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1. INTRODUCTION
WE STUDY existence of periodic solutions for a nonlinear noncoercive boundary value problem

Uy = Uy, =g(x,z, u) y= 1,
Au=f(x,y,z,u, Du) O<y<1, 0))
u=0 y=0.

Here the functions f and g are assumed to be 2.1 periodic in x and z, and we are lookmg for
27 periodic in x, z solution u(x, y, z).

This problem arises in three-dimensional water wave theory under the assumption that the
gravity is pointing up, see [7]. We are interested in the problem primarily since it represents
one of the simplest possible noncoercive elliptic problems (i.e. the Lopatinski-Shapiro con-
dition fails, see [3]). We see that this model has basically the same properties as coercive
elliptic problems with respect to maximum principle, nonlinear existence results and the
properties of eigenvalues and eigenfunctions.

From the results of [4] we can conclude existence of solutions for (1), provided f and g are
sufficiently small (and smooth). In this paper we remove the smallness condition. (The growth
of fin Du then has to be restricted by a condition of Nagumo type.)

To prove existence we follow the technique learned from Tsai [9], and which involves a
combination of degree theory and the method of super- and subsolutions (a similar approach
was used by Serrin in [8]). In his paper, making use of the well-known global gradient bounds
for the quasilinear second order elliptic problems, Tsai shows that solution cannot escape
from the set A={u€ Clla<u<pf,|Vu| <M + 1}, where the constants a, 8 are sub- and
supersolutions respectively, anc M is the bound for [Vu|, provided a <u < . Then using
degree theory, the solution operator is deformed to the identity operator, proving existence.

For our problem we cannot quote any global estimates for [Vu| (and also no compactness
results in C* spaces). This leads us to derive a priori estimates in Sobolev norms for the
nonlinear problem (1). After that we use degree theory in a way similar to Tsai’s.

In the last section we study the eigenvalues and eigenfunctions of the linear problem.

2. NOTATION AND PRELIMINARY RESULTS

By V we shall denote the domain 0 <x, z < 27, 0 =<y =< 1; the upper part of its boundary
(y = 1) we denote by V. We consider a subspace of W™?, consisting of functions 2z periodic
in x and z; when writing W™?(V), W™P(V,), H™(V), H’"(V) we shall always refer to that
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subspace. By |-||., we denote the norm in W™?(V), by |||, the one in W™3(V) = H™(V),
and by ||-{|,, the norm in H™(V)), see [1] for definitions. Also |u| = = ess suplu|. We denote by

c all positive constants independent of the unknown function u; by ¢ all irrelevant positive
constants dependmg continuously on |u|, =, but not on the derivatives of u; Du = Vu, |Vu| =
Vul + uj + ui. We shall write fh= J'ffh dxdydz, [(h= fj‘h dx dz. Sometimes we write

Xy, X5, x5y for x, v, z;

9 du
f,=—£,u,~=——-, i=1,2,3.
f0x; dx;

We need the following lemmas, see [3, 4] for proofs or references.

LEMMaA 1. For any € > 0 and integer n > 0 one has

@ olls < fioflaes

(i) Jolla Toll, < elloflasr + c(e)llvlo-

LEMMA 2. Suppose wy, . . . , w; € C'(V) (or C'(V,)). Suppose that ¢ = ¢(w, . . . , w,) possesses
continuous derivatives up to order r=1on |w}<cy, i=1,...,s. Then
§
ot owdl < e( Slhwl +1)  forbwles <o i=Lios,

and the same is true for |||, norm.

LeEMMA 3. We have the following relations between our norms and spaces.

(l) ||”“; p = C”u“m r“u“0 q
for any integers 0 <j < m, provided that j/m<a<1,1<gq,r<x, 1/p=j/3+a(l/r —m/3)
+ (1 — a)(1/q), and m — j — n/r is not a nonnegative integer

(ii) H*(V) is compactly imbedded in H*~#(V) for any real s > 0O and € > 0.
(iii) For any integerm = 0

]l m =< clllmsry2 -

Proof. The property (i) can be found in [2, p. 27], where it is stated for the domains with C™
boundary. Let V| be any C™ domain in the strip 0 < y < 1, such that V C V. Then (i) is true for
V. Since our functions are periodic, it is easy to see that it is also true for V.

The property (ii) can be foundin [6, pp. 99-101]. The statement (iii) is standard for C' domains,
see [6, p. 41]. We adapt it to V in the same way as (i).

The following lemma was proved in [5].

LeMMA 4. Consider the linear problem
U, = Uy, + eu=g(x,z) y=1,€e=0,
Au=f(x,y,2) O<y<l, 2)
u=0 y=0.
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Let fEH", g€ H™"! (m=2), be 2 periodic in x, z. Then the problem (2) has unique 21
periodic in x, z classical solution u(x, y, z), and independent of € = 0 the following estimate
holds (with m = 0)

“ul m+2 T C(uﬂ;m Hm-ﬂ)- (3)

3. THE A PRIORIESTIMATE
THEOREM 1. Let u be 27 periodic in x, z solution of

u, = u,, +eu=2Ag(x,z,u) y=1,
Au=Af(x,y,z,u, Du) 0<y<l1, 4
u=_0 y=0.

Here f € C*(V) and g € C*(V,) are 27 periodicin x, z; £ = 0,0 < A < 1. We assume that (recall
that & = ¢(Ju) . +))

M flsel +Vu*~9%), 0<6=2,
(i) |fols Iful <€+ [Vu?), i=1,2,3,
(iii) }fu‘.} s&1+|Vu), i=1,2,3

Then [Jully, < M, M = M(Ju|.~), independentof e = 0and 0 < A < |

Proof. Usinglemmas 1, 2, and 4, we estimate:

lull, < c(lgll, + Iflo) < & +ull, + (S F2)¥?)
< &1+ &ully + c(®)ully + (| Vu|-2)12),

Inthecase 1 < 6 < 2thiseasilyimplies the inequalities (6) below. Solet0 < é < 1. Thenchoosing
€ small enough we get (since |ully < ¢)
”””2 (1 + fullfalas )

By lemma 3 we estimate ((4 — 28)/6 > 1)
lully.a-26 < clul 2 Hulldffs-2076 < dlully.

Combining this with (5), we obtain
uelly = 61 + ull3=2),

which implies (using lemma 3 for the second inequality)
[uf, <¢, flulia e (6)
Next, by lemmas 1, 4 and the chain rule we estimate

”Ll“3 = c(ﬂgﬂ?. + ”f(x’ yY,z, U, ‘Du)ul)3
< c{ &l + c@lldo + o + 2 Il

3 3
2 {fu E E=1 Ufu,uinO)' (7>
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Using (6). it is easy to see that ||f],. |If, Ilp < €. Next, using (ii). (6) and lemma 3, we estimate

4
o <l s < {1+ [ 5 gl

< (1 + o) < GQ1 + Jadl3 *fadll78) < &1 + i)
Similarly, by (iii)
futtillo < Tfulesllugll s < &1+ Nl iled
< Clullzy < cllul3oflulllt < eflufi®.
Using these estimates in (7). and choosing £ sufficiently small. we get

s = &1+ Jud3).

which implies
el < €, (8)

and by Sobolev’s imbedding theorem [[Vul|, = < ¢. The last estimate is crucial, since now we
can use lemma 2 to estimate higher derivatives:

llls < c(iglls + I f(x. y, z. u, Dw)|l»)

< c(&ufly + c(E)ully + ¢+ Elu

3)-

which implies as before |ull, < ¢. Similarly |ulls < ¢. Since |ully;, < ||uf|s = ¢ = M. the proof is
complete.

Remark. 1t is easy to see that one can allow 0 = 0, provided the constant ¢ in (i) is sufficiently
small.

4. EXISTENCE OF SOLUTIONS
THEOREM 2. Let fand g in the problem (1) satisfy the conditions of theorem 1. Assume moreover
that there exist constants & < 0 < S such that
glx,z, ) =0, fx. v, 2. 2. 0) < 0: g(x, 2. B) =0, fx.v, 2, B,0) > 0. (9
Then the problem (1) has a C* solution. 2;7 periodic in x, z, such that & < u(x, y, z) < 8.
Proof. Let A ={u € H*?, a <u<f,|ullyr <M + 1}, with M determined as in theorem 1
from o and f (i.e. for any solution of (1) satisfying & < u < 8, we have |Julls» < M). Notice that

Ais a bounded open set in H%? containing zero (recall, both H* ? and A consist of 2.7 periodic in
x. z functions). Define the map T:u— v by solving

Dy = Uy T €0 =g(x, 2, u) y=1
Av = f(x,y, z.u, Du) 0<y<l. (10)
=0 y = 0.

Since (by lemmas 3. 4) [olls < c(If: + lighs) < c(1 + |lullo 2). the map T is compact from A to
H®:.
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Define the map H(u, A) = u — ATu, u € A, 0 < A < 1. We wish to show that
deg({ — AT, A,0) = deg({, A.0) = 0. (11)

For this we proceed to show that H(u, A) #0foru € A and 0 < A < 1. Indeed H(w, 0) # 0 for
u€ A, since 0 € dA. If H(u, 1) = O for some u € 9A, then u is a (desired) fixed point.

Next we show that H(u, 1) # 0 for0 < A <1 and u € 3A. Assume not, i.e. H(it. A) =0 for
some i € 9A,0< 4 < 1. Then

U, =it + ea= ig(x, z,a) yv=1,
Ati=}:f(x,y,z,d, Du) 0<y<l,
u=90 y=0.

By theorem 1, ||dlly, < M < M + 1. Hence at some point Py = (xg, yo, 2y) € V we must have
a(xg, yo» 29) = B (or d(P,) = a, which is eliminated in the same way). Consider two cases.
(i) PyE V. Since Py is a point of maximum, Via(Py) =0, Au(P,) < 0. But then by choice

of B
0= AI(Py) = Af(Po, d(Py), Vit(Py)) = Af(xy, Yo, 20, B, 0) > 0,
a contradiction.

(ii) Py € aV. If P, lies on the side part of the boundary (0 < y < 1) argue asin (1).

Assume (xg, yg. zy) is at the bottom part of aV, i.e. vy =0. Then 0= d(x,.0.25) = 3, a
contradiction.

If Pyis on V,(y = 1), then since it is a point of maximum. we have &,(Py) = 0. i, (P,) <0,
and hence at P,

0<eBf=u, —ua, + ei=_g(xg,zo, d(Py)) = glxg, 29, B) < 0.

a contradiction.

Therefore (11) is justified, and we obtain existence of solution uf to (10) with [1f - < ¢. Since
(by Sobolev imbedding, n = 3) the set {u°} is compact in C?, if we now let e— 0 along some
sequence, we can pass to the limit (along a subsequence) in (10), obtaining a C- solution of the
original problem (10).

5. PROPERTIES OF EIGENVALUES AND EIGENFUNCTIONS
Let u(x, y, z) be 2.7 periodic in x, z, nontrivial solution of

U, — Uy, =0 y=1 (12a)
Au+Au=0 D<y<l (12)
u=0 y = 0.

It is easy to see that all eigenvalues 4 are real, and the eigenfunctions corresponding to different
eigenvalues are orthogonal in L*(V). More precisely, we have the following lemma.

LEMMA 3. The eigenvalues of (12) form a sequence 0 < A, <A, <A;<..., lim4, ==, The

ne—s z

principle eigenvalue A, = 1%/4; it is simple, its eigenspace is spanned by ¢, = sin(1/2)y = 0.



1476 P. KoRMAN

Proof. Substituting

x

w(x,y.2)= 2 uply) ek i
j x

jok=~
into (12), we get
wp + (A= ~kHuy =0 O<y<l,

: (13)
up(0) =0, uwi() +Pup()=0  (-=<jk<=).

Let v,; (n=1,2,...) be nonzero solutions of tan v = ~(v/j?), j # 0. It is easy to see from
(13) that the eigenvalues are (A, = A, ¢ )

Aji =va, +j7+ K on=1,2,...; k=0,1,2,...,

An,o.k=(§+nﬂ> + k2 nk=0,1,2,....

Corresponding (real) eigenfunctions are
(pn./',k = Sin(ln./‘,k _jl - kl)l,'ly (Cl elix+iks 4 Cs e—lfx+ik: + EZ elx—ikz 4 El e—r_:.:—z‘k:),

where cy, ¢, are arbitrary complex constants.

Remark. Let N(4) denote the number of eigenvalues of (12) which are less than 4. Then using
standard techniques (see e.g. Courant and Hilbert, Vol. 1), it is easy to show that N(1) ~
(1/6)2*? for A ~ =. The asymptotic formula is the same for the probiem obtained from (12) by
changing (12a) tou = 0.

Notice that results of his section are parallel to the ones for coercive problems.
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