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Average Temperature in a Reaction-Diffusion Process

Problem 97-8, by PHILIP KORMAN (University of Cincinnati).
The boundary value problem

(1) W4+ud=0 for 0<z<L,
w(0) =u(L)=0

has a unique positive solution, u(z) > 0 for « € (0, L) (as can be seen by phase-plane

analysis, for example). '
(i) Show that for any L this solution satisfies

L ™

The function u(x) represents the steady-state temperature for the corresponding
reaction-diffusion equation with the reaction term f(u) = u®. Formula (2) allows .

one to compute the average temperature. .
(ii) Generalize for the reaction term f(u) = u? with any real p > 1,

Solution

Following [1] and [3], set y = f§ u(s)ds, and then h = u2. The problem
(1) transforms to
(3) W'+2h=0, for0<y<R,
h(0) = h(R) =0,
where

(4) R=/0Lu($)ds.

A solution of (3) satisfying #(0) = 0 is A(y) = csin+/2y, where ¢ is an
arbitrary constant. Condition h(R) = 0 combined with the positivity of h(y)
implies that v/2R = «, and by (4) the proof of (2) follows.

Later this argument was generalized in [2].
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