
Quiz 5: Black Body Radiation. Debye Model.

1. Assuming that the Earth and the Moon are black bodies, at approximately the same

distance from the Sun, estimate the relative correction to the Moon’s temperature due

to radiation from Earth versus that from the Sun alone. The average distance between

the Earth and the Moon is about 60 times the radius of Earth.

Hint: J = σT 4 (Stephan-Boltzmann law for the total emission from a black body).

Solution

Temperature TM of the Moon due to radiation from Sun alone

σT 4

S

4πR2

S

4πd2
πR2

M = σT 4

M4πR2

M

T 4

M =
R2

S

4d2
T 4

S

Temperature T̃M of the Moon due to radiation from both Earth and Sun
(
σT 4

S

4πR2
S

4πd2
+ σT 4

E

4πR2
E

4πl2

)
πR2

M = σT̃ 4

M4πR2

M

whereof

T̃ 4

M

T 4
M

= 1 +
T 4

ER2

Ed2

T 4
SR2

Sl2

Temperature of Earth is the same as temperature of Moon

T 4

E =
R2

S

4d2
T 4

S

so that

T̃M

TM
=

(
1 +

R2

E

4l2

)1/4

≈ 1 +
R2

E

16l2
≈ 1 +

(
1

240

)2

that is correction is ∼ 1.7x10−3%.
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2. Using the Debye density of states, calculate the zero-point energy

∆ε0 =
ωm∑

α

1

2
h̄ωα

for a solid with N atoms and express it in terms of the Debye temperature.

Solution

3N = V
∫ ωm

0

N (ω) dω =
3V

(2π)3

∫ ωm

0

4πω2

u3
dω =

V ω3
m

2π2u3

N (ω) =
3V ω2

2π2u3

∆ε0 = V
∫ ωm

0

(
1

2
h̄ω
)
N (ω) dω =

3V h̄ω4

m

16π2u3
=

3V Θω3

m

16π2u3
=

9N

8
Θ

3. The lattice free energy in the Debye approximation is given by

F = Nε0 + NυT
{
3 log

[
1 − exp

(
−

Θ

T

)]
− D

(
Θ

T

)}

where

D (x) =
3

x3

∫ x

0

z3dz

exp z − 1

Find the energy E In terms of D only, not derivatives) and consider specifically the

limit of T � Θ.

Solution

E = F − T∂F/∂T

E − Nε0 = −NυT 2
∂
{
3 log

[
1 − exp

(
−Θ

T

)]
− D

(
Θ

T

)}

∂T

= NΘυ
∂ {3 log [1 − exp (−x)] − D (x)}

∂x

= NΘυ

[
3

exp (−x)

1 − exp (−x)
− D′ (x)

]
= NΘυ

[
3

exp x − 1
− D′ (x)

]
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but

D′ (x) = −
9

x4

∫ x

0

z3dz

exp z − 1
+

3

exp x − 1
= −

3D

x
+

3

exp x − 1

whereof

E = Nε0 + 3TNυD
(

Θ

T

)

T � Θ corresponds to x � 1 and

D (x) '
3

x3

∫ x

0

z3dz

z
= 1

whereof

E ' Nε0 + 3TNυ
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