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Abstract

We study stability and exact multiplicity of positive solutions for
the Dirichlet problem

Au+Af(u)=0 inlz|<l, w=0onlz|=1,

for large values of the parameter A. Under our assumptions all solutions
lie on a unique curve of solutions, with upper branch tending to the
larger root of f(u), and lower branch tending to zero, as A — co.
We show that solutions on the upper branch are stable for large A,
considerably extending the earlier results of R. Gardner and L. Peletier
[4]. For the lower branch, solutions were proved unstable in the same
paper [4]. In the case of one space dimension we extend that result.

In another direction, we use global analysis to study the global
curve of positive solutions of a class of Dirichlet problems on balls in
R™ with explicit dependence on r = |z|

Au—da(r)u+b(r)u? =0 re€(0,1), u=0 whenr =1,
for subcritical constants p > 1.
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1 Introduction

In this paper we study in two directions positive solutions of semilinear
Dirichlet problems on balls in R™. The first direction is the study of exact
multiplicity and stability of positive solutions of the problem

(1.1) Au+Af(u)=0 inljz|<1l, u=0 on|z =1

for the large values of the positive parameter A. Here z € R", n > 1, and
we assumed without restricting generality the radius of the ball to be one.
We assume that f(u) € C2(R.), and it has the following properties

(1.2) f(0) = f(b) = f(c) =0 for some constants 0 <b < ¢,

(1.3) flu) <0 for ue (0,b) U (c, o),
f(u) >0 for u e (b,c),
(1.4) /0 " f(w)du > 0.

We shall denote by v € (b, ¢) the point where [J f(u)du = 0.

In view of the classical results of B. Gidas, W.-M. Ni and L. Nirenberg
any positive solution of (1.1) is radially symmetric, i.e. u = u(r), where
r = |z|. Using the techniques of bifurcation theory one shows that all
positive solutions of (1.1) lie on a unique curve of solutions, with the upper
branch tending to c, and the lower branch tending to zero for r # 0, as
A\ — oo, see P. Korman, T. Ouyang and Y. Li [9] or [8], [15]. Under the
above general conditions on f(u) the solution curve may have many turns,
thus producing multiple solutions at some A's. However, it is natural to
expect that for large A both branches will stop turning, and we will have
exactly two solutions. Similarly one expects that solutions on the upper
branch are stable, while the ones on the lower branch are unstable for large
A. We recall the notion of stability next. For any solution u of (1.1) we
consider an eigenvalue problem

(15)  Aw+Af(Ww+pw=0 infz|<l, w=0on|z|=1

The Morse index of u is defined to be the number of negative eigenvalues of

(1.5). Solution u is called stable if all eigenvalues of (1.5) are positive (and
so the Morse index is zero).




The questions of stability and uniqueness at large A were studied by R.
Gardner and L.A. Peletier [4]. Assuming that

f(u)
1. S
(1.6 —
and n > 2 they proved the above mentioned stability properties of both
branches for large A. (The set up in [4] was a little more general. Also,

surprisingly, for n = 1 a more restrictive condition was needed: %_3% is
non-increasing for all u > b.)

is non-increasing for all u > 7,

In Section 2 we prove stability of the upper branch, replacing the con-
dition (1.6) by a more natural and local condition: there is an a > 0, such
that f'(u) < 0 for all u € (¢ — a, ¢). Moreover, our proof appears to be con-
siderably simpler than the one in [4]. Stability of the upper branch implies
in particular uniqueness of solutions with u(0) close to ¢, for large values
of the parameter A\. The uniqueness part was proved previously by E.N.
Dancer [2], [3] even for more general domains, although these papers had
a slight extra assumption of technical nature. We outline the idea of our
proof next. For large A solutions on the upper branch are close to ¢ ex-
cept near the boundary r = 1. Hence f'(u) < 0 except near r = 1. If we
now assume that solution is not stable, i.e. there is a negative eigenvalue
p of (1.5), then one sees that the corresponding eigenfunction can be as-
sume to be positive and increasing except near r = 1. If we normalize this
eigenfunction [ w?(r, A) dr = 1, then its maximum value must be assumed
increasingly close to 7 = 1, and grow with A. We then derive some differen-
tial inequalities, which show that this is impossible. This line of reasoning
was developed in [9].

The lower branch turned out to be harder to handle. Instead of proving
instability of lower branch directly, we had to settle on proving that for
large X solutions on the lower branch are non-degenerate (i.e. u = 0 is not
an eigenvalue of (1.5)), and then use the degree theory and stability of the
upper branch to show that solutions on the lower branch have index -1,
i.e. they are unstable. In one dimensional case we were able to carry this
out, replacing the condition of non-increasing % by a one similar to what
we had before: there is an o > 0, such that f'(u) < 0 for all u € (0,a).
For the case of n > 1 we state a conjecture, whose proof would generalize
the result of [4]. We remark that E.N. Dancer [2], [2] proved uniqueness
of solutions on the lower branch for a class of symmetric domains under

the same assumption plus a small technical assumption. He also proved




non-degeneracy of the lower branch, but under a stronger condition (see
assumption (iii) of the Theorem 2 in [3]).

In another direction, we study the global curve of positive solutions of
a class of Dirichlet problems on balls in R™, with explicit dependence on
r = |z|

(1.7)  Au—Aa(r)u+b(r)wP =0 re(0,1), u=0 whenr =1,

for subcritical constants p < z—f% forn > 2,and p < oo forn =1,2. We
show that the problem (1.7) has a smooth curve of positive solutions, which
extends without any turns for all A > 0. Allowing coefficients to depend on
r considerably complicates the problem, and so the problems of this type
are relatively little studied. We recall that various uniqueness results for the

problem (1.7) have been given in the well-known paper of M.K. Kwong and
Y. Li [11].

Throughout the paper we consider only the classical solutions. We de-
note by c various positive constants independent of A. Sometimes we will
use subscripts if we wish to distinguish such a positive constant. We shall

use both notations u/(r) and u,(r) for derivatives, and mix them to make
the proofs more transparent.

2 Stability of solutions for large values of the pa-
rameter A\

Positive solutions of our problem satisfy
-1
21) o'+ E—T——u’ FAf(w) =0 re(0,1), «(0)=u(l)=0.

Theorem 2.1 Assume that f(u) satisfies conditions (1.2), (1.3) and (1.4),
and there an o > 0 such that f'(u) < 0 for u € (¢ — a,¢). Then solutions
on the branch tending to ¢ are stable for large A.

Proof: If u(r,)\) is not stable, we can find > 0 and w(r, A) such that

(2.2) W'+ ﬁ;—lw' + A (Ww = pw 7€ (0,1), w'(0)=w(l)=0.

Define = n(\) by u(n) = ¢ — a. Clearly, n(A\) = 1 as A — oo. We have by
our conditions on f(u)

(2.3) fluy<0 for0<r<n.
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Using (2.3), we see from (2.2) that w(r) cannot have positive maximums or
negative minimums on the interval (0,7). It follows that w(r) cannot vanish
on (0,7], and if w is positive (negative) on this interval, it is increasing
(decreasing) function. We normalize fol w?(r,\)dr = 1. Multiplying the
PDE version of (2.2) by w and integrating, we conclude

(2.4) - /r<1 V|2 dz + A /K1 Fluyw?dz — p = 0.

From here we see that there exists a constant ¢ > 0, independent of A, so
that

(2.5) uw<ch forall Alarge.

We can now outline the idea of the proof of the theorem. In (2.4) the first
and the third terms are negative, and the integrand in the second term is
negative, except on the interval (n, 1). It follows that w(r) has to concentrate
on this interval. But we shall show that |w'| cannot grow in A at r = 1,
and at any other root of w(r) in (1, 1), while the length of the interval (n,1)
decreases with A. This will contradict ||w|jz2 = 1.

By (2.3) w(n) # 0, so that we may and will assume that w(n) > 0. By
the above remarks w(0) > 0, and w(r) is increasing on (0,7). Let 6 € (n,1)
be the smallest root of w. Since u(z,\) — ¢, and ug(z,A) < 0, we can find

a constant A independent of ), and a point £ = £(A) near r = 0 (say on the

interval (%,%)), such that |[u”(r)] < A. Multiplying the equation (3.3) by

r™ 14/, and integrating over (0,7), we conclude

u(r)

r2=D £ () du = 0.
u(0)

(2.6) —;-rz(”_l)u'z(r) T2

Define the point 8 € (0,m) by u(8) = b. Since f:(g,())) r2n=D f(u) du <
p2(n—1) f&(ro)) f(u) du, it follows there is a constant c¢; > 0, such that

(2.7) _ W/ (r)| < eev/A  for any r € [0, 1].
Similarly, we see from (2.6) that
(2.8) W/ (r)] > coVA  for any r € [, 1],

for some constant ¢y > 0.




Differentiate the equation (2.1)

v =0.

s n—1, n-
(29) R R =

From the equations (2.9) and (2.2) we conclude
[7"”‘1 (u'w — u'w')]l —(n— 1" 3w + pr" i w = 0.
Integrate this formula over (£, 6), obtaining
(2.10) —0 1! (G)w' (8) + €7/ (§w' (€) — € " (Qw(€)
—(n-1) fg rSulwdr + ufg rlu'wdr = 0.

In (2.10) the first, second and the fifth terms are negative. (w(r) was as-
sumed to be positive before its first root at §.) We can therefore estimate

the absolute value of the first term by the sum of absolute values of the third
and the fourth terms:

(2.11) 6" L/ (O)w'(0) < €™ " (&)|w(é) + (n—1) _/; 30 |w dr.

The first term on the right is bounded by Aw(¢), and hence it is bounded
uniformly in A. Indeed, since w is increasing on (£,7), if w(€) were to
become large at some A, we would have w(r) large over the entire interval
(&,m), contradicting the normalization of w. The second term on the right
in (2.11) we estimate as follows, using (2.7),

0 1 3 /1 3
/ 3 lwdr < 8 (/ u? dr> (/ w? dr) < eV,
£ 0 0

for some constant ¢ > 0. We conclude from (2.11) and (2.8) that for some
constant ¢ > 0 we have

(2.12) |w'(8)] < ¢ uniformly in A.

In view of (2.8) we also have

(2.13) 0—n= O(—L) as A — oo.

VA

Case (i): w has only one local maximum on (n,6). Let 7 be the point
of global maximum of w on (n,6). On (7,6) we have w' < 0. On (7,6)




we introduce a new variable ¢ = 6 — r. In view of (2.5) we then have for
0<t<f—-7< c\/iX

-1
(2.14) w"(t) =w"(r) = —n—r——w'('r) ~Af (ww + pw < cw + ew'(t),
for some constant ¢ > 0 independent of A, and ¢ = Q%‘—l- > 0. We also have
(2.15) w(0) = 0,
and in view of (2.12)
(2.16) w'(0) < c.

We now integrate twice (2.14), using the boundary conditions (2.15) and
(2.16). We have for 0 <t < c%

(2.17) w(t) < eh f§(t - s)w.(s) ds + w'(0)t + € [T w(s) ds
(2.18) < eV Jgw(s)ds + e

Applying the Gronwall’s inequality for 0 < < c%,

w(t) < c\_}._;\.écx/xt < c%,
i.e.

(2.19) w(i) < C%.

This shows that the maximal value on (7, 0) decreases in A.

Case (ii): w(r) has more than one local maximum on (7, ). Aswe continue
the function w(r) leftwards from 7, its largest point of local maximum on
(n,6), we shall encounter a point of local minimum 67, and then the next
point of local maximum at 71, < 71 < 61. We now set £ = ) — 7 on the
interval (71,01). As before inequality (2.14) holds, and this time by what
we have just proved w(0) < c%, and also w'(0) = 0. Integrating (2.14) we
obtain (with ¢; = _7%-_11)

w(t) < e JE(t — s)w(s) ds +w(0) + &1 [y w(s) ds — erw(0)t
< C\/_ng w(s) ds + C_\%'X’

1
and proceeding as before we conclude that w(7;) < c—=. Continuing this

way to other possible points of local maximum, we conclude that the global
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maximum of w on (7,6) is bounded by c%, and the same is true for the
global maximum of w on (0, #), since on (0,7) w has no points of maximum.

If now 6 = 1, i.e. w has only one root on (7,1}, we obtain a contradiction,
since L? norm of w will tend to zero as A — oo (recall that |lw|jr2 = 1).
Otherwise let 8 be the next root of w(r), § < 6 < 1. We may assume that
w > 0 on (0,F). We repeat the argument leading to (2.12), by using 6 in
place 6, and 6 in place of £&. We conclude that |w’ ()| is uniformly bounded.

Then arguing as before we estimate w(r) < C_\/-X on (8,6). Repeating this
argument between any two roots of w(r), we obtain a contradiction with
wlir2 = 1.

We now turn to the one-dimensional problem
(2.20) W+ Af(u)=0 re(-1,1), wu(-1)=u(l)=0.
We shall need the corresponding linearized problem
(2.21) WA (Ww=0 re(-1,1), w(-1)=w(l)=0.

It is well known that the positive solution of (2.20) is symmetric with respect
with z = 0, and then the same is true for any non-trivial solution of (2.21).
(As we recall below any non-trivial solution of (2.21) is positive. If w(z)
failed to be an even function, w(—z) would be a linearly independent solution

of the same problem, which is impossible.) We shall therefore mostly work
on the half interval (0,1).

Theorem 2.2 Assume that f(u) satisfies conditions (1.2), (1.3) and (1.4),
and there is an « € (0,b) such that

(2.22) fl(u) <0 foru e (0,a).

Then for large X\ solutions on the branch tending to zero are non-degenerate,
i.e. the problem (2.21) has only the trivial solution.

Proof: It is well-known that any non-trivial solution of (2.21) does not
vanish inside (—1,1), and so it can be assumed to be positive. (Notice
that w and o' satisfy the same equation, and use the Sturm comparison
theorem.) Assume contrary to what we want to prove that the problem
(2.21) has non-trivial solutions w(z) = w(z, A), for some arbitrarily large A,
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1

which we normalize so that / w?(z,\)dz = 1. Define n = n()) € (0,1)
0

by u(n,A) = a. Clearly, 7 = o(1) as A — oo, since u(z, A) tends to zero

(we shall derive a more precise asymptotic relation below). Using condition

(2.22) and equation (2.21), we conclude that

w”’(z) >0 on (n,1).

It follows that w(z) is decreasing on (7, 1), and hence |w'(1)| cannot get large,
in view of normalization of w. L.e. we can find a constant ¢ independent of
A so that

(2.23) lw'(1)] < c.

Differentiating the equation (2.20), and combining the result with (2.21), we
easily conclude that for all z € [0, 1]

(2.24)  u'w — v'w' = constant = —u/(1)w'(1) = o(1) as A — oo,

using (2.23) and that |u/(1)| = o(1) (since u(z, A) is a unimodular function
tending to zero for all z # 0). Evaluating (2.24) at x = 0, and using the
equation (2.20), we see that

(2.25) =Af(u(0))w(0) = o(1) as A —+ oo.

On the lower branch u(0, A) is decreasing, and hence it is bounded away from
the larger root of f(u). Since u(0, ) is also bounded away from the lower

root of f(u) (as fai(o)f(u) du > 0), it follows that f(u(0,)) is bounded
away from zero, and then we conclude from (2.25)

(2.26) w(0) = o(%) 85 A = o0.

We claim that

(2.27) n= O(—\/—i) as A — 0.

Assuming this for the moment, we show how to complete the proof of the
theorem. Using the equation (2.21) and (2.26), we have

W' < chw on (0,n), w(O)zo(%), ! (0) = 0.




‘We then have

(2.28) w(z) = [5(z — t)w"(t) dt + w(0)
< e [§(z - thw(t) dt + o(%).

Since by the claim (2.27) we have on (0,7): z -t < z < C_\;—X_’ we conclude
from (2.28)

w(z) < C\/):/Omwclt + o(—i—).
By Gronwall’s inequality we then have
1
A
Combining this with the fact that w(z) is decreasing on (7, 1), we conclude

that fol w?dx goes to zero as A — oo, contradicting our normalization,
fol w?dz = 1.

(2.29) w(z) < o )ec‘/xm < 0(—1—) for z € (0,7).

It remains to prove the claim (2.27). Recall that we defined v by
[¢ f(u) du = 0. Clearly we can find a § close toy, 8 < v so that ff f(u)du >

co > 0. Define ¢ € (0,n) by u(¢) = . Since u(0) > «y, we then have for any
u € (a,b)

(2.30) | / O pwdu> / ? Fw)du> co >0,

while for any u € (b, 8)

U

u(0) g
(2.31) / Flu) du > / fw)du> ey > 0.
B
Combining (2.30) and (2.31) we conclude that for any u € (a, )

(2.32) /U(O) fu)du > cg > 0.

U

We now multiply our equation (2.20) by v’ and integrate over (0, z), obtain-
ing

2 u(0)
(2.33) W2 (z) = 2 / o T
In view of (2.32) we have

(2.34) W/ (z)] = V2eeVA  for any z € (€,7).
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Since the function u(z) travels the distance from o to 8 with the speed
estimated from below by (2.34), we can estimate the “time”

(2.35) n—€= 0(%)

as A — 00.

On the interval (0, £) the solution u(z) is bounded away from both b and
¢, and so f(u) is bounded from zero, and hence

(2.36) |u"(z)| > cX  for z € (0,8).

In the formula -
u(z) = / ( — D)u" (£) dt + u(0),
0
we set x = ¢, and estimate, using (2.36)

(2.37) |3 — u(0)] > c,\%2-.

Since |8 — u(0)| = u(0) — 8 < ¢ — B, it follows from (2.37) that

(2.38) ) as A — oo.

£:O(TX

Combining the estimates (2.38) and (2.35), we conclude the proof of the
claim (2.27), and of the theorem.

As an application we have the following result for one-dimensional prob-
lems.

Theorem 2.3 Assume that f(u) satisfies the conditions of both Theorem
2.1 and 2.2. Then the problem (2.20) has exactly two solutions for X suffi-
ciently large. Moreover the larger solution (tending to c) is stable, and the
lower one (tending to zero for  # 0) is unstable, with index —1.

Proof: We only need to discuss the lower branch, since the upper branch
is covered by Theorem 2.1. Since there is only one solution curve, and the
lower branch does not turn for large A, it follows that there are exactly
two solutions for large A. The stable larger solution has index 1, and by
a standard use of degree theory, see [4], it follows that the smaller one has
index —1, and is therefore unstable.

We state the following conjecture.
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Conjecture. Consider the problem (2.1) with f(u) satisfying the condi-
tions (1.2), (1.3) and (1.4). Assume that any non-trivial solution of the
corresponding linearized problem

(2.39) ' + ﬁ;—lw' FAf(@w =0 re (0,1), w(0)=uw(l)=0

is of one sign. Then for large A solutions on the branch tending to zero are
non-degenerate, with Morse index equal to —1. Moreover, the problem (2.1)
has exactly two positive solutions.

R. Gardner and L.A. Peletier [4] have proved the above statement as-

suming that 5&7—% is non-increasing for u > «. Using the work of M.K. Kwong
and L. Zhang [12] it was shown later that this condition implies that any
solution of (2.39) is of one sign, see e.g. J. Wei [15]. The value of proving the
above conjecture is that there are other conditions available for w(r) > 0,
see e.g. [8].

3 A global solution curve for a class of nonlinear-
ities with an explicit dependence on r

We study existence and uniqueness of positive classical solution for the prob-
lem

(3.1) Au+ f(r,u) =0 re€(0,1), u=0 whenr =1.
It follows from [5] that under the condition
(3.2) fr(r,u) <0 forallref0,1)and u >0

any positive solution of (3.1) is radially symmetric, and hence it satisfies

n—1

(3.3) u'(r)+ u'(r) + f(r,u) =0 7r€(0,1), v(0)=u(l)=0.

r

We consider f(r,u) = —a(r)u+b(r)uP, where 1 < p < p*, with p* = %t‘% for
n > 2, and p* = oo for n = 1,2. The functions a(r), b(r) € C?([0,1]) satisfy

(3.4) a(r) >0, d(r)>0, a"(r)>0 forallre[0,1],

(3.5) b(r) >0, (r)<0, V'(r) <0 forallrel0,1].

Notice that these conditions imply (3.2), and so all solutions of (3.1)
are radially symmetric. In [7] we considered the same problem in case of
constant a(r) and b(r).
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We shall need the following form of Sturm’s comparison theorem, taken
from [12]. We consider a differential operator, defined on functions u = u(r)
of class C?

L) = p(r)u” + q(r)u’ + z(r)u,

with continuous coefficients p(r), ¢(r) and z(r).

Lemma 3.1 Assume that on some interval I C (—o0,00) we have p(r) >0
and

L{u] > 0,
while
L{v] <0,

with at least one of the inequalities being strict on a set of positive measure.
Then the function v(r) oscillates faster than u(r), provided that they are
both non-negative. More precisely, assume that u(a) = u(B) = 0 for some
a,f €I, u(r) > 0 on (a, ), while v(a) > 0. Then v(r) must vanish on

(a, B).
Crucial role will be played by the linearized problem for (3.1)

(3.6) Llw] = w"(r) + E—:—lw’(r) + fu(r,w)w=0 re(0,1),
w'(0) = w(1) =0.

Lemma 3.2 Under the conditions (8.4) and (8.5) any non-trivial solution
of (3.6) cannot vanish ezactly once on (0,1).

Proof:  Let u(r) be a degenerate solution of (3.3), i.e. (3.6) has a non-
trivial solution w(r). We shall use a test function v = ru, + pu with a
constant /4 to be specified. One easily checks that v(r) satisfies the equation

(3.7) Llv) = p(fuu— f) = 2f —rfr.
The sign of the function L[v] is governed by the function p = j(r), where

» . _ 2f Tfr
(38) ) = =7 " Tt

Indeed, L[v] > 0 (< 0), provided that j(r) < p (> p). (Observe that
fuu — f > 0.) For our nonlinearity f(r,u) one easily computes

) = 98() iy Ly 1) 1y TV ()
(69 -1 =252 T e
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One checks that under our conditions j'(r) < 0 for all 7 € (0,1), and hence
j(r) is a decreasing function. We claim next that

(3.10) £(0,u(0)) > 0.

Indeed, writing f(r,u) = u(—a(r) +b(r)uP~t), we have in the brackets
a decreasing function. If inequality (3.10) was violated, we would have
f(r,u(r)) <0 for all ». Then multiplying the PDE version of our equation
(3.3) by v and integrating over the unit ball, we obtain a contradiction. It

follows that 2£(0,u(0))
10 = T2 10w )

Since j(r) tends to —oo near r = 1, it follows that j(r) changes sign exactly

once on (0,1), say at r = 7. Clearly, j(r) > 0 for r € [0,7), and j(r) < 0 for
r e (7,1).

> 0.

Assume contrary to what we wish to prove that the function w(r) van-
ishes exactly once inside (0,1), and denote by 7 the root of w(r). We claim
that

(3.11) T <7

Indeed, assuming that on the contrary = > 7, we select a test function
v(r) = ru,, i.e. we are choosing p = 0. Then v(r) < 0 for all r, while
L[v] > 0 for r > 7 (from (3.7) and (3.8) we see that L[v] equals j(r) times
a negative factor). It follows that v oscillates faster than w on the interval
(7,1), and hence it has to vanish on this interval, a contradiction, which
proves (3.11). We now fix our test function v(r) = ru, + pou, by choosing
po = j(7) > 0. On (0,7) we have j(r) > po, and hence Ljv] < 0. Similarly
on (7,1) we have L{v] > 0.

Arguing similarly to M.K. Kwong and L. Zhang [12], we now examine
the function v(r). On the interval (0,7) v(r) starts positive, and while it
stays positive it oscillates faster than w(r). Hence v must have its first root
at some o < 7. After passing o, v becomes negative, and hence it oscillates
slower that w. Hence v can have no roots on (o, 7], and so v(7) < 0. On (7,1)
v oscillates faster than w, while it stays negative. Since w(7) = w(1) =0,
v(r) cannot stay negative on (7,1), it has to have its second root on that
interval, say at £. Across £ v(r) has to change sign, since otherwise for the
equation L{u] = 0 we would have a subsolution v(r) touching from below
a zero solution, which is impossible. After £ v(r) is positive, it oscillates
slower than w, and so v cannot have any more roots. Hence v(1) > 0. On

14




the other hand, v(1) = u,(1) < 0, a contradiction, proving that w(r) cannot
vanish exactly once inside (0, 1).

Remark. The lemma still holds if a(r) = 0. This time j(r) does not
necessarily change sign. If it does not, i.e. j(r) stays positive on (0,1), we
set pg = j(7), and proceed exactly as before.

Lemma 3.3 Under the conditions (3.4) and (3.5) any non-trivial solution
the problem (8.6) has to vanish at least once.

Proof: Since fyu — f > 0 for all 4 > 0 and r € (0,1), this follows by
Sturm comparison theorem, when comparing the equations (3.3) and (3.6).

Combining Lemmas 3.2 and 3.3, we conclude that any non-trivial solu-
tion of (3.6) has to vanish at least twice.

Lemma 3.4 Assume 1 < p < p*. Under the conditions (3.5) the problem
(3.12) Au+b(r)u? =0, re(0,1), u=0 forr=1
has a positive solution, with the Morse indexr equal to one.

Proof: In case b(r) is equal to a positive constant this lemma is known,
see e.g. Korman {7]. We now consider a family of problems

(3.13) Au+ [vb(r) + (L =v)b(D]|ufP =0, re(0,1),

u=0 forr =1,

depending on a parameter v, 0 < v < 1. By maximum principle any non-
trivial solution of (3.13) is positive, and hence radially symmetric. When
v = 0 we have a unique positive solution, whose Morse index is one, i.e. the
corresponding linearized problem has exactly one negative eigenvalue. It is
also known that this solution is non-degenerate, i.e. the second eigenvalue of
the linearized problem is positive, see [13]. As we vary v, solution of (3.13)
varies continuously, and so do the principal eigenvalue and eigenvector of the
corresponding linearized problem, until we reach a degenerate solution. At
a degenerate solution zero is an eigenvalue of the corresponding linearized
problem, and by continuity it has to be either first or second eigenvalue.
If it is first, then the corresponding eigenfunction is of one sign, which is
impossible by Lemma 3.3. If zero is the second eigenvalue, corresponding
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eigenfunction vanishes exactly once on (0, 1), which is impossible by Lemma
3.2 (see the remark after it). We conclude that no degenerate solutions are
encountered, and at v = 1 we conclude the lemma.

We are now ready for the main result of this section.

Theorem 3.1 Assume 1 < p < p*. Under the conditions (3.4) and (3.5)
the problem

(3.14)  Au-—Aa(r)u+b(r)uP =0, re(0,1), u=0 forr=1,

has a smooth curve of positive solutions for all A > 0. This curve admits no
turns, and the Morse index of any solution on this curve is one.

Proof:  We begin with the unique positive solution at A = 0. Since this
solution is non-singular, we can continue it for small A > 0 using the implicit
function theorem. We claim that solutions on this curve stay non-singular.
Indeed, by Lemma 3.4 at A = 0, zero lies between the first and second
eigenvalues of the corresponding linearized problem. If a singular solution
appears on the curve, it means that zero is now an eigenvalue, and it is
either the first or the second one. It cannot be the second one, since then
the corresponding eigenfunction satisfies the linearized equation (3.6), and
it vanishes exactly once on (0,1), which is excluded by Lemma 3.2. If on
the other hand, zero is the first or principal eigenvalue, then the nontrivial
solution of (3.6) is of one sign, and we may assume that in fact w(r) > 0 on
(0,1). But this leads to a contradiction by Lemma 3.3.

Since solutions on this curve cannot go to infinity at a finite A > 0 by a
routine modification of the result of B. Gidas and J. Spruck [6], it follows
that this curve continues without turns for all A > 0.
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