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Strong approximation in the iid setting (1)

@ Assume that (X;);>1 is a sequence of iid centered real-valued
random variables with a finite second moment ¢ and define
Sp=Xi+Xo 4+ X

@ The ASIP says that a sequence (Z;);>1 of iid centered Gaussian
variables may be constructed is such a way that

sup ’5;( - O'Bk’ = o(bp) almost surely,
1<k<n

where b, = (nloglog n)1/? (Strassen (1964)).

@ When (Xj);>1 is assumed to be in addition in LP with p > 2, then
we can obtain rates in the ASIP:

by = n*/P

(see Major (1976) for p €]2, 3] and Komlés, Major and Tusnady for
p > 3).
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Strong approximation in the iid setting (2)

@ When (Xj);>1 is assumed to have a finite moment generating
function in a neighborhood of 0, then the famous
Komlés-Major-Tusnady theorem (1975 and 1976) says that one can
construct a standard Brownian motion (B¢)¢>0 in such a way that

]P(sup|5k—(ka| Zx—l—clogn) < aexp(—bx) (1)
k<n

where a, b and ¢ are positive constants depending only on the law
Of)ﬁ.

@ (1) implies in particular that

sup |Sx — 0Bk| = O(log n) almost surely
1<k<n

@ It comes from the Erdds-Rényi law of large numbers (1970) that
this result is unimprovable.
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Strong approximation in the multivariate iid setting

@ Einmahl (1989) proved that we can obtain the rate O((log n)?) in
the almost sure approximation of the partial sums of iid random
vectors with finite moment generating function in a neighborhood of
0 by Gaussian partial sums.

@ Zaitsev (1998) removed the extra logarithmic factor and obtained
the KMT inequality in the case of iid random vectors.

@ What about KMT type results in the dependent setting?
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An extension for functions of iid (Berkes, Liu and Wu (2014))

@ Let (X )kez be a stationary process defined as follows. Let
(¢4 ) kez be a sequence of iid r.v.'s and g : R? — R be a
measurable function such that for all k € Z,

Xie = 8(8k) with Sy := (... ex—1,€k)
is well defined, E(g(x)) =0 and ||g(k)|p < oo for some p > 2.

@ Let (&) )kez an independent copy of (gx)kcz. For any integer
k>0, let &= (C-1,€5.€1,---, ex-1.€x) and X} = g(Z}). For
k >0, let (k) as introduced by Wu (2005):

(k) = [1Xc = Xillp -

@ Berkes, Liu and Wu (2014): The almost sure strong approximation
holds with the rate o(n/P) and 02 = ¥, E(XoX) provided that

o(k) = O(k™)
with & > 2 if p €]2,4] and a > f(p) if p > 4 with

p>—4+(p—2)\/p2+20p+4

8p
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What about strong approximation in the Markov setting?

@ Let () be an irreducible and aperiodic Harris recurrent Markov
chain on a countably generated measurable state space (E, B). Let
P(x,.) be the transition probability.

@ We assume that the chain is positive recurrent. Let 7T be its
(unique) invariant probability measure.

@ Then there exists some positive integer m, some measurable
function h with values in [0, 1] with 7t(h) > 0, and some probability
measure v on E, such that

PM(x, A) > h(x)v(A).

@ We assume that m=1

@ The Nummelin splitting technique (1984) allows to extend the
Markov chain in such a way that the extended Markov chain has a
recurrent atom. This allows regeneration.
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The Nummelin splitting technique (1)
@ Let Q(x,-) be the sub-stochastic kernel defined by Q = P —h®v

@ The minorization condition allows to define an extended chain
(€n, Up) in E x [0, 1] as follows.

@ At time 0, Ug is independent of &y and has the uniform distribution
over [0, 1]; for any n € N,

- ~ Q ,A
P(Cni1 € Al &n=xUn=y) = Lycpv(A) + 1y>h<X>1—(Xh<x))

= P((x,y),A)
and U, 1 is independent of (&,11,¢&n, Un) and has the uniform
distribution over [0, 1].

@ P=P®A (A is the Lebesgue measure on [0,1]) and (&5, U,) is an
irreducible and aperiodic Harris recurrent chain, with unique
invariant probability measure 71 ® A. Moreover (&,) is an
homogenous Markov chain with transition probability P(x, .).
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Regeneration

@ Define now the set C in E x [0, 1] by
C ={(x,y) € Ex[0,1] such that y < h(x)}.

For any (x,y) in C, P(&ns1 € A| &n = x, Uy =y) =v(A). Since
m@A(C) = m(h) > 0, the set C is an atom of the extended chain,
and it can be proven that this atom is recurrent.

o Let
To=inf{n>1:U, < h(&n)} and Ty =inf{n> Ty _1: Uy, < h(Cn)},

and the return times (Ty)k~o by Tk = Tx — Tx_1. Note that Ty is
a.s. finite and the return times Tj are iid and integrable.

o Let Sp(f) = Lp_y1 f(Ck)-
@ The random vectors (7, S, (f) — S1,_,(f)) k>0 are iid and their
common law is the law of (11, S7,(f) — ST,(f)) under P¢.
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@ Csdki and Csorgo (1995): If the r.v's St, (|f|) — S1,_,(|f]) have a
finite moment of order p for some p in ]2, 4] and if E(T£/2) < o0,
then one can construct a standard Wiener process (W;)¢>o such

that
Sp(f) —nr(f) —o(f) Wy = O(ap) as. .

with a, = n1/P(log n)1/2(loglog n)* and o(f) = lim, %VarSn(f).

@ The above result holds for any bounded function f only if the return
times have a finite moment of order p.

@ The proof is based on the regeneration properties of the chain, on
the Skorohod embedding and on an application of the results of
KMT (1975) to the partial sums of the iid random variables
5Tk+1(f) - STk(f): k> 0.
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On the proof of Csaki and Csorgo
@ Foranyi>1,let X; = ZZ;T,-,ﬁl ().

Since the (X;);>o are iid, if E|X1|?T® < oo, there exists a standard
Brownian motion (W(t))>o such that

k .
sup | Y X; —o(F)W (k)| = o(nt/ 2+ 5.

k<n j=1
o Let p(n) = max{k : Ty < n}. If Ej71|9 < o0 for some 1 < g < 2,
then n
p(n) = E(m) + 0(n*/9(loglog n)*) a.s.
° | Zf'i"l) X; — Sn(f)] = o(nt/2+9)) ass.
o W(p(n))— W(E(I;l)) = O(nl/(zq)(log n)1/2(log log n)")) as.
@ With this method, no way to do better than O(nl/(29) (log n)1/2)

(1 < g <2)evenif fis bounded and 71 has exponential moment.
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Link between the moments of return times and the coefficients of
absolute regularity

@ For positive measures y and v, let ||y — v|| denote the total
variation of y — v

@ Set
Bo= [L1P"(x.) = mllde().
The coefficients B, are called absolute regularity (or B-mixing)
coefficients of the chain.
@ Bolthausen (1980-1982): for any p > 1,
E(1]) = Ec(T{) < oo ifand only if ) nP=2B, < .

n>0

@ Hence, according to the strong approximation result of M.-Rio
(2012), if f is bounded and E(t{) for some p in ]2, 3[, then the
strong approximation result holds with the rate
o(n'/P(log n)(P=2)/(2p))
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Main result: M. Rio (2014)

@ Assume that

Bn = O(p") for some real p with 0 < p <1,

@ If f is bounded and such that 7t(f) = 0 then there exists a standard
Wiener process (W:)¢>0 and positive constants a, b and ¢
depending on f and on the transition probability P(x,-) such that,
for any positive real x and any integer n > 2,

]Pn(sup |Sk(F) — o (F)Wy| > clogn—i—x) < aexp(—bx) .
k<n

where 02 (f) = 71(f?) +2¥,-0 T(fP"f) > 0.
@ Therefore supy<, |Sk(g) — o (f)Wk| = O(logn) as.
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Some comments on the condition

@ The condition B, = O(p") for some real p with 0 < p < 1'is
equivalent to say that the Markov chain is geometrically ergodic
(see Nummelin and Tuominen (1982)).

@ If the Markov chain is GE then there exists a positive real § such
that
E(ef™) < o0 and E(etT0) < oo for any [t| < 6.

@ Let y be any law on E such that
/E IP"(x,.) — 7||du(x) = O(r") for some r < 1.

Then P, (T > n) decreases exponentially fast (see Nummelin and
Tuominen (1982)).

@ The result extends to the Markov chain (&) with transition
probability P and initial law p.
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Some insights for the proof
o Let S,(f) = Y7, £(&) and X; = ZEZT-,IJA f(&)). Recall that
(X,', T,'),'>0 are iid.
@ Let a be the unique real such that Cov(X, — a1, ) =0

@ The random vectors (X; — atj, Tj) ;-0 of R? are then iid and their
marginals are non correlated.

@ By the multidimensional strong approximation theorem of Zaitsev
(1998), there exist two independent standard Brownian motions
(Bt)t and (Bt)¢ such that

St.(f) —a(Tn — nE(11)) — vBy = O(log n) a.s. (1)

and B
Tn — nE(t1) — VBr = O(logn) a.s. (2)

where v2 = Var(X; — a1y) and ¥? = Var(1y).

@ We associate to T, a Poisson Process via (2).
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@ Let A = (ga(r?gl);. Via KMT, one can construct a Poisson process N

(depending on B) with parameter A in such a way that
YN(n) — nE(t1) — ¥B, = O(log n) a.s.
@ Therefore, via (2),
Tn —yN(n) = O(logn) a.s.
and then, via (1),
Syn(m) (f) —ayN(n) +anE(t1) — vBp = O(logn) as. (3)
@ The processes (Bt): and (N¢); appearing here are independent.
o Via (3), setting N1 (k) = inf{t >0 : N(t) >k} := LK _, &,
Sn(f) = vBy-1(p/y) +an — WE(t1)N~(n/7) + O(log n) a.s.

@ If v =0, the proof is finished. Indeed, by KMT, there exists a
Brownian motion W), (depending on N) such that

an—aE(t )N~ (n/9) = W, + O(logn) as.
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@ If v £ 0 and &« =0, we have
Sn(f) = vBy-1(p/4) + O(logn) ass.

@ Using Csorgd, Deheuvels and Horvath (1987) (B and N are
independent), one can construct a Brownian motion W (depending
on N) such that

Bn-1(n/y) — Wn = O(logn) as. (x),
which leads to the expected result when a = 0.
@ However, in the case @ # 0 and v # 0, we still have
Sn(f) = VBn-1(p/y) +an — «E(11)N"Y(n/v) + O(log n) as.

and then .
Sn(f) = Wh+ W, + O(log n) as.

@ Since W and W are not independent, we cannot conclude. Can we
construct W, independent of N (and then of W) such that (x) still
holds?
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The key lemma

@ Let (Bt)¢>0 be a standard Brownian motion on the line and
{N(t):t >0} be a Poisson process with parameter A > 0,
independent of (Bt)¢>0.

@ Then one can construct a standard Brownian process (W;)¢>0
independent of N(-) and such that, for any integer n > 2 and any
positive real x,

1
]P(sup By — —=Wp| > CIogn—i—x) < Aexp(—Bx),
k<n | \/X ( )|
where A, B and C are positive constants depending only on A.

@ (W;:)¢>0 may be constructed from the processes (B¢)¢>0, N(-) and
some auxiliary atomless random variable § independent of the
o-field generated by the processes (B:)¢>o and N(-).
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Construction of W (1/3)

@ It will be constructed from B by writing B on the Haar basis.

@ Forje€Z and k € N, let
i
ek =272 (Lo ks 1127 — Lok by, (ke 1)2])

and
0 _i/2
ik = /0 &k (t)dB(t) = 279/2 (2B, 110 — Broy = By 1) -

Then, since (ei',k)jeZ,kzo is a total orthonormal system of £2(RR),
forany t € R,

@ To construct W, we modify the € k-
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Construction of W (2/3)

o Let £ = {k €N : N(k2/) < N((k+ 3)2/) < N((k+1)2/)}
@ ForjeZ and k € E;, let

fik =Sk 2(bj,kl]N(k2J'),N((k+%)2f)] = 3kt 1)) N (K 1)20)])
where

aj k = N((k+%)2f) — N(k2/), bj = N((k+1)2) — N((k+%)2f),

and Gk = aj,kbj'k(aj'k + bj,k)

° (G,k)jeZ,keEj is an orthonormal system whose closure contains the

vectors 1jg y(q)) for t € R and then the vectors L g for £ € N™.
@ Setting 73',k =0ifk¢ EJ we define

l
wy=3Y Y (/0 75-Yk(t)dt) Yk forany £ € N* and Wp =0
jez k>0
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Construction of W (3/3)

4
lj-'k(t)dt> Yj k forany £ € N* and Wp =0

@ Conditionally to N, (fj x)jez kek; is an orthonormal system and
(Y k) is a sequence of iid A(0,1), independent of N.

@ Hence, conditionally to N, (W;),>¢ is a Gaussian sequence such
that Cov(W;, W) = A m.

@ Therefore this Gaussian sequence is independent of N

@ By the Skorohod embedding theorem, we can extend it to a
standard Wiener process (W;)¢ still independent of N.
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@ Take A = 1. For any £ € IN*

B~ Wy =Y ¥ /ejk ) dt — /N(g)fj-,k(t)dr)»g-,k.

Jj>0k>0

o If £ 2|k, (k+1)20[, [{e(t)dt = [N F (t)dt =0

@ Hence, setting ¢; = [(277],

¢ N(t
B — Wy = ) (/0 ej,z,-(f)df—/o Cz,(f)dt) Y
Jj>0
® Lett; = g_;j-'zj. We then have

Br— Wiy = Y Ui Yiglgepara + ) Vie Yig L2
j=0 j=0
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@ The rest of the proof consists to show that

]P( )y sz,zjltjelo,l/z} > cplogn+ sz) < cge” 4,
j=0

and the same with ij,ejltje]l/2,1[-

o Let IT; , = N((k+1)2/) — N(k2/). We use in particular that the
conditional law of TT;_; o given IT; x is a B(I1; 4, 1/2)

@ The property above allows to construct a sequence (¢ «); « of iid
N(0,1) such that

1 1_ 4,
111 0k — §Hj,k| <1+ 51—11-,4( 99

@ This comes from the Tusnady's lemma: Setting ®, the d.f. of
B(m,1/2) and ® the d.f. of N'(0,1),

@ (@(E) ~ T <1+ 5Jelvm
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Thank you for your attention!
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