from
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m3t?dH (t)
(1+tm)3

m2t2dH (t)
(1_ f (1+tm)2)

and “covariance function” is twice that of the above function.

EM(z) =
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The difference between (2) and (3), and the difficulty in extending beyond these two cases,

arise from

E(X%AX, —tr A)(X%BX.i — tr B)
= (E(1Xul") — [EXR)P —2) Y aybii + [E(X3)Ptr ABT +tr AB,

valid for square matrices A and B.

Can show

and

where m, = Sm.
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For case (2) with H = Ij; o) we have for f(z) =Inx and c € (0,1)

1
EXn = B In(1—c¢) and Var X1, = —2In(1 — ¢).

Also, for ¢ > 0

and

ri—1 7o r r 1—¢c ki1+ko
ot e =205 35 (1)) (1)

k1=0 ko=0
. ”"“6<27~11(k1 +z)) <2r2—1—k2 +€)

ri —1 ro — 1
" 1 2

(see Jonsson (1982)).
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