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Abstract

For a class of oscillatory resonant problems, involving Dirichlet
problems for semilinear PDE’s on balls and rectangles in R™, we show
the existence of infinitely many solutions, and study the global solu-
tion set. The first harmonic of the right hand side is not required to
be zero, or small. We also derive asymptotic formulas in terms of the
first harmonic of solutions, and illustrate their accuracy by numerical
computations. The numerical method is explained in detail.
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1 Introduction

We study multiplicity of solutions for semilinear equations with linear part
at resonance, a direction of research initiated by the classical paper of E.M.
Landesman and A.C. Lazer [14]. Several classes of oscillatory resonant prob-
lems on balls and rectangles in R™ are considered. Our focus is on the ex-
istence of infinitely many solutions, which we establish by studying global
solution curves. Our results are supported by asymptotic analysis and nu-
merical computations, and they extend related research in [1],[2],[16],[17].



Next we describe one of our main results, and the approach used. Let
B be the unit ball in R?, z? + y? < 1. For a class of oscillatory resonant

problems, with h(u) = y/usin [ln (u% + 1)} and 7 = /2% + 92,

(1.1)  Au+ Mu+ h(u) =g(x,y) = prp1(r) + e(z,y) for x € B,
u=0 on 0B

we show the existence of infinitely many solutions for any g(x,y) € L?(B)N
C*(B), o > 0. Here Au = ugy(x,y) + uyy(z,y), while (A1, p1(r)) is the
principal eigenpair of the Laplacian on B, with zero boundary conditions,
w € R, e(x,y) € o in L*(B), and e(z,y) € L*(B) N C%(B), for some
a € (0,1). The function e(x,y) is not assumed to be radially symmetric.
Decompose solutions of (1.1) as u(z,y) = &11(r) + U(z,y), with & € R
and U(x,y) € @i in L?(B) (similar decomposition is used throughout the
paper). We prove that the solution set of (1.1) is exhausted by a continuous
solution curve (u(z,y), 11)(&1) parameterized by & € R, and a section of
this curve p1 = pq(&1) oscillates toward +oo as £ — oo, see Figure 1 below.
We find this result to be rather surprising. A more typical behavior is that
u1(&1) — 0 as & — oo. The choice of nonlinearity h(u) was dictated by
rather restrictive conditions that we needed to impose to obtain a continu-
ous curve of solutions. For more natural nonlinearities we can only assert
the existence of a continuum of solutions (as in the case of (1.3) below),
and in some cases we have to rely on the numerically produced solutions
curves (e.g., for (1.2) below), for which we can still derive accurate asymp-
totic formulas. In dimension n = 1 a similar result was proved in [12] for
h(u) = uPsinu, 3 < p < 1. We remark that solution curves of the form
(u(z,y), u1)(&1) appeared previously in R. Schaaf and K. Schmitt [17].

For a model resonant problem

(1.2) Au+ Mu+usinu = pyp1(r) + e(z,y) forx € B,
u=0 on 0B

we provide asymptotical and computational evidence, as well as heuristic
justification of the following conjecture: there exist two numbers 0 < a < A
so that the problem (1.2) has infinitely many solutions for u; € (—a,a),
there are at most finitely many solutions for p; outside of (—a,a), and no
solutions exist for |ui| > A. A similar situation occurs for rectangles in
two dimensions. The existence of infinitely many solutions for an interval of
u1’s (bounded or unbounded) is a new, and actually a rare phenomenon (as
evidenced by the results of this paper, including numerical computations).



For the problem (1.2) on balls and rectangles in dimensions higher than two,
and for “most” other nonlinear terms, infinitely many solutions occur only
at p; = 0. The restriction to the case p; = 0 is common in the literature, see
e.g., [1], [4], [5], [16], [17]. The nonlinear term in (1.2) occurred previously
in [8], in connection with the oscillatory bifurcation from infinity.

The problem (1.2) can be seen as a limiting case of another model prob-
lem

(1.3) Au+ Mu+ uPsinu = pip1(r) + e(x,y) for x € B,
u=0 on JdB,

with p € (0,1), to which the well known results of D. Costa et al [1] apply

at p; = 0 (the results of [1] hold for more general domains), see also [16].

It follows from [1] that for u; = 0 the problem (1.3) has infinitely many
u

solutions, and moreover — 1(r) for large solutions. We derive a

maxpg u
rather precise asymptotic formula for u; = (&) in case |£;] is large, and

this formula tends to be accurate for small |£;] as well. The nonlinear term
usinwu in (1.2) has linear growth at infinity, while (1.3) requires sublinear
growth and is related to the result in [1].

In addition to balls in R?, we obtain asymptotic formulas and perform
computations of solution curves for rectangular domains, and for radial so-
lutions on balls in any dimension.

In the last section we use a similar continuation approach to obtain
solutions of nonlinear algebraic systems. A “toy example” at the end of the
paper shows how this computation can be done.

2 Global solution set for a ball in R?

Let Jy(z) be the Bessel function of order zero, with Jy(0) = 1, and denote
by v1 > 0 its first root, v1 = 2.405. The principal eigenpair of the Laplacian
on the unit ball B € R? is \; = v ~ 5.78, p1(r) = coJo(v1r) with r =
V2 + y2, with ¢y chosen so that

1
/ ©3(r) dedy = 271'63/ JE(r)rdr =1,
B 0

which is

(2.1) Co 1

\/277 fol Jg(vir) rdr

~ 1.09.
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Observe that ¢1(0) = c¢g. We shall also need the second eigenvalue As.
Recall (see e.g. [15]) that the eigenvalues of the Laplacian on B with zero
boundary condition are A, ,, = a%m (n=0,1,2,..;m=1,2,...) with the
corresponding eigenfunctions J, (o, ;1) (o cos nf + Fsinnf), where a, p, is
the m-th root of J,(z), the n-th Bessel function (o and [ are arbitrary
constants). One calculates Ao = a%l ~ 14.62, with a11 ~ 3.83, and 2 =
Ji (a117) (cos@ + Bsind). The principal eigenvalue is simple, while all
other eigenvalues have multiplicity two, because any two Bessel functions
with indices different by an integer do not have any roots in common, see
G.N. Watson [18].

Let us now recall the following result from [10] and [12]. It deals with
PDE’s on a general domain ) C R"

(2.2) Au+ h(u) = pre1(r) +e(z) forx € Q, w=0 on 0N.

Here z € R", r = |x| and (A1, ¢1(7)) is the principal eigenpair of the Lapla-
cian on €, with zero boundary conditions, j; € R, e(z) € ¢i in L?(Q2), and
e(xr) € C*(Q) N L3(Q), for some a € (0,1).

Theorem 2.1 For the problem (2.2) assume that h(u) € C*(R), f(z) €
L*(9), and
(2.3) h'(u) < Xa — A1, forallu€ R,

(2.4)  |h(u)| <7ylul+e, with0<y<A—A;,c>0, andu€R.

Then the solution set of (2.2) consists of a continuous curve (u(x), p1)(&1)
parameterized by &1 € R.

The following lemma extends a similar result in [12]. Recall that solu-
tions of (2.2) are decomposed as u(x) = &1¢1(r) + U(x).

Lemma 2.1 In the conditions of Theorem 2.1 assume that limj,|_ huz) _

u

0, uniformly in z € R. Then as & — +o0o, the solutions of (2.2) satisfy
% — @1(z) in HY(Q) (and also in L*(Y)). Moreover, if h(&1u) = O (|&1]P)
as |§1] — oo uniformly in u € R, then ||U(z)||g1q) = O (|£1|g) as |&] —
0.

Proof: By Theorem 2.1 we have a solution curve (u(z), u1)(&1). From

(1.1)
AU+ MU + h(&io1 +U) = i1 +e.



Letting here U = &V, obtain

h |4
AV Ay = MElet V) me

&1 &1 &1
Multiplying by V' and integrating, we conclude that [, [VV|?dz = O (|&[P71),
as £ — oo, and the lemma follows (since V' L ¢ in L?(Q), obtain

Next we present one of our main results.

Theorem 2.2 There exist h(u) € C?(R) for which the problem (1.1) has in-
finitely many positive solutions or any g(x,y) € L*(B) N C%(B). Moreover,
all solutions of (1.1) lie on a continuous solution curve (u(x,y), u1)(&1), and
u1(&1) oscillates toward oo, as & — +00.

Proof: We exhibit h(u) satisfying the conditions of Theorem 2.1, for which

w1 (&) oscillates toward +o0o, as £ — +oo. Take h(u) = y/usin [ln (u% + 1)]

for u > 0 (observe that h(u) € C2[0,00) and h/(u) < 1 for u € [0, 00)), then

extend h(u) arbitrarily to (—oo,0) so that h(u) € C?(R) and the condi-

) , sin [ln(uZ +1)}

tions (2.3) and (2.4) hold. Calculate (for u > 0) h'(u) = — =t
)]

3u cos [ln

ey

, and one of the anti-derivatives of h(u):

H(u) =

(uz + 1) (sin [ln (u% + 1)} — cos [ln (u% + 1)})
= %(uZ —|—1)sin [ln(u%—l—l) —%} .
Multiply the equation in (1.1) by ¢; and integrate over B:

wl»—\

(2.5) p = /B h(§1p1+Ul(x,y)) o1 dedy.

1
Since [|U(z, y)|lr2z) = O(&f') by Lemma 2.1, and [|[W(§1p1 + U)l|r2m) =
O(-) as & — oo, we have by the mean-value theorem

2

1

[|h (&1 +U) = h(&1p1) 22y = o(1) .



Then (2.5) becomes

1
(2.6) pi(&) =2 [ h(@engardr+o(L).

Denoting f(r) = T;’il((:)), and integrating by parts (using ¢1(0) = ¢g)
1

(2.7) /1 (6’1901)9017”07/7"—5 / f(r)—H (§1p1) dr

/ f'(r)H (&1¢1) dr — g_f( JH (coé1) -

The second term on the rlght oscillates toward +oo as £ — oo with the

1

amplitude approaching 3 22 | f(0)[&7. We show next that it dominates the
first term on the right in (2.7). A computation shows that f’(r) > 0 for
all » € (0,1), and hence the ﬁrst term is estimated in absolute value by a

3

quantlty approachlng Co 51 fol f'(r)Jg (vir) dr. Calculate f(0) = i}/ggg =
1

—2, so that [ f(0)] = —2 ~ 0.34. (From ¢} + 1) +v2p1 = 0, it follows that

2¢(0) = —12¢1(0).) Another computation shows that [ f’(T)JO% (vyr)dr =
0.1, so that the second term dominates in (2.7). Since g(z,y) € C“(B) the
convergence % — 1(r) is in C?(B) by the elliptic regularity. It follows
that u(z,y) > 0 for large &1, and hence it satisfies (1.1) with the original h(u)
(before the extension). We conclude that for any g(z,y) € L?(B) N C*(B)

the problem (1.1) has infinitely many positive solutions. &

In Figure 1 we present an approximation of the solution curve pu; =
p1(&1) for the problem (1.1), with h(u) = /usin [ln (u% + 1)}, computed
using the formula (2.6). We were able to perform computations on very
large intervals (along both &; and p; axes), and to make the resulting picture
manageable a logarithmic scale is used for both & and py. (Log denotes the
natural logarithm in Mathematica. Note that the curve in this presentation
is not continuous. It only appears so, since all values with |u| < 1 have
been omitted.) The result is the solution curve oscillating toward +oco. In
Figure 2 we show the same curve in the original (&3, p1) coordinates. It is
not apparent from that picture that (&) — +oo as & — oo, since p1(&1)
keeps the same sign on large, and ever increasing intervals.

There are other h(u) which can be handled similarly (including Mathe-
matica being able to calculate the integral H(u) in elementary functions).
We mention h(u) = usin [In (u? + 1)] and h(u) = sin [In (u + 1)].
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Figure 1: The solution curve py = p1(&1) of (1.1), oscillating to +oo. Values
with |p1| < 1 are not shown.
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Figure 2: The solution curve p; = p1(&1) of (1.1) for & € (0, 1000)



Next we turn to more “natural” nonlinearities h(u).

Theorem 2.3 If 0 < p < 1 there is a continuum of solutions of (1.3)
(u(z), u1)(&1) parameterized by the first harmonic §& € (—o0,00). Along

this continuum, limg, 400 p1(§1) = 0. Moreover, the asymptotic formula
(2.10) below holds.

Proof:  The existence of a continuum of solutions of (1.3) (u(z), u1)(&1)
parameterized by the first harmonic & € (—o0, 00) follows by the result of
R. Schaaf and K. Schmitt [17], which was based on E.N. Dancer [3], see also
P. Korman [12]. By the Lemma 2.1 and elliptic regularity it follows that
&% — 1 in C%(B), as |&1]| — oc.

We now derive an asymptotic formula for pq(£1). Multiply the equation
(1.3) by 1, and integrate over B, then use Lemma 2.1 and elliptic regularity

(2.8) 1 = [puPsinu g dedy = f027r fol uP sinu 7 dr df
= 2n¢f o @ sin (€1p1) mdr + o(&F) .
Integration by parts gives

1
*T’rd

! p+1 . _ Ly a
(2.9) /0901 sin (1) rdr = ) ao dr[ cos (&1¢1)] dr

L 1
= —ég(r) cos (&11) |, + 61_1/0 g'(r) cos (&) dr,

+1
where ¢(r) = gozl;, ". Observe that g(1) = 0, while

1

ro cg+1 208

g(0 =& lim = = —
O)=co™ Iy ooy = iy ~ v

5
1
(From ¢ + Lo} + vy = 0, it follows that 2¢/(0) = —cov?.) Hence

1 2¢P
—g(r) cos (€rpn) || = — 20001

"
One checks that ¢'(r) € C|0,1] is a bounded function. It follows that the
oscillating integral fol g'(r) cos (&1p1) dr is o(1). From (2.8)

4P cos oy _
(2.10) m=——1—5 +o(&7)
1




Figure 3: The solution curve p; = uq(&1) of (2.11), compared with (2.10)

It follows that pq(&1) — 0 as & — oo, concluding the proof. &

Remark In limiting case p = 1 the formula (2.10) (while not rigorously
justified) indicates that pq(&;1) is asymptotic to a multiple of cos &1, sug-
gesting that there is a py > 0 so that for |u| < p the problem (1.3) has
infinitely many solutions. The same conclusion is supported by our numer-
ical computations, including the following example.

Example We computed the solution curve 3 = (&) for the following
example, with the linear part at resonance,

(2.11) Au+ Mu+usinu = pyp1(r) + zy for (z,y) € B,
u=0 on 0B.

Observe that [ zy p1(r) dedy = 0. The solution curve pu; = pi(§1) (solid
line) is presented in Figure 3. Notice an excellent agreement with the asymp-
totic formula (2.10) (dashed line).

Example We computed the solution curve pu; = (&) for an example of

(1.3), with p = 3,

(2.12)  Au+ Mu+ u? sinu = p1o1(r) + 22y — 3xy* forx € B,
u=0 on JB.

Observe that [ (z%y — 3zy*) ¢1(r) dzdy = 0. The solution curve py =
u1(&1) (solid line) is presented in Figure 4. The solutions u(z,y) are not
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Figure 4: The solution curve p; = uq(&1) of (2.12), compared with (2.10)

radially symmetric, although they get arbitrarily close to radially symmetric
functions as |£1| — o0, according to our results. Again, we have an excellent
agreement with the asymptotic formula (2.10) (dashed line).

3 Asymptotic formula in case of a rectangle

Let R={0 <z < a} x {0 <y < b} be a rectangle in R2. In this section
we present computation of the solution curve p; = p1(§1) on R for the
nonlinearity considered above

(3.1) Au+ Mu+usinu = pp1(x,y) + e(z,y) for (z,y) € R,
u=0 on JOR,

and derive an asymptotic formula for p;(&;). Here the principal eigen-

function @1 (z,y) = ﬁsin Zrsin 7y satisfies [ ¢?dzdy = 1, and the cor-

responding principal eigenvalue of —A is Ay = g—z + 2—;. It is assumed
that [[e(x,y)e1(r,y)dedy = 0. We decompose the solution of (3.1)
as u(z,y) = &pi1(x,y) + Uz, y), with [[U(z,y)ei(z,y) dedy = 0, and
&1 = [fru(z, y)pr(x, y) dedy.

Unlike the case of a ball, we shall use the stationary phase method to
derive the following asymptotic formula for & large:

Vab

Sin

(3.2) pa (&) ~ 4@ i ( - & — g) ;
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after we recall the following known lemmas.

Lemma 3.1 Assume that f(x) € C?(xo — ag, xo + ag) for some constants
a,aqg > 0. Then as yp — oo

To+a R e 1
/ T f(a)emionte=eo)? gy — e [ f(zg) +O (_> '
To—agp ap M

This lemma follows from the part (i) of the following more general lemma,
which we will also need, see e.g., p. 83 in [9] for the proof.

Lemma 3.2 (i) Assume that f(z) and g(z) are of class C?[a,b] and g(x)
has a unique critical point xo on [a, b], and moreover zg € (a,b) and g" (xg) #
0 (so that z¢ gives a global max or global min on [a,b]). Then as p — oo
the following asymptotic formula holds

2

b
2)eh9(@) gop — pilng(zo)£]]
IRC Al (w0

f(z0) + 0O (%) ,

where one takes “plus” if g"(x9) > 0 and “minus” if g"(zg) < 0.

(ii) Assume that the functions f(x) and g(x) > 0 are of class C?[0,1], and
satisfy

g (x) <0 forall z € (0,1], and g¢'(0)=0, ¢"(0)<O0.
Then, as p — oo,

f(0)+0O (i) )

™

1
)@ gy — ilng(0)=%3) [
| 7 2419 (0)]

Turning to the derivation of (3.2), multiply (3.1) by ¢1 and integrate over
R. Then use that u ~ &y for & large (sinu ~ sin 141 by the mean-value
theorem)

p1 = // usinu gy drdy ~ &§; // @3 sin &1 dady zgllm// P21 dpdy
R R i

4 Lo T . o T P2 iy T ain T
= éIm // sin? —z sin® —y ¢! Vg S8 G wsin Y dxdy .
ab R a b

For & large there are fast oscillations around zero, except near the sta-
tionary point (zo,y0) = (5, %) The approximation of the integral near the
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stationary point provides the dominant contribution to this integral. Using
Taylor’s formula near (zq, yo)

2 2
77 g T
22 (™ 70) ~ 5

because the second mixed partials vanish at (z, yp). Then

. T . T 9
sin —xsin—y~1— —
" 5y (v — o),

. b
[~ ﬁlm ez‘/_ib 3 /a sin? Z:E e—i&al(r—ro)z dfﬂ/ sin? Ey e—i§1a2(y—yo)2 dy |,
ab 0 a 0 b

b

461 ( i2 ¢ _z [T iz [T ) 4v/ab ( 2 77)
~—Im|eVvab>e 1, |——e ' = sin —— .
HE™ b V a1&r V a2y ™ Vab & 2

This formula, as well as our numerical calculations, suggests that there
exist two constants 0 < a < A so that the problem (3.1) has infinitely many
solutions for p; € (—a,a), there are at most finitely many solutions for p;
outside of (—a, a), and no solutions exist for |u;| > A.

where a; = % and ag = bZW—\;E' Using Lemma 3.1, for large &1,

Example On the rectangle R; = {0 <z < 1} x {0 < y < 2} we computed
the solution curve py = (&) for the problem

(3.3) Au+ Mu+usinu = pp1(z,y) + (2 — 1) (y — 1) for (z,y) € Ry,
u=0 on dRy,

with A\; = % and ¢1(z,y) = V2sinmzsin Zy. Observe that [f(z—1)(y—
1)¢1(z, y) dedy = 0. The solution curve p; = uq(&1) (solid line) is presented
in Figure 5. Once again, we have an excellent agreement with the asymptotic
formula (3.2) (dashed line).

As in the case of balls, oscillations of u1(§1) are decaying in the dimen-
sions n > 2, as will follow from the asymptotic formula that we present next.
Consider the n-dimensional rectangle R = (0,a1) X (0,a2) X -+ x (0, ay,),
and the problem (3.1) on R. The principal eigenfunction of the Laplacian
on R with Dirichlet boundary conditions, and satisfying [ ordr =1, is

23 . .m LT
1= ————8in—x1 Sin—xy - Sin —x,, .

\/aiag - - Ay aq a9 Qg

Similarly to the above derivation, one shows that

n3_n n n n
22( 2)(@1;12...an)4£i_581n< 272 7T>_)0’
T2

pa(&1) ~

as & — oo, for n > 2.
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Figure 5: The solution curve pu; = uq(&1) of (3.3), compared with (3.2)

4 Numerical computations

We now describe the Mathematica program that was used to produce the
solution curves py = p1(&1), presented above. To avoid ambiguity of nota-
tion, in this section we shall write £ instead of & and p instead of ui, so
that u=&p; + U, and p = p(§).

Our program handles semilinear equations on rather general domains
solving

(4.1) Au+ f(u) = pp1(r,y) + e(z,y) for (z,y) € Q,
u=0 on 9N

on bounded domains Q € R?, including rectangles and ellipses in R?, and
radially symmetric solutions on balls in R". Here Au = ug, (2, y) +uyy(z, y),
while (A1, 1) is the principal eigenpair of the Laplacian on €2, with zero
boundary conditions and [, ¢3dzdy = 1, u € R, e(z,y) € i in L*(Q).
Choosing a step size h and an initial value £ = &, let &, = & + nh. We
are looking for p = p, for which the problem (4.1) has a solution u(z) =
Un(z,y), with

(4.2) /Qu(:v, y)p1(z,y) dedy = &, .

We utilize Mathematica’s ability (the NDSolve command) to solve linear
Dirichlet problems of the type

Au+ a(z,y)u = b(z,y) for (z,y) € 2, u=0 on IN

13



on some domains 2 € R?, including ellipses around the origin, and rectan-
gles.

~—

(&) is already computed, we use Newton’s
z,Y))(§n+1). We calculate (pn11, tn1(2,y))
u¥(z,y)) beginning with (0, u0(z, y)) =
pF uk(x,y)) is already computed, we ap-
(u — uF), and solve the linear problem

Assuming that (p,, un(x,y)
method to calculate (fi,41, Unt1
using a sequence of iterates (u
(tbn, un(z,y)). Assuming that
proximate f(u) ~ f(u*) + f'(u*

—~

=

~— —

Aw+ f'(uF)w = prpi(x,y) + f/(uF)ub — f(uF) +e(z,y) for (z,y) € Q,
w =0 on IN

for p and w by the algorithm that is described next. One can decompose
the solution in the form w(x,y) = pwi(z,y) + wa(x,y), where wy and wy
are solutions of

Aw1—|—f/(uk)’(U1:(,01(ZE,y), for ($7y) 697 w1 =0 on an
(43) Aw2 + f/(uk)w2 = f/(uk)uk - f(uk) + G(IE, y) ) for (:Ev y) € Qv
we =0 on 0N.

After calculating w; and wa, we look for y such that [, w(z, y)p1(x,y) dedy =
£nt1, and declare that value of u to be our new iterate p**1, so that

(4.4) s Ent1 — Jqwa(z, y)er(z, y) dedy
Jowi(z, y)p1(z,y) dedy

The corresponding w(x,y) is our next iterate u*+1(z,y) = p*+lwy(x,y) +

we(x,y). The iterations are stopped once the relative error “ktk_ K is small
enough.

Controlling the accuracy of iterates is the major improvement of the
present algorithm, compared with the one we used in [13].

Remark There is a better way of choosing the initial iterate u®(z, 3) at &,41
(corresponding to the “predictor” of the predictor-corrector method). Write
u = u(x,y,§). Approximate u(x,y, 1) = u(z,y, &) + uch = up(z,y) +
uch. Differentiate the equation 4.1) in &, and compare the result with the
first formula in (4.3) to get: ue = p/(&)w1 = F=5=2w,. So that we take
u?(z,y) = un(z,y) + (i1 — pin) w1, using the last function w; computed
at &,. Our experiments show considerably faster convergence.
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5 Asymptotics and numerics for radial solutions

Let B denote the unit ball around the origin in R", z € R" and r = |z|.
We present computations of the solution curve p; = p1(&1) for the radial
solutions u = u(r) of the model problem

(5.1) u(r) + 2=2a/(r) + M\ju +sinu = pp1(r) +e(r), for0<r <1
w'(0)=u(1)=0,

and derive an asymptotic formula for p;(£;). By the Theorem 2.1 there
exists a continuous solution curve (u(r), p1)(&1) that exhausts the solution
u(r)

set of (5.1), and moreover %~ —¢1in C?(B) as £1 — oo. (The same result

holds if one replaces e(r) by e(z) € p1.) Restricting to radial solutions we
can perform numerical computations for n > 3.) Recall that the principal

eigenfunction of the Laplacian on B is ¢1(r) = COT_%Jﬁ (v17), where 11
2
denotes the first root of the Bessel function Ja—2 (), and ¢ is chosen so that
2

1
/@%(T)dm:wncg/ J2 5 (nr)rdr=1,
B 0 2

which is
1

wn Jy J%Q;z (vir) rdr

Co =

Here w, = F(”E—f_l) gives the area of the unit ball in R™, where I' denotes the
2

gamma function. The corresponding principal eigenvalue is \; = vZ. Tt is as-
sumed that [[5e(r)ei(r)de = wy fol e(r)p1(r)r*~tdr = 0. We decompose
the solution of (3.1) as u(r) = &ei(r) + U(r), with [[5 U(r)ei(r) de = 0,
and & = [[zu(r)ei(r) dz.

We now derive an asymptotic formula for the function uq(&1), by using

that u(x) ~ &1 for large . Multiplying the PDE version of the equation
(5.1) by ¢ and integrating over B

1 = Wy fol (sinu(r)) o1 (r) r" L dr ~ wy, fol (sin €11 01 (1) 7~ dr
r)rn—1
- uﬁ}_;l 01 %% (—cos&rp1) dr.

Integrating by parts, and denoting f1(r) = %, obtain (¢1(1) = 0)

62 i~ 2 (A0 wsan0)+ | ) eosaga(r)dr )
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The next steps depend on the dimension n.

Assume that n = 2. Then wy = 27, ¢1(r) = coJo(v17), where vy is the

first root of the Bessel’s function Jy(z), cg is given by (2.1), fi(r) = “01((?;,

and f1(0) = 21(0) —%. We conclude that for large &; (using that ¢1(0) =

¢7(0)
cp, and that the oscillatory integral in (5.2) is o(1))
4
(5.3) M1~ —@ cos o1 ,

which is consistent with (2.10) at p = 0.

sin T

Assume now that n = 3. Then ws = 47. Since J ( ) = i We have
go 7"

1 sinwr

v = w2, p1(r) = Ton , 01(0) = /5. Also, fi(r) = . Tt follows that
f1(0) = 0, so that the ﬁrst term in (5.2) vanishes. Then by Lemma 3.2 (ii),

M1~ _Re f i 1% dr = %Re ei(&m(o)_%) 72§1|£/1/(0)|f{(0)
= & cos (/3 - 3) /i A1 0)
%

As above, calculate 3¢} (0) = —72¢1(0), so that |¢](0)] = \/— A short

calculation shows that

/ . 901(0) . _i
WO =G0y =

We conclude that for large &;

(5.4) Hy ~ —15_67?;/4_ cos (51\/§ — %) .

For numerical computations of radial solutions we used the algorithm
described in a previous section. Computations can be performed accurately
in any dimension, because the linearization of (5.1) involves a boundary
value problem for an ODE, readily handled by Mathematica. The formula
(4.4) takes the form

k+1 _ §nt1 — Wn fol wy(r)er(r) r"tdr
wn fo wir)er(r) rn=tdr
Example For n = 3 we solved the problem (5.1) with e(r) = (observe

that [5e(r)ei(r)dx = 0), see Figure 6. The solution of (5.1) (solid line) is
in a good agreement with the asymptotic formula (5.4) (dashed line).

CcCosTr
T
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-0.05]

Figure 6: The solution curve p; = p1(&1) of (5.1), n = 3, compared with the
asymptotic formula (5.4)

6 Using u-curves for algebraic systems

The Calculus prescription for finding the extrema of a function F(z,y) in-
volves solving the system of equations

Fy(2,y) =0
Fy(z,y)=0.
However, there are no general methods for solving nonlinear systems! In

fact, for complicated F'(z,y) it may be easier to look for the extrema by
direct minimization (maximization).

More generally, let us consider the system
(6.1) flz,y)=0
9(z,y) =0.

We shall show that under some conditions it is possible to compute all
solutions of (6.1), in any computer window, if one solution x = a,, y = (3 is
known.

Theorem 6.1 Assume that the differentiable functions f(x,y) and g(z,y)
satisfy

(1) fle,B) = g(a, B) = 0, at some point (av, 3),
(i) gy(x,y) #0 forall (z,y),
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(iii) There exists a constant N > 0, so that for each x

g(x,y) #0 for |y > N.

Then all solutions of (6.1) can be computed by a curve following algorithm,
beginning with © = o, y = .

Proof: Embed the system (6.1) into

(6.2) flz,y)=p
Q(IE, y) = 07

where p is an extra variable. We shall regard x as a parameter, and show
that all solutions of (6.2) lie on a single continuous curve (y, u) (). This
curve can be broken into two sections, the curves p = pu(x) and y = y(z). If
at some g, one has u(xg) = 0, then (zg, y(xg)) gives a solution of (6.1). By
the implicit function theorem we can solve for y from the second equation
y = ¢(x), and then obtain u = f(x,¢(z)) from the first equation. Hence
the solution z = a, y = B, u = 0 of (6.2) can be continued locally. Along
this solution curve, it follows by the condition (iii) that |y| < N for any
fixed z, so that |u| is also bounded, and hence one can continue the curve
for all x € (—o0,00). All solutions of (6.2) lie on this curve, in view of the
condition (ii). %

Numerical algorithm. Choose a step size h, and let x,, = nh. Then y, is
obtained by solving
g(zn,y) =0,

followed by p, = f(zn,yn). If at some step N, uny ~ 0 (within the desired
tolerance), then (zy,yy) approximates a solution of (6.1).

Example To find the solutions of the following system (to which the The-
orem 6.1 applies)

(6.3) rsin(fz+y)+y=0
cosx+y+ a2y +y" =0,

we computed the solution curve p = p(x) for the problem

(6.4) zsin(z +y)+y=p
cosx+y+ a2y +y" =0,
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Figure 7: The solution curve p = p(x) of (6.4)

using Mathematica. This curve is presented in Figure 7. It shows that for
x € (0,10) there are ezxactly four solutions of the system (6.3), correspond-
ing to the points with © = 0. Up to two decimals these solutions (z,y)
are (0.96, —0.46), (2.88,0.40), (6.58, —0.25) and (9.24,0.21). Our computa-
tions on larger intervals suggest that the system (6.3) has infinitely many
solutions.

Remark The Jacobian matrix for the system (6.2) is

£, —1
J:%M:[J 0].

The condition (ii) assures that J is non-singular. Let us suppose now that
the condition (ii) is not satisfied. Then the solution curve may reach a point
(z,y) at which g,(Z,7) = 0, and then J is singular. There are many ways
to modify the solution curve for x > Z to assure that we can march forward
in . For example, if f,(Z,7) # 0, one can replace (6.2) by

(6.5) f(x,y) —pu=0
g(:E, y) — M= 07
7y —1
with non-singular Jacobian at (Z,9), Jy,) = fy(:g’ ) 1 and now

follow the solution curve of (6.5) (until another possible singular point).
Of course, we are not going to get all possible solutions of (6.1) this way,
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in general (for example, in case there are two solutions of (6.1) with the
same z). We recommend performing another calculation using now y as a
parameter, to catch other solutions.

We remark that homotopy methods for solving nonlinear systems go

back at least as far as D.F. Davidenko [3]. In the conditions of the Theorem
6.1 it is possible to compute all solutions, for any interval along the z-axis.
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