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Setup and outline

This talk discusses joint work (BB 14 [6]) with Marco Bertola on the Cauchy matrix
chain, the space MF (n), p,n € Z>, of p-tuples (My, ..., Mp) of n X n positive -
definite Hermitian matrices with joint probability density function

ot S Ui(My)

e ——— dM;
Hj:l det(M;j + Mj;1)"

du(My, ..., Mp) - dM,. (1)

The density depends on p potentials U; : Ry — R which we specify later on.
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Setup and outline

This talk discusses joint work (BB 14 [6]) with Marco Bertola on the Cauchy matrix
chain, the space MF (n), p,n € Z>, of p-tuples (My, ..., Mp) of n X n positive -
definite Hermitian matrices with joint probability density function

ot S Ui(My)

X —— dM;
Hj:l det(M;j + Mj;1)"

du(My, ..., Mp) - dM,. (1)

The density depends on p potentials U; : Ri — R which we specify later on. Several
key features (“Integrability”) of the model allow us to

@ Reduce (1) to a density function defined on the eigenvalues

@ Rewrite correlation functions in determinantal form and connect to orthogonal
polynomials

@ Express orthogonal polynomials in terms of a Riemann-Hilbert problem

@ Derive strong asymptotics for the orthogonal polynomials and thus prove
universality results for specific potentials

This four step program has been successfully completed for the Hermitian one-matrix
model, i.e. p=1:
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Hermitian one-matrix model

@ Joint probability density on eigenvalues, for M € M(n), U : R — R,

n
du(M) o< e " YMAM s P({x}])d"x = ZiA(X)%* 2 V09 T g
n j:l

with Vandermonde A(X) =[], (x; — x). (PR 60 [18], D 62 [10])
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Hermitian one-matrix model

@ Joint probability density on eigenvalues, for M € M(n), U : R — R,
1 ") T
du(M) o< e " YMAM s P({x}])d"x = 7A(X)2e* 2 Vo) TT axg
n j=1

with Vandermonde A(X) =[], (x; — x). (PR 60 [18], D 62 [10])

o Determinantal reduction for the £-point correlation function

ROMgH) = o [ P T] ax = det [Kanang)] 1y

(n —6)' RN— =41
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Hermitian one-matrix model

@ Joint probability density on eigenvalues, for M € M(n), U : R — R,
1 ") T
du(M) o< e " YMAM s P({x}])d"x = 7A(X)2e* 2 Vo) TT axg
n j=1

with Vandermonde A(X) =[], (x; — x). (PR 60 [18], D 62 [10])

o Determinantal reduction for the £-point correlation function

ROMgH) = o [ P T] ax = det [Kanang)] 1y

(n —6)' RN— =41

with correlation kernel

n—1
Kii(x,y) = e 2U0e300) Z7Fk(><)7fk(y)i
k=0 hi

and monic orthogonal polynomials {my} >0

/ Ta(X)Tm(x)e=Y®) dx = hpbpm. (D 70[11])
R
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o Riemann-Hilbert characterization for {7} >0 (FIK 91 [13]):

o (w1 =
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o Riemann-Hilbert characterization for {7} >0 (FIK 91 [13]): Determine 2 x 2
function '(z) = I'(z; n) such that
@ I(z) analytic for z € C\R
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@ Riemann-Hilbert characterization for {m}x>o (FIK 91 [13]): Determine 2 x 2
function '(z) = I'(z; n) such that
@ T (z) analytic for z € C\R
@ T (z) admits boundary values 4. (z) for z € R related via

M(z) =r(2) [(1) </ (z)} . zeR
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@ Riemann-Hilbert characterization for {m}x>o (FIK 91 [13]): Determine 2 x 2
function '(z) = I'(z; n) such that
@ T (z) analytic for z € C\R
@ T (z) admits boundary values 4. (z) for z € R related via

Mi(z) = (2) [(1) < (z)} , zeR

Q Asz — oo,
r(z) = <I+(’)(zfl>)z"“37 z— o0

The RHP for I'(z; n) is uniquely solvable iff m,(z) exists,

Thomas Bothner Universality results for the Cauchy-Laguerre chain matrix model



@ Riemann-Hilbert characterization for {m}x>o (FIK 91 [13]): Determine 2 x 2
function '(z) = I'(z; n) such that
@ T (z) analytic for z € C\R
@ T (z) admits boundary values 4. (z) for z € R related via

Mi(z) = (2) [(1) < (Z)} , zeR

Q Asz — oo,
M(z) = <I+(’)(zfl>)z"“3, z = 0o

The RHP for I'(z; n) is uniquely solvable iff m,(z) exists, moreover

{F*I(X; m(y; n)
X—Yy 21

Ku1(x,y) = e UM g~ Ul 1
’ 27
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Ku1(x,y) = e UM g~ Ul 1
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o Plancherel-Rotach asymptotics for orthogonal polynomials 7,(z) (DKMVZ 99
[8]) leading to universality theorems:
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@ Riemann-Hilbert characterization for {m}x>o (FIK 91 [13]): Determine 2 x 2
function '(z) = I'(z; n) such that
@ I(z) analytic for z € C\R
@ T (z) admits boundary values 4. (z) for z € R related via
—U(z)

r+(z):r,(z)[é ‘] } zER

Q Asz — oo,
M(z) = <I+(’)(zfl>)z"“3, z = 0o

The RHP for I'(z; n) is uniquely solvable iff m,(z) exists, moreover

Ku1(x,y) = e UM g~ Ul 1 {M
’ 27 x—y 21

o Plancherel-Rotach asymptotics for orthogonal polynomials 7,(z) (DKMVZ 99

[8]) leading to universality theorems: Suppose U(x) = NV/(x) with V/(x) real
analytic on R and % — 00 as |x| = oo.

1
—Ki1(x,x)dx = dpy(x) as n,N — oo : % —1
n
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The support X/ of the limiting equilibrium measure py with density py, consists of a
finite union of intervals.

o (w1 =
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The support Xy, of the limiting equilibrium measure py, with density py consists of a
finite union of intervals.

@ For x* € Int(Xy) such that py(x*) > 0, (PS 97 [17], BI 99 [7], DKMVZ 99 [8])
. * X * y

| —K s

" oy () (X ) T meu )

sin w(x—y)
m(x—y)

) = Kiin(x,¥)

with Kgn(x,y) = (regular bulk universality).
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The support Xy, of the limiting equilibrium measure py, with density py consists of a
finite union of intervals.

© For x* € Int(Ly) such that py(x*) > 0, (PS 97 [17], BI 99 [7], DKMVZ 99 [8])

1 X y
lim ——— Ky (x* X = Ken(x,
6y (5 ey ) = o)
with Kgn(x,y) = % (regular bulk universality).

@ For x* € 9(Xy), (DG 07 [9])

1 x « y e
Jim (Cn)2/3K11 ( + (Cn)2/37X + (Cn)2/3) = Kai(x,y)
with Kai(x,y) = w (soft edge universality).

Thomas Bothner Universality results for the Cauchy-Laguerre chain matrix model



The support Xy, of the limiting equilibrium measure py, with density py consists of a
finite union of intervals.

© For x* € Int(Ly) such that py(x*) > 0, (PS 97 [17], BI 99 [7], DKMVZ 99 [8])

1 X y
lim —— K (x* x* = Ken(x,
e oy ) (X ey T ”PV(X*)) ain(:)

_ sinm(x=y)

with Kgin(x,y) = T(x—y)
@ For x* € 9(Xy), (DG 07 [9])

(regular bulk universality).

1 x « y e
Jim (Cn)2/3K11 ( + (Cn)2/37X + (Cn)2/3) = Kai(x,y)
with Kai(x,y) = w (soft edge universality).

@ For U(x) = NV(x) — alnx with a > —1 and x > 0 we have, (KV 03 [14])

1 X y
lim K ( ) = KBess,a(X7Y)

n=eo (cn)? (cn)” (cn)?

Ja(VX)VIIUT) = da (VD) VEILVX)

with Kgess,a(x,y) = 2(x—y)

(hard edge universality).
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Towards chain models

o Cauchy matrix chain (BGS 09 [4]) reduced to spectral variables (MS 94 [16])

RO e D) =
o —— ~ xii o ) = =
Hlel det(Mj —+ Mj+1)” J it Zn

p—1 n P n
x A(X1)A(Xp)e™ Zhm1 2 Unmg) H det {71 :| H H dx;e
a=1

Xaj + Xa4-1,k Jok=1j=1¢=1

du(My, ..., Mp)

We are now dealing with positive definite Hermitian matrices M? (n).
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We are now dealing with positive definite Hermitian matrices M? (n).

@ Expressing ({1, ...,{p)-point correlation function as determinant (EM 98 [12], BB
14 [6])
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Towards chain models

o Cauchy matrix chain (BGS 09 [4]) reduced to spectral variables (MS 94 [16])

RO e D) =
o —— ~ xii o ) = =
Hj":ll det(Mj —+ Mj+1)” J it Zn

p—1 n P n
x A(X1)A(Xp)e™ Zhm1 2 Unmg) H det {71 :| H H dx;e
a=1

Xaj + Xa4-1,k Jok=1j=1¢=1

du(My, ..., Mp)

We are now dealing with positive definite Hermitian matrices M? (n).

@ Expressing ({1, ...,{p)-point correlation function as determinant (EM 98 [12], BB

14 [6])
R o) ([} {x ‘}ep) — ﬁ LN
JJ1 oo Wpi Il -
j=1 (n — Zj)! Zn
p n
<o [, PO DT T dom
Ry Ry J=1mj=£;+1
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Ki1(x1r, x15)
1<r<1<s<h

= det

Kpl (Xpr 5 Xls)
1<r<,,1<s<4

Klp(xlr7 Xps)
1<r<ty,1<5< 0,

Kpp (Xprs Xps)
1<r<£,,1<5< 0,

(32F €)% (3 €)

o (w1 =
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K1 (x1r, x15) o Kip(x1rs Xps)

1<r<f1,1S5<4 1<r<t1,1<5<4p

= det : . : ,
Kp1 (Xpr, x15) .. Kpp (Xpr, Xps)
1<r<,,1<s<4; 1<r<t,,1<5<4,

(32F €)% (3 €)

with correlation kernels

1

n—1

_ly(x)—1 1

Kje(x,y) = e 2U) %UZ(Y)M/‘Z(XJ), Mp1(x,y) = > ¢£(X)1Pe(}’)h7
=0

and the remaining kernels are (suitable) transformations of M1 (x, y).
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K1 (x1r, x15) o Kip(x1r; Xps)

1<r<f1,1S5<4 1<r<t1,1<5<4p

= det : . : ,
Kp1 (Xpr, x15) .. Kpp (Xpr, Xps)
1<r<,,1<s<4; 1<r<t,,1<5<4,

(32F €)% (3 €)

with correlation kernels
_ly(x)—1
Kje(x,y) = e 2UC=2UWIMy(x, y), Mp(x,y) = ZW(X)W(Y)*

and the remaining kernels are (suitable) transformations of Mp1(x, y). The latter is
constructed with the help of monic (Cauchy) biorthogonal polynomials {1, ¢« } k>0

//R2 Yn(x)Pm(¥)np(x, y)dxdy = hnbam

with weight function on R2, (case p = 2 as “limit")

o= [T [T e TG ety pﬁ
X,y
" x+& \ TP + &) ) G2ty i
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o Riemann-Hilbert characterization for {1, ¢« }k>0:

o (w1 =
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o Riemann-Hilbert characterization for {1y, ¢« }x>0: Determine (p+ 1) x (p+1)
function '(z) = '(z; n) such that
@ I (z) is analytic in C\R

Thomas Bothner Universality results for the Cauchy-Laguerre chain matrix model



o Riemann-Hilbert characterization for {4, ¢x}x>0: Determine (p+1) x (p+1)

function '(z) = '(z; n) such that
@ I (z) is analytic in C\R
@ With jump for z € R\{0}

Mz =r-(2)

Thomas Bothner

0

e~ Ua(=2)y 0
1 e Us@y
0 1
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o Riemann-Hilbert characterization for {4, ¢x}x>0: Determine (p+1) x (p+1)
function '(z) = '(z; n) such that
@ I (z) is analytic in C\R
@ With jump for z € R\{0}

1 e Uy, 0
0 1 e 2(=2)y 0
0 1 e Us@y
r =I_
+(2) (2) 0 1

© Singular behavior at z = 0 depending on Uj(z)
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o Riemann-Hilbert characterization for {4, ¢x}x>0: Determine (p+1) x (p+1)
function '(z) = '(z; n) such that
@ I (z) is analytic in C\R
@ With jump for z € R\{0}

1 e Uy, 0
0 1 e 2(=2)y 0
0 1 e Us@y
r =I_
+(2) (2) 0 1

© Singular behavior at z = 0 depending on Uj(z)
© Normalization

rz) = (I + O (2_1)) diag [z", 1,..., l,z_"] , z— oo.
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o Riemann-Hilbert characterization for {4, ¢x}x>0: Determine (p+1) x (p+1)
function '(z) = '(z; n) such that
@ I (z) is analytic in C\R
@ With jump for z € R\{0}

1 e Uiy, 0
0 1 e 2(=2)y 0
0 1 e Us@y
ry(z)=r_
+(2) (2) 0 1

© Singular behavior at z = 0 depending on Uj(z)
© Normalization

rz) = (I + O (2_1)) diag [z", 1,..., l,z_"] , z— oo.

The RHP is uniquely solvable iff (¢n(2), ¢n(2)) exists,
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o Riemann-Hilbert characterization for {4, ¢x}x>0: Determine (p+1) x (p+1)
function '(z) = '(z; n) such that

@ I (z) is analytic in C\R
@ With jump for z € R\{0}

1 e Uy, 0
0 1 e 2(=2)y 0
0 1 e Us@y
r =I_
+(2) (2) 0 1

© Singular behavior at z = 0 depending on Uj(z)
© Normalization

rz) = (I + O (2_1)) diag [z", 1,..., l,z_"] , z— oo.
The RHP is uniquely solvable iff (¢n(z), $n(2)) exists, moreover (BB 14 [6])

(—)-1 r=1(w; n)l(z; n)
Mje(x,y) = (—2miy— 1 [ w—z ]j+l ¢

W:X(7y+1
z=y(—)¢71

This is in sharp contrast to the Itzykson-Zuber model.
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Scaling limits and universality results

We confine ourselves first to

Vi(x)

im
x10 |In x|

Vi(x
=r; >0, lim L =
x—+oo |nx

Uj(x) = NVj(x), Vj: +oo

with Vj(x) real analytic on (0,00) and N = n > 0 independent.
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Scaling limits and universality results

We confine ourselves first to

.o Vilx) .
Uj(x) = NVj(x), Vj: QJT) \Ijnx\ =r; >0, lim

with Vj(x) real analytic on (0,00) and N = n > 0 independent. In case p = 2:

z - AHXAAY) N )+ el g xdy
17 ka5 + yi)

RY xRY
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Scaling limits and universality results

We confine ourselves first to

.o Vilx) .
Uj(x) = NVj(x), Vj: Qf(]) \Ilnx\ =r; >0, lim

with Vj(x) real analytic on (0,00) and N = n > 0 independent. In case p = 2:

z - A2(X)A2(Y) - NTL (a0 g xqy

T (x5 + i
WA VISCENT

- e "EW1Y) gxdy
Ri ><]R’jr

with the energy functional (here Wi(z) = Vi(z), Wa(z) = Va(—2))

E(v, ) = {/ In|s — t|~tdy;(s)dw;(t) + / Wi;(s) dVJ(S)j|

//In\s— t| 7 dwy (s)dwa(t /dul(s =1= /dVQ(S
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We are naturally lead to the minimization problem, i.e. vector equilibrium problem

EWMiWa _ inf  E(u1, p2).
p1EM0,00)
MzEMl(—OOyO]

o (w1 =
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We are naturally lead to the minimization problem, i.e. vector equilibrium problem
EWM W2 — inf E(pa, p2)- 2

p1€MI0,00)
2 €M (—00,0]

Theorem (BaB 09 [3])

There is a unique minimizer (“1 Ny 2) to (2), the supports consist of a finite union
of disjoint compact intervals

supp ( ) |_| Ap C (0,00), supp ( ) |_| By C (—00,0).

(=1
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We are naturally lead to the minimization problem, i.e. vector equilibrium problem
EWM W2 — inf E(pa, p2)- 2

p1€MI0,00)
2 €M (—00,0]

Theorem (BaB 09 [3])

There is a unique minimizer (“1 Ny 2) to (2), the supports consist of a finite union
of disjoint compact intervals

supp ( ) |_| Ap C (0,00), supp < ) |_| By C (—00,0).

Moreover the shifted resolvents y1 = —Ry + %(2 W+ W)),y3 =R — %(Wl’ +2W;),
y2 = —(y1 + y3) with

R() = [ (=2 1a"(s),

are the three branches of the cubic

y® — R(z)y — D(z) = 0. (spectral curve)
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V.
limy o % > 0 in place.

Figure 1 : The Hurwitz diagram for a typical three sheeted covering of CP!. The support of urvl
on the left in red and for M:VZ

on the right in blue. This corresponds to the situation p = 2 and

o (w1 =

Universality results for the Cauchy-Laguerre chain matrix model



-
X3

........................ -
Xa
Xi

Figure 1 : The Hurwitz diagram for a typical three sheeted covering of CP!. The support of urvl
on the left in red and for ;42W2 on the right in blue. This corresponds to the situation p = 2 and

. V; .
limy o % > 0 in place.

Near the branch points, i.e. edges, the densities p;(s) of dujwj(s) = pj(s)ds vanish like
square roots, in the interior they are positive (generically!).
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Figure 1 : The Hurwitz diagram for a typical three sheeted covering of CP!. The support of urvl
on the left in red and for ;42W2 on the right in blue. This corresponds to the situation p = 2 and

limy o % > 0 in place.
Near the branch points, i.e. edges, the densities p;(s) of du; ’(s) = pj(s)ds vanish like
square roots, in the interior they are positive (generically!). Thus

With screening potentials, we obtain the same universality classes (i.e.
regular bulk and soft edge) as in the Hermitian one matrix model.
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Figure 1 : The Hurwitz diagram for a typical three sheeted covering of CP!. The support of urvl
on the left in red and for ;42W2 on the right in blue. This corresponds to the situation p = 2 and

limy o % > 0 in place.
Near the branch points, i.e. edges, the densities p;(s) of du; ’(s) = pj(s)ds vanish like
square roots, in the interior they are positive (generically!). Thus

With screening potentials, we obtain the same universality classes (i.e.
regular bulk and soft edge) as in the Hermitian one matrix model.

For non-screening potentials, the supports in Theorem 1 may contain the origin,
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X3
........................ -

Xa
...................................... -

Xi

Figure 1 : The Hurwitz diagram for a typical three sheeted covering of CP!. The support of urvl

on the left in red and for [_L2VV2 on the right in blue. This corresponds to the situation p = 2 and
Vi(x)

. jlx .
limy o “fn—x‘ > 0 in place.

Near the branch points, i.e. edges, the densities p;(s) of dujwj(s) = pj(s)ds vanish like
square roots, in the interior they are positive (generically!). Thus

With screening potentials, we obtain the same universality classes (i.e.
regular bulk and soft edge) as in the Hermitian one matrix model.

For non-screening potentials, the supports in Theorem 1 may contain the origin, thus
leading to a higher order branch point at the origin and a singular density

-
pi(s) =0 (|s| PH) , §—0. “new” universality class
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The non-screening effect appears for instance for the classical Laguerre weights

£
V:
Ui(x) = NVj(x) —ajinx, aj>—1: ay = Zaj > —1; lim i) = +o0
i~k

x—=+00 Inx

and Vj is real-analytic on [0, c0).
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and Vj is real-analytic on [0, c0).

Example (Standard (symmetric) Laguerre weights for p = 2)

Consider the symmetric choice Vj(x) = x — alnx, x € (0,00), j=1,2.
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Figure 2 :  The potentials Vj(x) are shown in red for different choices of the parameter a > 0. In
green the density of the measure p1(x).
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Meijer-G random point field for p-chain

Let a;,b; € Cand 0 < m < q,0 < n < p be integers. The Meijer-G function is defined
through the Mellin-Barnes integral formula

C) 1 [T75 T(be+s) Tl T(Q—ar—5s)

= — -1 p—1 Cis ds
2mi Ji Hz:m M(1—bey1—s) He:,, M(ag41 +s)

m,n (3L,---:3p
Gp,q (b17-<-7bq
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Figure 3 : A choice for L corresponding to a; = b; = 0.
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These special functions have appeared recently in the statistical analysis of singular
values of products of Ginibre random matrices (AB 12 [1], AKW 13 [2], KZ 13 [15]).
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Conjecture (BB 14 [6])

For any p € Zp>», there exists co = co(p) and {n;}] which depend on {a;}] such that
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uniformly for £,m chosen from compact subsets of (0, c0).
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uniformly for §,m chosen from compact subsets of (0,00). Here the limiting
correlation kernels equal
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with P = {a10,1 < £ < p}.
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with P = {a10,1 < £ < p}.

Theorem (BB 14 [6])

The conjecture holds for p = 2,3 and potentials U;j(x) = Nx — ajIn x.
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Why not (yet) universality theorem for arbitrary p? |

@ No rigorous potential theoretic foundation for non-screening situation! We work
with explicit spectral curves, i.e. start from Hurwitz diagram and verify a
posteriori that the “guess” was correct. For p = 3:

. z—2y2+ (3z — 4)(3z — 8)? —0 3)
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Figure 4 :  The four sheeted Riemann surface corresponding to (3).
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Why not (yet) universality theorem for arbitrary p? Il

@ We construct the relevant parametrices explicitly for arbitrary p € Z>», i.e. in
particular the model problem at the origin is solved with the help of Meijer-G

functions
1 [l 1 0
1o 4’ 1 (’ 1}
]83[ 0
(=™ /

Figure 5 :

The local model problem at the origin, situation p = 3.

but the error analysis becomes more involved for p > 4.
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