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Abstract
We study solutions of the system

Au+kf(v) =hi(z), €Q, u=0 forx € N

Av+ kg(u) = ho(x), ©€Q, v=0 for z € 9N
on a bounded smooth domain 2 C R", with given functions f(t), g(t) €
C?(R), and hy(x), ha(z) € L*(Q). When the parameter k = 0, the problem
is linear, and uniquely solvable. We continue the solutions in k£ on curves
of equiharmonic solutions. We show that in the absence of resonance the
problem is solvable for any hi(x), he(z) € L?(Q2), while in case of resonance
we develop necessary and sufficient conditions for existence of solutions of
E.M. Landesman and A.C. Lazer [12] type, and sufficient conditions for
existence of solutions of D.G. de Figueiredo and W.-M. Ni [7] type. Our
approach is constructive, and computationally efficient.
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1 Introduction

We study existence of solutions for a semilinear system

(1.1) Au+kf(v) =hi(z), 2€Q, u=0 for z € 9N
Av+kg(u) = ha(z), € Q, v=0 for z € 0N
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on a bounded smooth domain Q C R™. Here the functions hy(z), he(z) € L?(2)
and f(t), g(t) € C%*(R) are given, k > 0 is a parameter. There is consid-
erable recent interest in systems of this type, see e.g., the recent surveys of
D.G. de Figueiredo [6] and B. Ruf [14]. The techniques used so far, are mostly
variational and involving the degree theory. We shall obtain solutions of this
problem by continuation in k. When k£ = 0, the problem is linear. It has a
unique solution, which can be computed by using Fourier series of the form
u(z) = B2 uppr, v(r) = X2 vkpk, where ¢ is the k-th eigenfunction of
the Laplacian on €2, and A; is the corresponding eigenvalue. We now con-
tinue in k, looking for a solution triple (k,u,v), or (u,v) = (u(zx, k), u(z,k)).
At a generic point (k,u,v), the implicit function theorem applies, allowing the
continuation in k. These are the regular points, at which the corresponding
linearized system has only the trivial solution. So until a singular point is en-
countered, we have a solution curve (u,v) = (u(x, k), u(x,k)). In case of one
equation, we have shown in [10] that one can continue forward in k, if one stays
on a curve of equiharmonic solutions. We proceed similarly here. We decom-
pose the solution u = &1 + U(&1,m), v = mep1 + V(&1,m1), and the forcing
terms hy(z) = o1 + e1(z), he(z) = 1p1 + ea(z), with the functions U (&1, m1),
V(&1,m), e1(x) and ex(x) orthogonal to ¢1(x). When we do continuation in k,
we keep the first harmonics (&1, 71) fixed, but in return allow for p; and 14 to
vary in k, i.e., we let (u1,11) = (u1(k), v1(k)), with (u1(0),21(0)) = (i, Y).
This gives us a curve of equiharmonic solutions. Under proper conditions, this
process allows us to continue solutions forward in k, on a smooth curve through
any point, including the nasty singular points. (Le., a singular point of (2.2) is
no longer singular, if one stays on an equiharmonic curve.) One can think of the
curves of equiharmonic solutions as highways taking us through mountains and
swamps.

So, we continue solutions with fixed first harmonics (£1,71) from & = 0 until
the desired value of k. At k, we obtain solution of the modified problem, with
w1 = p1(k), v = vi(k). We now vary the point (£1,71), to obtain a solution of
the original problem (1.1), i.e., (u1(k),v1(k)) = (12, 14). Any solution of (1.1)
can be constructed this way, and we define solution manifold to be the set of all
points (ud,29), for which solution exists. We show that the pair (&1, 1) gives a
global parameterization of the solution manifold, i.e., the pair (£1,71) uniquely
identifies the solution quadruple (p1, v1, u, v) solving (1.1). We consider in detail
the case when f and g are sums of linear and bounded functions. We show
that in non-resonant case the solution manifold is the whole of R?, while in
case of resonance we develop necessary and sufficient conditions for existence of
solutions of E.M. Landesman and A.C. Lazer [12] type, and sufficient conditions



for existence of solutions of D.G. de Figueiredo and W.-M. Ni [7] type.

Our approach is suitable for efficient numerical computation of solutions.
It is easy to implement numerically the continuation process, first in k, then in
(&1,m) (by the predictor-corrector, or basically the Newton’s method), since our
results guarantee that this continuation will proceed on simple smooth curves
(in particular, there is no turning back in parameters). We had performed such
computations in [9].

2 Preliminary results
Recall that on a bounded smooth domain 2 C R™ the eigenvalue problem
Au+Adu=0 on €, u=0 on IN

has an infinite sequence of eigenvalues 0 < A1 < Ao < A3 < ... — o0, where
we repeat each eigenvalue according to its multiplicity, and the corresponding
eigenfunctions we denote by . These eigenfunctions ¢ form an orthogonal
basis of L?(Q), i.e., any f(z) € L?*() can be written as f(z) = £ arpr,
with the series convergent in L?(f2), see e.g. L. Evans [5]. We shall normalize
|kl r2(0) = 1 for all k.

Lemma 2.1 Assume that u(x) € H}(Q), and u(x) = ¥ arpr. Then

/ |Vu|2dm2/\2/ u? dz.
Q Q

Proof:  Since u(x) is orthogonal to ¢, the proof follows by the variational
characterization of Ag. O

Lemma 2.2 Assume that u(z) € H*(Q)NHY(), and u(z) = 33 arpr. Then

/(Au)zd:c > /\2/ |Vul? dz.
Q Q
Proof: We have, using Lemma 2.1,

JoIVul?dz = - [ouAudr < ([ u? dm)l/z (fo(Au)? dm)l/z

< (fQ|Vu|2d:U)1/2 (fQ(Au)zakc)l/2 ,

1
V2
and the proof follows. O



We consider the following linear system: find (w(x), z(z), 1, v1) solving

(2.1) Aw+a(x)z = p1ep1, * €Q, w=0 forx € 9N
Az +b(x)w =191, x€Q, z=0 forxz € 9N

Jow@)pi(z) de = [ 2(x)p1(z) dz =0,

where a(z) € C(Q) and b(z) € C(Q) are given continuous functions, while
and vq are unknown constants. We assume throughout this section that solutions
of (2.1) (and of (2.4) below) satisfy w, z € H*(Q) N H}(Q2). Define

(2.2) A = max |a(z) + b(z)] .

e

Lemma 2.3 Assume that
(23) A< 2.

Then the only solution of the problem (2.1) is w(x) = z(x) =0, uy = v1 = 0.

Proof:  Multiply the first equation in (2.1) by w, the second one by z, add
and integrate:

/(|Vw|2—|—|Vz|2) de:/(a(m)—l—b(m))zwdm.
Q Q

The quantity on the left is bounded from below by A2 [ (w? + 2?) dz, in view of
Lemma 2.1, while the integral on the right is bounded from above by % Jo(w?+
22)dx. It follows that w(x) = z(x) =0, and then from (2.1), uy =v; =0. <

We need to consider another linear system

(2.4) Aw+a(x)z=0, z€Q, w=0 forz € N
Az+b(x)w=0, z€Q, z=0 for x € 90N.

Lemma 2.4 Assume that (with A defined by (2.2))
(2.5) A <2/ M.
Then the solution space of the problem (2.4) is one dimensional.

Proof:  Assume on the contrary that (w, z) and (wy, z1) are two non-trivial
solutions of (2.4), which are not constant multiples of one another. Claim:
we can find a non-trivial solution of (2.4), with [,weidx = 0, i.e., with the
first component orthogonal to ¢;. Indeed, consider a = [ we;dz, and b =
Jq w11 dx. If either a or b is zero, there is nothing to prove. Otherwise, consider
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(1w—3w1, 12— 12), which is a non-trivial solution of (2.4). Its first component

is orthogonal to ¢;.

So let (w, z) be a non-trivial solution of (2.4), with [, wy1dr = 0. Using
Lemma 2.1 and the Poincare’s inequality, we obtain from the corresponding
equations in (2.4)

/a(:n)wzd:v:/ |Vw|2d:n2/\2/w2d:n;
Q Q Q

/b(:n)wzd:n:/ |Vz|2d:n2/\1/z2d:n.
Q Q Q
Adding,

(2.6) A/Q|wz|dm2/ﬂ(a(:n)—|—b(:n))wzdmz)\g/ﬂwzdm—l—/\l/ﬂzzdm.

We have

A A?
= < 2 AN 2 ’
A/Q jw 2| dz /Q\/%zlwlml»ZIdm—Az/ﬂw df”*zug/gz &

Using this in (2.6),

Az/ 2 >A/ 2
—_— Z- ax Z- ax
42 Ja =g

which implies that A% > 4\;)\, contrary to our assumption (if [, 22 dz =

0,
then w = z = 0, and the solution is trivial). O

We consider the non-homogeneous version of (2.4)

(2.7) Aw + a(x)z
Az 4 b(z)w

hi(xz), x€Q, w=0 forz € N
ho(x), x€Q, z=0 for x € 9N.

with given hy(z), he(z) € L*(Q), and as before, w, z € H2(Q) N H} (). We shall
need the following version of the Fredholm alternative.

Lemma 2.5 If the homogeneous problem (2.4) has only the trivial solution,
then the problem (2.7) is solvable for any hi(x) and ha(z). If the homogeneous
problem (2.4) has a one-dimensional solution set spanned by (W (x), Z(x)), then
the problem (2.7) is solvable if and only if

(2.8) /Q (h1(2) Z(x) + ha(2)W (z)) dx = 0.



Proof:  Multiply the first equation in (2.7) by Z, and subtract from that the
second equation in (2.4) (written for (W (z), Z(z))) by w, then integrate:

/ (a(2)2Z — b(x)wW) dz — / I (2)Z () da .
Q Q

Similarly, from the second equation in (2.7) and the first equation in (2.4)

— [ (@) ~ b)) do = [ o)W (@) de.

Adding, we see that the condition (2.8) is necessary for existence of solutions.

By the elliptic theory, the solution map of (2.7) (hi, he) — (w, z) is a Fred-
holm operator of index zero. Hence, this map is onto, if the kernel is zero. If the
kernel is one-dimensional, the range has co-dimension one. If the problem (2.7)
was not solvable for some right hand sides satisfying (2.8), the range would have
co-dimension greater than one, which is impossible. &

3 Continuation of solutions in k£, with first harmonics
fixed

We now consider a nonlinear problem, depending on a parameter k

(3.1) Au+kf(v) =mer +ei(z), 2€Q, u=0 for x € 0N
Av+kg(u) =191+ ex(z), z€Q, v=0 for z € 9N
Jou(@)ei(z) de = &5 fou(z)ei(z) de = .
The functions f and ¢ are assumed to be of the form

(3.2) F() = X+ bi(8), glt) = X+ ba(t),

with positive constants A and \, and bounded functions by(¢) and by (t) of class
C'(R). We assume that solutions of (3.1) satisfy u,v € H*(Q) N H}(Q).

In accordance with the third line of (3.1), we decompose solution in the form
u(x) = &1+ U, v(x) =nip; + V, with both U = U(&1,m1) and V = V (&, m1)
orthogonal to 1. Our goal is to continue the solution of (3.1) in k, while keeping
& and ny fixed.

~— ~—

Theorem 3.1 Assume that ei(x) and ea(x) are given functions in L*(Q), with
Joei(@)pi(x)dx = [ ex(x)p1(x) de = 0, and the following conditions hold, with
some constants My and Mo,

(3.3) If' (Ol = IA+00()] < My, |g' ()] = X+ 5(t)] < Mz, for allt € R;



(34) kMy + kM < 2/ A )Xs.

Then for any pair (£1,m1) € R? there exists a unique quadruple (py,vy,u,v)
solving (3.1).

Proof: Assume first that & = m; = 0. Define H3 to be the subspace of
H?(Q) N HY(Q) with zero first harmonic:

Hg — {u c HQ(Q) OH&(Q) | / upy dr = 0}.
Q
We recast the system (3.1) in the operator form
(35) F(’LL,'U,,Ml,Vl,k) = e(:E) ;

Au+kf(v) — pipr

where F(u,v, p1,v1, k) = Av + kg(u) — 141

],F;ngngR3—>L2(Q)x

L3(9), and e(z) = Z;g; . When k = p; = v1 = 0, the problem (3.5) has

a unique solution, which is easily found using Fourier series. We now continue
this solution in k, i.e., we solve for (u, v, u1, 1) as functions of k. Compute the
Frechet derivative

Aw + kf'(v)z = pie1

B o) (s 05 v, R) (W, 2 0, V1) =0\ gy — v

To apply the implicit function theorem, we need to check that this map is both
injective and surjective. In view of the assumptions (3.3) and (3.4), the Lemma
2.3 applies, and hence the only solution of the linearized problem

(3.6) Aw+kf'(v)z—pip1 =0, € Q, w=0, forz e N
Az + kg'(w)w —vip; =0, x€Q, 2=0, forz € 9N
Joqwpirdr = [ zp1dz =0

is (w, z, ui, v§) = (0,0,0,0), proving the injectivity.
Turning to the surjectivity, we need to show that for any e*(x) = [ ei () ] €
2
L?(Q) x L*(Q2) the problem

(3.7) Aw+kf'(v)z —pier =ei(z), x€Q, w=0, for z €N
Az + kg'(u)w —vipr = ej(x), 2€Q, 2=0, for z € 0N
Jowerdr = [ zp1dr =0



has a solution (w, z, uj, v{). Consider an auxiliary problem

(3.8) Aw+kf'(v)z = pior +ei(z), x€Q, w=0, for z €N
Az + kg'(w)w =vipr +e5(x), x€Q, z2=0, for z € 90,

which differs from (3.7) only in not requiring vanishing first harmonics. Denote

Llizu]: Aw—l—k‘f’(v)z]‘

Az + kg'(u)w
Case 1 The operator L, subject to the zero boundary conditions in (3.8) is
invertible. Then we express from (3.8)
Lt el )
€

w xr—1] ¥1
=puiL
We now select the constants p] and v7, so that the orthogonality conditions in

the last line of (3.7) are satisfied. Denote L~} L I Bt , L1 0 1=
0 P12 1

+ I/ikL_l l 0
®1

V21 ,and L1 ei — | ™ |. Then we need
() €3 Yo

13 Jo 1ier de 4 Vi [o o1 de = — [ y1e1 da

13 Jo 121 da 4 Vi [ Yoo do = — [o y201 da .
This system has a unique solution, unless the columns of its matrix are propor-

tional, i.e.,

Jovuprds | _ 0 Jo 2101 dx
Jo 12¢1 dx Jo Y21 dx

for some number §. lLe., the vector Y| 0 V21 =
12 P22
0 1

w
z
. . w | o1 | .
components orthogonal to 1. This vector satisfies s | = L [ 00 ], ie.,
—0¢1

Aw+kf(v)zZ=¢1, 2€Q, w=0, forx € N
Az + kg'(u)w = —0p1, v€Q, z=0, forz € 9N
Jowprde = [ Zp1de =0,

which is impossible by Lemma 2.3 (here uy =1 # 0, v1 = —0).



Case 2 The operator L, subject to the zero boundary conditions in (3.8) is
not invertible. According to Lemma 2.4, the null space of L is one dimensional,

‘q/ ] , and according to the Fredholm alternative, the problem
w . h1

/ [V + hyU] de=0.
Q

spanned by some [

is solvable if and only if

According to the Lemma 2.3, either [, Ugo_l dz # 0 or [oVeidr # 0 (or both
inequalities hold). Let us assume that [, Uy dx # 0. Then by the Fredholm

alternative, we can find the constants d; and s, so that [ ((’50190 ] € R(L), and
1¥1

ey
e5 + 0201

] € R(L), where R(L) denotes the range of L.
Our goal is to find a constant ¢, such that the problem
w ©1 el
L =t +1
[ z ] [ 011 ] e + 021 ]
(3.9) w=z=0 on Jf
Jowerdr = [ 2p1dr =0

is solvable. Indeed, then the pair (w, z) gives us a solution of (3.7), corresponding
to pj =t and vf = td + d2. We express from (3.9)

W 1| A1 + Lt
z 011
[ Y11

where s is an arbitrary constant. Denoting L~! [ ¥1 ] ¥
12

011
el Y1
¥ = , we have
e5 + 0201 ] [ V2 ]

w | | Y
HE

<

‘1 + s
e5 + 02001

], and

L—l

<<

+ s

el
72 |



To satisfy the last line in (3.9), we need
t fotnprde +s [oUprde = — [omprde
t [or2p1de + s [ Vorde = — Jo o1 dx .

This system has a unique solution (and we are done), unless the columns of its
matrix are proportional, i.e.,

fQ ¢11901 dx —9 fQ @01 dx
Jo 1201 d Jo Vi dx

has both com-

t| g|

for some number 6. l.e., the vector Y| 0 v =
P12 4

g

ponents orthogonal to ;. This vector satisfies L [ s ] = [ 5 il ], ie.,
191

Aw+kf'(v)Z=p1, x€Q, w=0, for x € 0N
Az + kg'(u)w = 6101, T€Q, z=0, forx € IN
Jowerde = Jo Zp1dx =0,
which is impossible by Lemma 2.3 (here yy =1 # 0, v = 01).

We now consider the case of general first harmonics (£, 71), and reduce it to
the case (£1,m1) = (0,0), by setting @(x) = u(z) — 11, and v(z) = v(x) —N1p1.
Then (u, v) satisfies

(3.10) Aua+kf(v+me1) = (1 +M&)p1 +er(z), u=0 for z € 00N
Av 4+ kg(u+ &1) = (11 + A1 +ea(x), ©=0 for xz € 9N
Jou(z)pi(z) dz = [ o(x)p1(z)de=0.

Even though this problem is slightly different from (3.1), the bounds on the
derivatives of f and g remain the same, so that we can repeat the above ar-
gument, and obtain a curve of solutions of (3.10). Then (u(z,k),v(x,k)) is a
solution curve of the original problem (3.1).

To show that the local solution curve (u(zx, k), v(z, k)) continues for all k,
satisfying (3.3) and (3.4), we need to show that this curve cannot go to infinity,
i.e., we need an a priori estimate. Since the values of £; and 7; are kept fixed on
the curve, we only need to estimate U and V. We claim that there is a constant
¢ > 0, independent of the solution (u(z, k), v(x, k)), so that

(3.11) U a2y + 1V 200) < c-
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Writing u(x) = &1 + U, v(x) = nip1 + V, we have from (3.1) and (3.2)

(3.12) AU + EXNV + kbl(’l’}l(pl + V) = (,ul + A& — k‘/\m)gol + el(:n),
AV + kXU + k‘bz(fl(ﬂl + U) = (1/1 + A — k‘/_\&)gol + 62(:L') .

We multiply the first equation by U, the second one by V', and add

(3.13) [ VU + [oIVV2dz — k(A + ) [UVdz =
ko0 Udx +k [0V de — [ eiUdx — [ eV da.

Using Lemma 2.1, and (3.4), we estimate the left hand side of (3.13) from
below by

(2/\2—I<:/\—I<:/_\)/(U2+V2)d:n2c0/(U2+V2)d:n,
Q Q

for some ¢g > 0. Combining that with an estimate of the right hand side of
(3.13), we conclude a bound on [,(U? + V?)dx. Returning to (3.13) again,
we conclude a bound on [, ([VU|? +|VV|?) dz. Next, we multiply the first
equation in (3.12) by AU, and integrate over 2. Observe that [, AU¢; dx = 0,
giving us

/(AU)2 d:c—i—k:/\/ AUVda:+l<:/ AU, dm:/ AUe(z) dz
Q Q Q Q

Integrating by parts in the second term, and using the estimate just obtained, we
estimate [(AU)?dx. We estimate [,(AV)? dz similarly, and by the standard
elliptic estimates we conclude (3.11). O

Remark Observe that the a priori estimate (3.11) is uniform in &; and 7.

4 Continuation in (&1,7) for k fixed

The Theorem 3.1 implies that the pair (£1,71) uniquely identifies the solution
quadruple (p1,v4,u,v)(k) solving (3.1). We call (£1,11) to be the signature of
solution. The solution set of the original problem (1.1) can be faithfully described
by the map (£1,71) € R? — (u1,v1) € R?, which we call the solution manifold.
For example, if this map is onto, then the original problem (1.1) is solvable for
any hi(x) and ho(x). We show next that the solution manifold is connected.

Theorem 4.1 In the conditions of Theorem 3.1, we can continue solutions of
(1.1) of any signature (€1, 1) to solution of arbitrary signature (51, M), by follow-
ing any continuous curve (£1(t), n1(t)) joining (€1, 1) and (51, M), and obtaining
a continuous curve of solutions (u(t),v(t), pa(t), v1(t)).

11



Proof: Let & = a(t), ;1 = 5(t), 0 <t < 1, be any continuous curve joining
these points, with (a(0), 8(0)) = (£1,71), and (a(1), 8(1)) = (&1, 71). Arguing as
in the proof of Theorem 3.1, we show that continuation in ¢ can be performed
similarly to the continuation in k above. In particular, the linearized problem is
the same as (3.6), and the implicit function theorem applies the same way (see
[9], [10], where more details were given on the continuation in the first harmonic).
By the a priori estimate (3.11), which is is uniform in & and 77, solutions on
the curve remain bounded in H? norm. &

5 Solution manifold and existence of solutions

We now return to the original problem (1.1)

(5.1) Au+ f(v) =hi(z), x€Q, u=0 for z € 9N
Av+ g(u) = ha(z), z€Q, v=0 for z € 09,

where hi(z) = plp1 + e1(x), and ho(z) = p1 + ea(x), with ei(z) and es(z)
orthogonal to ¢1, and the functions f(t) and g(t) satisfy (3.2), i.e., f(t) =
At+b1(t) and g(t) = Mt +ba(t), with bounded by (t) and bo(t). Here we set k = 1,
which does not restrict the generality, since we may redefine A\, A and by, bs.
This problem is solvable if and only if the pair (1, 2)) belongs to the solution
manifold. To make the presentation easier, we assume that by (¢) and bo(t) have
finite limits at o0, and

(5.2) bi(—00) < bi(t) < bi(o0), fort e (—o0,00),i=1,2.

Theorem 5.1 Assume that the conditions of the Theorem 3.1 hold, with k = 1.
If A # AL, then the system (5.1) has a solution for any hi(x), ho(z) € L*(9Q).
In the resonance case A\ = \2, the system (5.1) has a solution if and only if

(A1b1 (—00) + Aba(— / o1 dr < Mpd+ A2 < (b (00) + Aba (oo / o1 dz
(5.3)
Proof: As before, we decompose u(z) = &1 + U(&1,m1) and v(z) =

me1 + V(E,m), with U and V orthogonal to ¢1. By the Theorem 3.1, for
any pair (£1,71) we can find (1, v1,u, v) solving (5.1). Our goal is to find a pair
(&1,m), so that (ug,v1) = (9, 14). Multiplying each equation in (5.1) by ¢,
and integrating, we have

(5.4) —A&1 + A+ Jo bi(mer + V(& m))erdz

0 =
1
V) =N — M+ o ba(&o1 + U(&,m))er da

12



Let us denote 11 (&1, m) = [o bi(mepr +V (&, m))e1dx, Io(&,m) = [ ba(§1p1 +

U(&,m))p1dzr, and A = /—;/\1 /\/\ . Assume first that the matrix A is
—A1

invertible, i.e., -

(5.5) A\ #£ N2

Then we rewrite (5.4) as

&1 R —1| N(€,m)
5.6 =A —A .
(56) [ m 2z I5(&1,m)
The right hand side of (5.6) gives a continuous map of a sufficiently large ball
around the origin in the plane (£1, 1) into itself, and hence existence of solutions
for (5.6) follows by Brouwer’s fixed point theorem. We present next another

proof of solvability of (5.6), which gives an indication as to where one should
search for the solution numerically, and it also introduces the method of sliding

lines that we shall use in the resonance case. Let A™! = 3 ? , with some
a, 3, v and . Denoting =A o |, we rewrite (5.6) as
(5'7) A(Ela "71) =6+ fQ (Oébl + ﬁbg) prdz = Ay

B(&1,m) =m + Jq (vb1+ 6b2) p1dx = By .

In (&1,m1) plane consider a vertical line & = N, —oo < 13 < 0o. On each such
line we can find a point where the second equation in (5.7) holds (by continuity,
since B(&1,m1) — o0 (—0), as 1 — 0o (—00)), while at this point A(&1, 1) is
large and negative (positive) if N is large and negative (positive). Sliding this
line, i.e., varying N from —oo to oo, we obtain a solution of (5.7).

Next, consider the case of resonance
(5.8) A= \2.
We then conclude from (5.4)
(5.9) Ml + ) = /Q (A1b1(mip1 + V) + Aba(ro1 +U)] o1 dx,
from which it follows that (5.3) is a necessary condition for solvability. (By the
a priori estimate (3.11), which is uniform in & and 7, it follows that [, b1 (n1p1+

V)1 dr — bi(£o0) [ w1 dxasn; — £oo, and [ ba(E1914+U )1 dz — ba(£o0) [ 1 dx
as £ — oo, see [10] for a detailed argument.)
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Turning to the sufficiency of the condition (5.3), we recall that by the The-
orem 3.1, for any pair (£1,71) we can find (uq1, v, u, v) solving

(5.10) Au+ v +bi(mer+V)=mp1+e, €Q, u=0 for x € 9N
Av+ M+ ba(&1p1 +U) =11 +ea, 2€Q, v=0 forz €I,

and our goal is to find a point (&9, 7)) at which (u1,21) = (19, ). Multiplying
each equation in (5.10) by ¢1, and integrating, we have

(5.11) p1 = —M& 4+ I+ o bi(mer + V) de
v = /_\51 — /\1’1’}1 + fQ b2(£1‘;01 + U)<,01 dz .

Then
(5.12) A + Avp = /Q [Abi(mer + V) + Aba(&1p1 + U)] 1 da .

In (&1, m1) plane we consider a line Ly : —A\1&; + A1 = A, where A is a constant.
Along this line 177 — +o00 (—o0), when & — +00 (—o0). Hence, the right hand
side in (5.12) varies along L4 between the lower and upper limits in (5.3). By
(5.3), along each line L4 we can find a point Pp,,, so that

(5.13) A1p1 + Avg = /\1,u(1] + /\I/g .

We see from the first equation in (5.11) that when A is large and positive, p;
is also large and positive, i.e., uy > uf at the point Pr,. Similarly, when A is
large and negative, 1 < i at Pp,. By continuity, we can find an A, so that
p1 = Y at Pr,. But then from (5.13), we also have vy =14 at Pp,. &

Next, we obtain an analog of D.G. de Figueiredo and W.-M. Ni [7] result,
where existence of solution for a single equation at resonance is proved without
the Landesman - Lazer condition. We consider the system

(5.14) Au+ Av+ by(v)
Av + /\;v + ba(u)

Woi(z) +er(z), €Q, u=0 for x € 9Q

Wor(x) +ex(x), £€Q, v=0 forz o,

where as before [, ei(z)p1(x)dz = [gea(x)pi(x)dx = 0, and X is a positive
number.

Theorem 5.2 Assume that the bounded functions bi(t) and ba(t) € C*(R) sat-
isfy by (t)t > 0 and ba(t)t > 0, for allt € R, and assume also that the functions

f(t) =M +b1(t) and g(t) = A;t + ba(t) satisfy

/\2
') = [A+01(t)| < M, [ (1) = Iyl +05(t)] < Mz, forallt € R;
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My + My < 24/ A1 Ag.
Then the problem (5.14) is solvable for any (u, 1Y), which lies on the line

(5.15) Al + 2 =0.

Proof:  We have the formulas (5.11) and (5.12) as before, and again we wish
to show that (u1,11) = (ud, 1) for some choice of (&1,71). Consider the lines
Ly: —\& + Mg = Ain (&, m1) plane. As &, 71 — oo along any such line,
A1 + Ay is positive, as follows from (5.12) and our conditions. On the same
line, as &1, n1 — —o0, A1p1 + Avg is negative. Hence, on any line L4 we can
find a point Pp,, where Aju1 + Avy = 0. We now vary the line L. If A is
large in absolute value and positive (negative), we see from the first equation
in (5.11) that uy is large in absolute value and positive (negative) at the point
Pr,,. Hence, we can find a line, such that pq = 1Y at the point Pp ., and then,
from (5.15), g = u9. %
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