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1. INTRODUCTION

We study existence of solutions for a fully nonlinear noncoercive elliptic
problem

u,—Fu,.=p(x, z,u,u,), y=1,
f(x,y, z, u, Du, D*u) =g(x, y, z), 0<y<l, (1.1)
u=20, y=0.

Here the functions f, g, and p are assumed to be 2n periodic in x and z, F is
a positive constant, and we are looking for a solution u(x, y z), which is
also 2z periodic in x and z.

The boundary condition at y=1 (with F<0) arises in the three-
dimensional water wave theory (see M. Shinbrot [10]), and also in the
engineering problem of “hydraulic fracturing” of oil wells, see J. R. Canon
and G. H. Meyer [2, 7]. Mathematically, the model problem (1) is of
interest, since it represents one of the simplest noncoercive elliptic problems
(i.e., the Lopatinski-Shapiro condition fails, see [4]) for which there is no
general theory.

The field of fully nonlinear elliptic equations has recently attracted a
great deal of attention (see, e.g., a recent paper of G. M. Lieberman and
N. S. Trudinger 6] and the references therein to other work of the same
authors as well as that of L. Evans, N. Krylov, P. L. Lions, and others). It
appears that the case of second order boundary operators is not well
studied, particularly for noncoercive problems.

We present an existence result for (1), which extends the one in [3],
where we had considered the equation du=f(x, y, z, u, Du) with the same
boundary conditions. The main difficulty for the fully nonlinear case lies in
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the derivation of suitable a priori bounds, which had to be performed in a
way completely different from [3].

2. NOTATION AND THE PRELIMINARY RESULTS

We consider functions of three variables x, y, z which are 2z periodic in
x,z and 0< y <. By ¥V we denote the domain 0 < x, z< 2%, 0<y<1;its
boundary we denote by @V and the top (y = 1) part of the boundary by V,.

We shall also denote

ff= J.:n Ll LG f(x, y, z)dx dy dz,

j, f= f:“ f:” 1% 1, 2) dx dz.

It is often convenient to demote x,=Xx, x,=y, x3=2z u,=0du/ox,
uy, = 0%u/0x, 0x,.

By ||-|l,, we denote the norm in the Sobolev space H™(V’), and by |-| .
the one in H™(V,). We shall also need the norms

|f|N= Z |Daf|Lx(y), N=integcr>0.

la) s N

All irrelevant positive constants independent of unknown functions we
denote by ¢; Du= Vu, D*u the Hessian of u.
We shall need the following relations between our norms (see [4]).

LeMMA 2.1. For any integer m 20 and any ¢ >0 one has

@) Mol <lvlmers
(i) Nollm<evlmes+ce) [vlos
(iii) Mol <& vl +cle) [vllo,

(iv) vl <ello,lln + cle) vl

The following lemma is taken from [8].

LEmMMA 22. Let ¢(x, y,z,v) be defined in Vx{v=(v,..,0,) in
lo|g=3%"m ,vi<c?}. Assume that ¢ possesses continuous derivatives up to
order m which are bounded by c. Then we have

l8(x, y, z, v)ll,, < e(lfoll,, + 1),

provided that ve H™ and |v|, < c. (We denote ||v]|2, =", [vl2,.)

i=
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We define a linear normed space G™ as a subset of functions in H™(V)
for which u(x, 0, z)=0 and

Waell = Naall o + Nt ll - 1 < 0.

LemMma 2.3, The space G™ with the norm ||-|l,, is a Banach space,
provided m = 3.

Proof. To prove completeness, let {#"} be a Cauchy sequence in G”,
ie, llu"—uf|,,+u.—u?|,,_,—0 as r, p— co. It follows that " - u in
H™(V) and ', —> v in H"~}(V,) for some ue H™(V) and ve H" (V). It
remains to show that v =wu,. Indeed, both functions are continuous and

lo—udo<llo—ulllo+llu—ud, -0 as r—oo.

3. A PrioR1 ESTIMATES AND EXISTENCE RESULTS

We now present the existence result for fully nonlinear equations. In the
following lemmas we first derive a priori estimates and discuss the
solvability for the linearized problem. Then we use the contractive mapping
principle to prove existence for the nonlinear problem. Throughout this
section summation in i, j=1, 2, 3 is implied.

Lemma 3.1. Consider the problem

u,—Fu, —ru.~ru=g, y=1,
Lu=a;u;+au+au=f, O<y<l, (3.1)
u=0, y=0.

Assume that ayx, y,z), adx, y,z), a(x,y,z), r{x,z) are C°(V),
a<0,r,<0, F=const >0, and a;&,&;=cq |E|? for all E€R?, E#0, ¢4>0
(i, j=1,2,3). Then

lulo < c(1f1o+ 18lo). (3.2)

Proof. Let v = du+|flo¥(y)+Iglo¥a(y), where 1 (y) =
b(l—e " —Aye "), Y,(y)=d(1—e~"), with constants b, d, A, u to be
determined. (Note that ¥, ¥, >0.) Compute

Lv=+f+|flo L, +1glo L3,
Lll/l - —blleixy(azzi_a2+azei(y7l))+a|//1,
L, = —dpe " (app—ay) +ay,.
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Since a,,>c,>0, we can fix A so large that a,A—a,+a,e?? "1V >0,
and then take b large, so that Ly, < — 1. Also we can pick u so large that
Ly, <0. Then

Lv< +f—|flo<0, O<y<l (33)
At the boundaries y=0 and y=1 we have
v=0 at y=0, (34)
v,—Fo—rivo,—rv=1g+|glodue™"
= | flo¥i(1) —ra 18lo¥2(1) 20 at py=1, (3.5)

provided d is taken sufficiently large.

From (3.3) to (3.5) it follows that v=0. (By (3.3) v cannot assume a
negative minimum except possibly on the boundary of the strip 0<y < 1.
The point of negative minimum P cannot lie on the y =1 part of the boun-
dary, since then v, (P)<0 by Hopfs lemma, and v, (P)>0, which con-
tradicts (3.5). Hence the minimum of v is zero.) Then |uf,<b |f|,+d|glo-

Remark 3.1. The same result holds for the problem (3.13) below.

LEMMA 3.2. In addition to the conditions of Lemma 3.1 (without the
condition a<0) assume that |ayls, 1y, layll,, 1alm, lall., lrd.<c
with integer m=20 (i, j=1, 2, 3). Then

letll s 2+ Nttclln 4 1 S CULS N+ UGN 1 + Nl o). (3.6)

Proof. To simplify the presentation we shall assume that a;=a=r, =0,
F=1(i=1,2,3).

Step 1. Multiply the equation in (3.1) by u and consider two cases.

(i) a; # axp, eg, i#2 Then [auu;, = —fauu —{a, uu,
(a;,=(8/0x;)ay).

(i) !azzu“y,y = —_f azzui - IaZZ.yuuy + i[' axuu,; L auu, =2
j.: apnu(uy, + riu, + g) = —I: ayu? + %L Ay xx U — %L (0/06x)(azri)u
+ f, anug.

Combining both cases (i) and (ii), we get
3 3 1
-y fa,juiuj— Y Ja,-j_,-uuj—j a22u§+—J‘ Apo cx
iLj=1 ij=1 t 2 ¢

—%f’;} (a22rl)u2+J; azzug=ffu'
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By our assumptions and Lemma 2.1 we easily conclude

j|Vu|2+juisc(ff2+£g2+[u2\). (3.7)

Step 2. Multiply the equation in (3.1) by u,, and consider two cases.

(i) a;#ay,eg, i#2. Then (u au; = —[uga,u — [ ua;u
= [auguy + §uga; u; — [ua;u.

(1!) s uxxa22uyy = _5 uxxya22u - s a22 yuxxu) + S ApU, U y’
_j‘uxxyaZZuy = 5a22uiv + ja22 vuxvuw_‘.anuxx y = ta22uxx(uxx + ryuy

+g) = L aZZuix - zj 6/6x)(a22r1)u _[ Ay U8 — jla22uxgx'
Combining (i) and (ii) we get

3

Z jaijuxuxj Z JayluXYu+ Z J l]x x1 _]

Lj=1 ij=1 Lj=1
2 1r0 2
+j aApUL,—3 _[ = (a22rl)u.x_J azz,xuxg_f ApU, 8= ff“xx
t 20, 0x ' '

from which we easily conclude, using (3.7),
[ 1V + [ w2 < el + 1713+ lul3). (38)

Similarly (multiplying the equation by u,, and using Lemma 2.1(iv)), we
get

J 1V 4 | < el + 1713 + ) (39)

(The only significant difference is in the treatment of term

J AU Uy = —j aZZ,xuxuzz —'[ AU Uy,
t 1 14

— 1 2 2
- f a22,xzuxuz ) J‘ aZZ,xxuz +J. ax; us,
' ¢ 1

2
__j a22 zzux >
H

From Eq. (3.1) we express u,, = —(a;/ad)u;+f/a,, which allows us to
estimate j'uiy. Combining this with (3.8) and (3.9) we conclude (3.6) with
m=0.
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Step 3. Differentiate (3.1) in x or z, denoting the derivative by a prime:

u_’v—u;x—rlu;zg’_kr’lux, y=15
a’.ju:,j=f’—a;juij, O<y<l, (3.10)
ul:O’ y:O_

Applying the estimate (3.6) with m =0, we get
lw'll2+ el <cUlfll+ lTglla+ llullo) (3.11)

(since layu,llo< layl, lullo, Thmdy <c lryl, Tulll,). From (3.1) we express
u,,, =(0/0y)(f/ay,) — (0/0y)(a /a)u;), which together with (3.11) gives
I, llo < c(l SN+ llgllz+ lullo). Combining this with (3.11), we conclude
the estimate (3.6) with m=1.

Step 4. We proceed with an induction proof, assuming that (3.6) holds
up to an index m > 1. We use that | fgll,. < || f1l,. gl for m>n/2, where n
is dimension of the space (n=3 for V, n=2 for V,). Applying (3.6) to
(3.10) we estimate for m> 2,

”u(”m+2+ ||u;c“m+1<c(”f,“m+ ||a£;||m ”uij“m

AN Tt Tl s A 18 s ) S EUS Vst + 18l 2+ 2l o)-
(3.12)
For m =1 the same inequality (3.12) is true, since

lajuglls < lagly lull s <c(I 1+ 1 gll2 + lullo)-

From (3.1) we express D7 *3u= D7+ (f/ay)— Dy *((ay/ax)uy). Then
using (3.12) and Lemma 2.2 (note that all derivatives of ¢=1/u are
bounded for u = ¢y) we estimate

a;

az

ay

+

m+1

IID'y"”ulloé‘ p

m+1
<claplmei 1 lmar+elaghme Haanllme Netiilln v 1

Selfllms s+ 181+ 2+ lullo)-

Combining this with (3.12), we obtain the estiate (3.6) for m+ 1, com-
pleting the proof.

LeMMA 3.3. In addition to the conditions of Lemma 3.2 assume that
a<0, m=2, then

“u”m+2+ Iluxxllm<C(|[f||m+ ”g||m+1)
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Proof. By Lemmas 3.1, 3.2, and the Sobolev’s imbedding theorem, we
conclude |lullo<c |ulo<c(iflo+|glo) <c(lfm+ 1 &Hm)-

LemMMAa 34. In addition to the conditions of Lemma 3.3 assume that
fe HXV), ge H*(V,). Then the problem (3.1) has a unique solution of
class G*.

Proof. For 0<t<1 consider the problem

u,—Fu, —triu, —tru=g, y=1,
taju;+ (1 —1t) Au+tau; + tau =, O<y<], (3.13)
u=20, y=0.

For t =0 the problem (3.13) has a solution of class G*, as can be seen by
simple Fourier analysis. We show next that the set of ¢ for which the
problem (3.13) is solvable is both open and closed in [0, 1], which will
imply existence for (3.1) by setting t=1 (uniqueness follows by
Remark 3.1). The openness part easily follows by the contractive mapping
principle. Assume now that for a sequence {t,} with ¢, - ¢, problem (3.13)
has a solution u, € G*. By Lemma 3.3 |u,| 4 <c, and hence we can extract a
subsequence which converges in H*(V) to some ue H*(V). Passing to the
limit in (3.13) (with r=1¢,, u=u,), we see that u is a solution of (3.13)
corresponding to ¢=t,. Moreover, ue G* by Lemma 3.3.

THEOREM 3.1. For the problem (1.1) assume that F>0, f, q, and p are 2n
periodic in x and z, and the following conditions.
(i) In Vx{lul,<r} we have f(x, y,2,0,0,0)=0, fe C}(Vx R?),
fu(xa Y, 2, 0’ 0’ 0)<05 and .fu,-jéiéj> Co Iéiz for a” 56R39 5 #0’ for some
constants r, ¢, > 0.

(i) In V,x{lul,<ro} we have p(x,20,0)=0, peC*V,xR?),
p.(x, 2,0,0)<0 for some constant r,> 0.

Then for |q|l, sufficiently small the problem (1.1) has a solution of class
C*(V).
Proof. Define a map T: G* - G* by solving (v= Tu)

v, —Fv 1o, —ro=p(X, z,u, u, ) —riu,—ru, y=1,
a;v;+a,v;,+av
=q—f(x, y, z, u, Du, Dzu)+a,~ju,»j+a,-u,-+au, O<y<l,

v=0, y=0,
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where r;=p,(x,2,0,0), r,=p,(x,20,0), a; =fu(%, ,2,0,0,0), a;=
fu(%,,2,0,0,0), a=f,(x, y,20,0,0). By Lemmas 3.3, 3.4, and 2.2 the
map T is well defined. It is straightforward to show that T is a contraction
on sufficiently small balls around the origin in G*, provided [/¢|, is small
enough (see [3] for a similar argument).

Remark 3.2. Under the additional assumption that f, <0 and p,<0
for |u|, small, it is easy to prove uniqueness of the sufficiently small
solution.

Remark 3.3. Theorem 3.1 implies existence of a solution for the
problem Lu=a,u;+a,u;+ au=¢f(x, y, z, u, Du, D*u), 0 <y <1, with the
boundary conditions of (1.1), provided ¢ is sufficiently small (with a,, 4,, a
satisfying conditions of Lemma 3.3, f that of Theorem 3.1, £, = 0). Indeed,
writing g(x, y, z, u, Du, D*u) = Lu—e¢f+ef(x, y,2,0,0,0) = &f(x, y, z,
0,0, 0), we see that g(x, y, z,0,0,0)=0, and Theorem 3.1 applies.
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