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Main ideas in the talk

@ There is a natural connection between:
1) The global asymptotic distribution of eigenvalues in the normal matrix
model with monomial potential.
2) The limiting zero distribution of a certain sequence of polynomials.
The limiting zero distribution of the sequence of polynomials is part of the
solution to a (vector) equilibrium problem.
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Main ideas in the talk

@ There is a natural connection between:
1) The global asymptotic distribution of eigenvalues in the normal matrix
model with monomial potential.
2) The limiting zero distribution of a certain sequence of polynomials.
The limiting zero distribution of the sequence of polynomials is part of the
solution to a (vector) equilibrium problem.

@ The polynomials are multi-orthogonal with respect to a system of weights
defined on a star-like set.

@ The problem is investigated in a pre-critical regime (for a certain
parameter in the model).
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Normal matrix model

D: two-dimensional compact domain in C.
V: real-valued continuous function on D.
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{M e C™": M normal, o(M) C D},
that induces on D" (the space of eigenvalues) the probability distribution
? <—nZV z; ) 11z - 2P dAz1). .. dA(z,),
i<j
where dA is area measure on D.

Wiegmann-Zabrodin 00
Elbau-Felder '05
Ameur-Hedenmalm-Makarov "11
Bleher-Kuijlaars *12
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ln exp (—niV(z;)) [[1z - 2P dAz1). .. dA(zn). (1)

i=1 i<j
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NMM is naturally tied with the study of (Bergmann) orthogonal polynomials
associated with the inner product
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A. Lopez-Garcia (U. South Alabama) 4/19



? <—nZV z; ) [[1z - 2P dAz1). .. dA(zn). (1)

i<j

NMM is naturally tied with the study of (Bergmann) orthogonal polynomials
associated with the inner product

(f.9)0 = / /D f(2)9(2) e ™ dA(2). @)

(1) is a determinantal point process with correlation kernel

Kalz,w) = exp (=5 (V(w +Vz))zqkn ) Gin(W).

where (gk,n)72, are the orthonormal polynomials associated to (2), i.e.,

(Qk,n, Q1.n)D = Okis Gkn(2) =wZ+---, w>0.
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Global asymptotic distribution of eigenvalues
V(2):= (2 - V(2) - V(2)), 1t >0,

V(z): Ztk ko {tiH cc,

D: compact domain with 0 € int (D).
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Global asymptotic distribution of eigenvalues
V(z) = (I12F - V(2) - V(2), >0,
V(z): Z bk gt cc

D: compact domain with 0 € int (D).

Theorem (Elbau-Felder '05)
Under certain assumptions onV and D, for all ty > 0 small enough,

1 * .
- Kn(z,2)dA(2) — Aq, Aq : normalized area measure on 2,
oo

where Q C D is a Jordan domain with 0 € int (Q2).
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Global asymptotic distribution of eigenvalues

V2) = (122 - Vi) - V@), >0,

d+1

V(z): Ztk ko {tiH cc,

D: compact domain with 0 € int (D).

Theorem (Elbau-Felder '05)
Under certain assumptions onV and D, for all ty > 0 small enough,

,1—7 Kn(z,2)dA(2) # Ao,  Aq: normalized area measure on Q,
where Q C D is a Jordan domain with 0 € int (2). Moreover, area(Q) = ity and

t, ke{l,...,d+1},
Ez‘kdz:{k { J

2mi Joq 0, keN\{1,...,d+1}.
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Dynamics of Q = Q(%): Laplacian growth, Hele-Shaw flow (work of
Wiegmann, Zabrodin, Teodorescu, Lee, Bettelheim, Elbau, Ameur, Makarov
and others).

Problem: Relation between the eigenvalue asymptotic distribution in the
NMM and the zero asymptotic distribution of the orthogonal polynomials gy p.

Elbau, 2007: Unless V(z) = 0, if o is a limiting distribution of the zeros of
gn,n, then o is determined by the Schwarz function associated with 9.
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Dynamics of Q = Q(%): Laplacian growth, Hele-Shaw flow (work of
Wiegmann, Zabrodin, Teodorescu, Lee, Bettelheim, Elbau, Ameur, Makarov
and others).

Problem: Relation between the eigenvalue asymptotic distribution in the
NMM and the zero asymptotic distribution of the orthogonal polynomials gy p.

Elbau, 2007: Unless V(z) = 0, if o is a limiting distribution of the zeros of
gn,n, then o is determined by the Schwarz function associated with 9.

In the case

V(@)= 2 2%, tyr >0,
we establish a relation between the eigenvalue asymptotic distribution in the
NMM and the zero asymptotic distribution of a sequence of multi-orthogonal
polynomials P, , associated with weights supported on a star-like set. The
zero asymptotic distribution solves a (vector) equilibrium problem. This
generalizes work of Bleher-Kuijlaars '12 for d = 2.
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The approach of Bleher-Kuijlaars to the NMM

Inner product

(f.9)0 = / /D f(2)9(2) ™D dA(2),

V() = (12— V(@) - Vi2))

Applying Green’s formula on D, for polynomials p and g,

{ -
6(p. @)~ n(zp. Ao+ nlp.V'alo = 2 §_p(2)a@Ie ™ az.
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The approach of Bleher-Kuijlaars to the NMM

Inner product
mmD://HaQQW”W%muL
D

wa:%WF—wa—Wﬁy

Applying Green’s formula on D, for polynomials p and g,

to(p.q')p — n(zp.q)o + n(p, V'q)p = j{p o) 4.

Bleher-Kuijlaars neglect the boundary term on the right-hand side and this
leads to the study of sesquilinear forms (-, -) satisfying the structure relation

to(p,q') — n(zp,q) + n{p, V'q) = 0.
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t0<p7 q/> - n(zp, q> + n<p7 V/q> =0 (3)

Bleher-Kuijlaars conjecture: For any polynomial

there is a suitable choice of a sesquilinear form (-, -) satisfying (3) such that,
for t; small enough, the orthogonal polynomials associated with the
sesquilinear form and the Bergmann orthogonal polynomials in the NMM wiill
have the same asymptotic behavior.
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The monomial case V(z) = & 2041 5 4 > 0

D: simply-connected, Jordan domain with O in its origin, invariant under
Z > exp (jﬁ)zandze?.

Let™ = {z € D: z9"" ¢ R*}, the (d + 1)-star.

Green’s theorem applied on the sectors of D gives

oi / / Q(z)Ze H1ZFVAV@ a7 — / Q(2) W.n(2) dz+ f Q(2) Wn(2) dz
D X oD

See also Balogh-Bertola-Lee-McLaughlin'12.
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2 / / Qz)Ze 67 VO-VEDgaz) = / Q(2) Wj.n(z) dz-+ ?{ Q(2) Wi n(z) dz
D Y oD
Forze ¥,

i D(sz—V(s)— 2
w,-,,,(z):/r(e) Je o VOV yg  argz= —dj:1 l

for z € 0D,

z
w; — J — £ (sz=V(s)-V(2)) 2m 2m ¢ 1
w,,,,(z)_/oo(e)se o ds, —d+1€<argz< d+1( +1).
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2 / Qz)Ze 67 VO-VEDgaz) = / Q(2) Wj.n(z) dz-+ f Q(2) Wi n(z) dz
D >

oD
Forze ¥,
| —L(sz—V(s)-V(2)) 2m
|/|//’,,(z):/”Z se o ds, argz= l
0
for z € 0D,
w; (z)—/z § e o VE)=VE) 4o 2T ) <argz < 2 St
s B oo () ’ d +1 9 d+1
Definition

Let d > 2, and X, ty, ty.1 > 0. Then for every k, n € N, we let
Py n(z) = zK + - - - be the monic polynomial that satisfies

/Pk,n(Z)VVj’n(Z)dZ:07 j:07"'ak_17
>

where ¥ = J%_,w![0,X], w = exp(2ri/(d + 1)).




The orthogonality conditions
/Pk,,,(z)vvjm(z)dz:O, j=0,....k—1,
p

can be written in the form
(Pxn(2),2) =0, j=0,... k-1,

with the sesquilinear form (-, -) defined by

d wix .
(p,q) = Z/ dz/ dsp(z) q(s) e bz VOV
=070 r(e)

which also satisfies the structure relation

to(p,q') — n(zp,q) + n{p, V'q) = 0.
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Multi-orthogonality on a star

d .
N ~ 2mi
o ¢ _
Z._Lolw [0, X], x>0, w = exp P 1).

)
>)

d=2 d=3

Consider the d analytic weights wy ,(2), ..., Wy_1,n(2) defined on X.
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Multi-orthogonality on a star

d .
Z::Uwé[O,Q], x>0, w:exp( 2ri >
(=0

)
>)

d=2 d=3

Consider the d analytic weights wy ,(2), ..., Wy_1,n(2) defined on X.

They depend on parameters fy, ty. 1 > 0, and are constructed in terms of
solutions of

P (2) = (~1)?zp(2).
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Multi-orthogonality on a star

d .
Z::Uwé[O,Q], x>0, w:exp( 2ri >

£=0

)
>)

d=2 d=3

Consider the d analytic weights wy ,(2), ..., Wy_1,n(2) defined on X.

They depend on parameters fy, ty. 1 > 0, and are constructed in terms of
solutions of

P (2) = (~1)?zp(2).

d =2 — Airy differential equation.

A. Lopez-Garcia (U. South Alabama) 12/19



1 d+1
Z) = =— | exp|—— —8Z)ds
p(2) 27ri/r p<d+1 ) ’
where I : e~ @00 — €7 0o,

[,»/
T
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1 Sd+1
p(Z) — 2—m/rexp (d——|—1 - SZ)dS,

where I : @~ 00 — @71 00.

Orthogonality weights wo »(2), . . ., Wa—1.n(2)

W n(X) == exp (%(EX)) pW(c.x),  xe]0,x],

where

tyaq nd a1
)= g oq C":(t—) '
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1 s
- > s7)d
p(2) 27ri/reXp<d—|—1 sz)ds,
where I : e~ @00 — €7 0o,

Orthogonality weights wo »(2), . . ., Wa—1.n(2)

W n(X) := exp <%§X)) pW(c.x),  xe]0,x],

where

o1 n? T

+ +

V(x) = 711 X ey = (tdtd+1) :
0

The definition of w; 5(2) is extended to the whole star - so that

Win(wz) =w?win(z), z€X, w=exp ( ™ > :

d+1
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Proposition

Fix ty, ty11,X > 0. Then the polynomial Pp n(z) = 2" + - - -

with respect to the system of weights wy n(2), w1 n(2),
foreachj=0,...,d -1,

0= / Pon(2) ZXwjn(2)dz, k=0,...
b2

is multi-orthogonal
...y Wa—1,n(2). We have

- 1.

Q3

)
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Proposition

Fix ty, ty11,X > 0. Then the polynomial P, n(z) = z" + - - - is multi-orthogonal
with respect to the system of weights wy (2), W1 .n(2), ..., Wg—1,n(2). We have
foreachj=0,...,d —1,

— 1.

Q>

OI/Pn,n(z)szVLn(z)dZ, k:O,...,
pX

Connection between the polynomials P, , and the NMM?
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Proposition

Fix ty, ty11,X > 0. Then the polynomial P, n(z) = z" + - - - is multi-orthogonal
with respect to the system of weights wy (2), W1 .n(2), ..., Wg—1,n(2). We have
foreachj=0,...,d —1,

d

OZ/Pn’n(z)ZkVVLn(Z)dZa k:O, ——1.
x

Connection between the polynomials P, , and the NMM?

Kuijlaars-L.: In a precritical regime for f,, for a suitable choice of x we will

have
X s
n z M1,
Pn.n(2)=0

where p is a rotationally invariant probability measure with
supp(pj) = X* C X, one has ©* = X*(f) C Q(&) and Q(t) is a harmonic
quadrature domain for p.
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Moreover, in the pre-critical regime for fy, the curve 9Q(t) is a hypotrochoid:

d
09(to) = w(llwl = 1)), v(w) = mw+ T

where r is the smallest positive root of t, = r2 — d t3 , r??.

The Schwarz function S(z) associated with 9€() is the function

dui(s)
. Z—8

S(2) = tyyq z9 —‘r/

The measure (] is the first component of the solution to a vector equilibrium
problem for logarithmic potentials.
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Vector equilibrium problem

d .
2mi
o 4 * * _
4 ._ZL_JOw [0,x*], x*>0, w_exp<—d+1>,
fork=2,...,d,
s { {zeC:z9%" ¢R_}, for k even,
P

| {zeC:z9%" R}, for k odd.

= s

Figure : The stars X in the case d = 3.
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i) = [ 0g =5 GOy p.v) -/ g =7

Vector equilibrium problem
Fix x*, ty, ty11 > 0. Minimize the energy functional

E(M17M27"'7Md)

d d—1 Jd 1 g
:Zlﬂk) Zlﬂkaﬂk—m)‘i’ /(d—HWMd_d—H
k=1 k=1 td+1

among all positive Borel measures p, . .. , uq satisfying:
v d—k+1

- T k=1,...

lhaell = =——, o,
(@)
supp(uk) C Xk, k=1,...,d.

p(x) dv(y).

d+1> dui(2)
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This VEP is weakly admissible, see Hardy-Kuijlaars *12, so it admits a
unique minimizer (u3, ..., ©uy)-
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This VEP is weakly admissible, see Hardy-Kuijlaars *12, so it admits a
unique minimizer (u3, ..., ©h)-

Theorem (Kuijlaars-L.)
Letd > 2 be an arbitrary integer. Fix ty.1 > 0 and set
ot = .77 (077 —d~F1) > 0.
Let0 < ty < e @and define
x* = (d+1)d~ o (75 rdh
where r denotes the smallest positive solution of the equation

2 2 2d
t():f _dtd+1r .
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This VEP is weakly admissible, see Hardy-Kuijlaars *12, so it admits a
unique minimizer (u3, ..., ©h)-

Theorem (Kuijlaars-L.)
Letd > 2 be an arbitrary integer. Fix ty.1 > 0 and set
__2
foert =ty (7757 —d=87) > 0.
Let0 < fy < fy i @nd define
X" = (d+1)d~7 (30, 1,
where r denotes the smallest positive solution of the equation

Under these assumptions on ty 1, ty, x* > 0,

(1) w3 has full support, i.e., supp(u;) = T4 = UL, w’[0, X*].
(2) The density of i vanishes like a square root at x*.
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The spectral curve

The Schwarz function

&= 8(2) = tgyq Zd—|-t()/dz'u1—_(?.

associated with the curve 9Q(f) satisfies an algebraic equation of the form
d
P(z,6) = ¢+ 29 =Y ez + g =0,

k=1

where ¢,y >0forallk=1,...,d,and 5 > 0.
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The spectral curve

The Schwarz function

€ = S(2) = tyss zd+t0/‘12”1_(?.

associated with the curve 9Q(f) satisfies an algebraic equation of the form

d
P(z,6) = ¢+ 29 =Y ez + g =0,
k=1

where ¢x > 0forallk =1,....d,and 5 > 0.

The Schwarz function admits analytic continuation to a (d + 1)-sheeted
compact Riemann surface R of genus zero with sheets

'R1:E\Z1, RKZE\(Z;{_1UZ;{), 2< k<d, Rd+1:@\):d.
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