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Abstract

For the semilinear Dirichlet problem
Au+g(u) = f(z) forx € Q, u=0 on IN

decompose f(x) = p1p1 + e(x), where ;1 is the principal eigenfunc-
tion of the Laplacian with zero boundary conditions, and e(x) L ¢
in L?(Q), and similarly write u(z) = &¢; + U(x), with U L ¢; in
L2(Q2). We study properties of the solution curve (u(z), u1)(&1), and
in particular its section p1 = p1(&1), which governs the multiplicity of
solutions. We consider both general nonlinearities, and some impor-
tant classes of equations, and obtain detailed description of solution
curves under the assumption ¢'(u) < A2. We obtain particularly de-
tailed results in case of one dimension. This approach is well suited for
numerical computations, which we perform to illustrate our results.
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1 Introduction
We consider the semilinear Dirichlet problem
(1.1) Au+g(u) = f(z) forz € Q, u=0 on 09,

on a smooth and bounded domain 2 € R™. We are interested in the exis-
tence, multiplicity and numerical computation of solutions. On the surface
the problem (1.1) does not contain any parameters. It turns out there are



parameters (somewhat hidden), which allow one to understand the solution
set. These are the harmonics, particularly the first harmonic, of f(x) and
of the solution u(x).

Represent the given function f(x) € L?(Q2) by its Fourier series f(z) =
11+ -+ pnon +e(x) where @y is the k-th eigenfunction of the Laplacian
on € with zero boundary conditions, and e(z) L ¢ in L*(Q), k= 1,...,n.
Likewise decompose the solution in the form u(x) = X7 &, + U(z), with
UL gk k=1,...,nin L*(Q). In [15] and [17] we studied the map ¢ =
(1,82, .. .,&n) — = (p1, p2, - - -, fb) which determines the multiplicity of
solutions of (1.1). Indeed, if at some pgo this map has k pre-images, then
the problem (1.1) has exactly k solutions at u = pg. In this paper we
concentrate on the solution curves, when the parameters & are varied one
at a time. Particularly, we shall study the curve pu; = p1(&1), which we call
the principal solution curve. We shall also consider the curves pp = ux (&)
for a class of oscillatory problems.

We now describe one of our results which demonstrates some of the
advantages of working with curves of solutions. For a class of problems

(1.2) Au+ g(u) = prp1 +e(x) forx € Q, u=0 on 9N,

with the solution decomposed as u(x) = {191+U(z) (U(x) L ¢1), we showed
the existence of a continuous solution curve (u(x), p1)(£1) which exhausts the
solution set of (1.2). A section of this curve gy = p1(&1) (which is a planar
curve) will determine the multiplicity of solutions. (If the value of uf is
achieved at k values of &, the problem (1.2) has k solutions at u; = ul).
Assuming that Lu") crosses the first eigenvalue on the interval (—oo, o)
(see the Theorem 4.2 below) it was possible to show that pq(&) — oo
as & — £oo. It follows that the continuous function (&) has a global
minimum value pg, and it takes on at least twice any value in (ug, 00). We
conclude that the problem (1.2) has either zero, at least one, or at least two
solutions depending on whether p; < po, p1 = po or gy > o respectively,
which is an extension of the well known result of H. Amann and P. Hess
[1], since we do not require the limits lim, 4 &u“) to exist. The classical
result of A. Ambrosetti and G. Prodi [3], in the form of M.S. Berger and E.
Podolak [6], also follows along these lines. We derive similar results if #
crosses the first eigenvalue on the interval (0, c0). A major advantage of our
approach is in establishing that all solutions of the problem (1.2) lie on a
single solution curve, so that they can be computed by a curve following

algorithm. Such algorithms (based on Newton’s method) are very efficient



(fast and accurate), and relatively easy to implement. We present some of
our numerical computations.

We obtained detailed results for two specific classes of equations. The
first one involves the following model problem

Au—l—/\u—ugzﬂlsm—l-e(:n), forxeQ, u=0 ondf,

with a parameter A € (0, A2), and [, e(x)p1(z) dz = 0. Decompose u(x) =
&p1(z)+U(x), with [, U(z)p1(x) dz = 0, as above. We show that a typical
solution curve p; = p1(&1) is either monotone or S-shaped. This problem
has been studied previously, see M.S. Berger et al [5] and P.T. Church et al
[9] and the references therein, but mostly for the space dimensions n < 4.

The second class involves resonant problems
(1.3) Au+Mu+g(u) = pipr +e(z) on Q, w=0 on 0N,

with e(x) € i in L%(Q). We wish to find a solution pair (u, ;). For
bounded g(u), satisfying ug(u) > 0 for all u € R, and u; = 0, D.G. de
Figueiredo and W.-M. Ni [12] have proved the existence of solutions. R.
Iannacci, M.N. Nkashama and J.R. Ward [13] generalized this result to a
class of unbounded g(u). In [17] we extended the last result to the case
u1 # 0. Compared with our paper [17], here we do not try to obtain a bound
on [ |VU|?dz uniformly in & in general, but either derive such bounds for
specific cases, or work around the issue. In particular, that allowed us to
drop the technical condition (3.2) of that paper for the problem (1.3).

The most detailed results are obtained for the one-dimensional case,
n = 1. On the interval (0, L) consider the problem

(1.4) w4+ X\ u+h(u)sinu = pyp1(z) + e(x), u(0) =u(L)=0.

Here A\ = z—i, the principal eigenvalue of w” on (0, L) corresponding to
p1(w) = sinfx, 1 € R, e(x) € C(0,L) satisfies fOL e(r)sinfrdr = 0.
Assume that

1.5 tim 2 _ po | with constant 0,1) and hg > 0

(1.5) dm =2 = ho, wi constants p € (0,1) and hg > 0.

It follows from R. Schaaf and K. Schmitt [23] that the problem (1.4) has
infinitely many solutions when p; = 0. We show that the same is true for
all p1 € R, provided that p € (%, 1). Moreover, we obtain an asymptotic

formula py(&1) ~ j%sin (&1 — F) h(&) for large &1, where & is the first




harmonic of the solution u(z). Our numerical computations suggest that
this formula is very accurate, and that it tends to be accurate for small &;
as well (see Figure 2 in Section 6). In case p € (0, 1) we showed that

(1.6) u(x) ~ & sin %ZE + E(z), for & large,

where E(z) is the unique solution of

2

W T u=e(z), u(0)=u(L) =0 /LU(ZE)SiDZfEd"E =0.
L2 ’ ’ 0 L

The formula (1.6) gives an universal asymptotic, independent of particular
h(u). In a forthcoming paper with D.S. Schmidt we establish similar results,
and perform similar computations for PDE’s.

For the resonant problem at higher eigenvalues on (0, L)

k2?2 k
u’ + LZ u—l—sinu:uksin%:n—l—e(:n), u(0)=u(L)=0,

where fOL e(z)sin 2z dz = 0, we decompose the solution in the form u(z) =
&rsin 2a + U(z), with fOL U(z)sin 2z dz = 0, and prove that all solutions
lie on a unique solution curve (u(z), ux)(£x). Moreover, we obtain a precise
asymptotic formula for ux = pg(€x), which in particular implies the existence
of infinitely many solutions at u; = 0, see Figure 3 in Section 6.

2 Preliminary results

It is well known that on a smooth bounded domain 2 C R™ the eigenvalue
problem
Au+du=0 on €, u=0 on IN

has an infinite sequence of eigenvalues 0 < A1 < Ao < A3 < ...— o0, where
we repeat each eigenvalue according to its multiplicity, and the correspond-
ing eigenfunctions we denote by ¢, and normalize ||¢k|[z2() = 1, for all
k. These eigenfunctions ¢y form an orthonormal basis of L?(Q), i.e., any
f(z) € L*(Q) can be written as f(z) = X2, axpr, with the series convergent
in L?(9), see e.g., L. Evans [11]. The following lemma is standard.

Lemma 2.1 Assume that u(z) € L*(2), and u(z) = 332,11 ek Then

/ |Vu|? dx 2/\n+1/ u? de.
Q Q



In the following linear problem the function a(x) is given, while 1, . . ., tin,
and w(x) are unknown. The following lemmas were proved in [15] and [17].

Lemma 2.2 Consider the problem

(2.1) Aw + a(z)w = p1p1 + -+ + fintpn, for v € Q,
w=0 on 09,

Jowerdr = -+ = [qwe, dr = 0.

Assume that
(2.2) a(x) < Apg1, for all xz € Q.

Then the only solution of (2.1) is p1 = -+ = p, =0, and w(z) = 0.

Corollary 2.1 If one considers the problem (2.1) with py = -+ = p, =0,
then w(x) = 0 is the only solution of that problem.

Corollary 2.2 With f(x) € L*(), consider the problem

Aw + a(z)w = f(x) forxzeQ,
w=0 ondQ,
Joqwerdr = -+ = [qwe, dr = 0.

Then there is a constant c, so that the following a priori estimate holds
w2y < cllfllrzxq) -
We shall also use a variation of the above lemma, see [17].
Lemma 2.3 Consider the problem (2 <i <mn)

(2.3) Aw + a(r)w = pip; + flig1Qir1 + - -+ pnpn for z € Q,

w=0 on 02,
Assume that
(2.4) Aic1 < a(z) < Apg1, forallz e,

with at least one of these inequalities being strict. Then the only solution of
(2.3) is p; == pnp =0, and w(z) = 0.



Corollary 2.3 If one considers the problem (2.3) with p; = -+ = p, = 0,
then w(x) = 0 is the only solution of that problem. Consequently, for the
problem

Aw + a(z)w = f(x) forxzeQ,
w=0 ondQ,
Joweidr == [qwe,dr = 0.

there is a comstant c, so that the following a priori estimate holds

w2y < cllfllrzq) -

3 Continuation of solutions

Any f(z) € L?(Q) can be decomposed as f(x) = p1p1 + -+ + finton + e(z),
with e(z) orthogonal to ¢1,..., ¢, in L?(Q). We consider the following
boundary value problem

(31)  Au+tg(u) = f(z) =1+ + pnpn + e(z) for z €Q,
uw=0 on dN.

If u(z) € H3(Q) N H}(Q) is a solution of (3.1), we decompose it likewise as
(32) u(z) = B &ipi + Ulx),

where U(z) is orthogonal to ¢1, ..., ¢, in L?(Q). We pose the following in-
verse problem: keeping e(z) fixed, find g = (i1, .. ., tn) so that the problem
(3.1) has a solution for any prescribed £ = (&1, ..., &,). Under the conditions
given below this problem has a unique solution, and therefore we shall call
&= (&,.-.,&,) the n-signature of the solution.

The following result generalizes the corresponding one in [17], by drop-
ping the technical condition (3.2) of that paper.

Theorem 3.1 For the problem (5.1) assume that g(u) € C?(R), f(z) €
L*(9), and
(3.3) g (u) < Ang1, forallu e R,

(3.4) |g(u)| < vlu|+ ¢, with constants 0 < v < Apy1, ¢>0, andu € R.

Then given any & = (&1, ..., &), one can find a unique = (p1, ..., fiy) for
which the problem (3.1) has a solution u(zx) € H*(Q)NH(Q) of n-signature
&. This solution is unique.



Proof: We embed the problem (3.1) into a family of problems

(3.5) Au+kg(u) = pie1 + -+ pintpn + e(x) for z € €,
u=0 on 9N,

depending on a parameter 0 < k < 1. Decompose e(z) = 372, 1 €jp;.
When k = 0, the problem (3.5) has infinitely many solutions. The unique
solution of (3.5) with signature £ is u(z) = 37, &5 — E;‘;n+lf\—§g@j, cor-
responding to p; = —A;§;, j = 1,...,n. We shall use the implicit function
theorem to continue this solution in k, obtaining a curve (u(x), p)(k) (with
the n-signature of u(z) being fixed at &). Writing u(xz) = Y ir; & + U(x),
we multiply the equation (3.5) by ¢;, and integrate

(3.6) Mz’Z—/\iﬁi-i-k/S)g(Z&%-l-U)%d% i=1,...,n.
i=1

Using these expressions in (3.5), obtain
(3.7) AU + kg (Z &ipi + U) — kZ/Qg (ng + U) oidz ;= e(x),
i=1 i=1 i=1
U=0 on 0.

The equations (3.6) and (3.7) constitute the classical Lyapunov-Schmidt
decomposition of our problem (3.1). Define H3 to be the subspace of
H?(Q) N H}(Q), consisting of functions with zero n-signature:

Hg:{ueHz(Q)ﬂH&(QH /ugoid:nzo, izl,...,n}.
Q

We recast the problem (3.7) in the operator form as
F(U, k) = e(z),

where F(U,k) : H3 x R — L?() is given by the left hand side of (3.7).
Compute the Frechet derivative

Fy (U, k)w = Aw + kg’ (Zﬁm + U) W= P11 — = U Pn s
=1

where we denoted uf =k [ ¢’ (i &ivi + U) we; de. By Lemma 2.2 the
map Fy (U, k) is injective. Since this map is Fredholm of index zero, it is



also surjective. The implicit function theorem applies, giving us locally a
curve of solutions U = U(k). Then we compute p = p(k) from (3.6).

To show that this curve (u(k), u(k)) can be continued for all k, one needs
to show that it cannot go to infinity at some k € (0,1), i.e., one needs an a
priori estimate. Since the n-signature of the solution is fixed, we only need
to estimate U. We claim that there is a constant ¢ > 0, ¢ = ¢ (&1, ...,&),
so that
(3.8) U2y < c.

Using projections rewrite the equation in (3.7) as
n
(3.9) AU + kPg (Z &vi + U) =e(z),
i=1

where P is the projection on {1, ..., ¢,}* in L2 Multiply (3.9) by U and
integrate:

(3.10) —/ |VU|2d:U+I<:/ Py <Z&-%+U> U dz :/ U(z)e(x) d .
Q Q = Q
Estimate (with u = >"1" ; & + U)
|’<?/QP9(U)UdZL"| < [1Pg(u)l[2l|Ul L2 < |lg(u)l] L2l[U]| 2 -
By (3.4) it follows that
g*(w) < (y+ )’ + e,
with some small € > 0, 0 < v < Apy1, and ¢; > 0. Then
g <Z€M + U) 17 < (v +?||U]22 + c2,

i=1

with some ¢o > 0, and using Lemma 2.1 we conclude from (3.10) an estimate
on ||U||z2. Then the estimate (3.8) follows from (3.9), by using (3.4) and
elliptic regularity.

Finally, if the problem (3.1) had a different solution (u, ) with the same
signature &, then starting with (3.5) at k£ = 1, we would continue the solution
back in k, obtaining at £ = 0 a different solution of the linear problem of
signature & (since solution curves do not intersect by the implicit function
theorem), which is impossible. &



Remark 3.1 Observe that the condition (3.4) follows from (3.83), provided
either one of the following two conditions holds:

(3.11) (w—a)g(u) >0, for somea€ R, and allu € R,
or
(3.12) g(u) is increasing for |u| large.

The Theorem 3.1 implies that the value of £ = (&,...,&,) uniquely
identifies the solution pair (u(z), ), where p = (u1,...,un). Hence, the
solution set of (3.1) can be completely described by the map: £ € R™ — p €
R™, which we call the solution manifold. We show next that the solution
manifold is connected.

Theorem 3.2 Under the conditions (3.3),(5.4) of Theorem 3.1, the solu-
tion (u, i1, ..., 1un) of (3.1) is a continuous function of & = (&1,...,&n)-
Moreover, we can continue solutions of any signature & to solution of arbi-
trary signature é by following any bounded continuous curve in R™ joining

& and €.

Proof:  We use the implicit function theorem to show that any solution
of (3.1) can be continued in £. The proof is essentially the same as for
the continuation in k& above. After performing the same Lyapunov-Schmidt
decomposition, we recast the problem (3.7) in the operator form

FU,§) = e(x),

where F' : H3 x R*® — L? is defined by the left hand side of (3.7). The
Frechet derivative Fy (U, &)w is the same as before, and by the implicit
function theorem we have locally U = U(£). Then we compute p = pu(§)
from (3.6). We use the same a priori bound (3.8) to continue the curve for
all ¢ € R™. (The bound (3.8) is uniform, once the curve joining ¢ and £ is

fixed.) &
If the conditions (3.3),(3.4) hold with n = 1, in other words
(3.13) g'(u) < Xg, forall u,

and the condition (3.15) below holds, we conclude by the Theorem 3.1 that
the problem

(3.14) Au+ g(u) = prp1 +e(x) forxeQ, u=0 on dQ,

has a continuous solution curve (u(z), p1)(&1), which we call the principal
solution curve, with & € R serving as a global parameter. We now obtain
a solution curve for (3.14) without the assumption (3.13).



Proposition 3.1 For the problem (3.14) assume that
(3.15)  |g(u)| < v|u|+ ¢, with constants v < Az, ¢ >0, and allu € R.

Then for any & € R one can find a py for which the problem (3.14) has a
solution u(x), with the first harmonic equal to & .

Observe that again we have a solution curve (u(x), u1)(£1), although this
time the curve is not necessarily continuous. Also now &1 is not necessarily
a global parameter (there could be other solution curves).

Proof: Substitution of u = £ 1 + U into (3.14) gives
(3.16) —A\&1o1 + AU +g(&1p1 +U) =mp1+e x€Q, U=0 ondN.

Multiplying this equation by ¢ and integrating one gets an expression for
1, which is substituted back into (3.16) obtaining

(3.17) pr ==&+ Jq9(&ipr + U)pr da
AU+ Pg(&1p1+U)=e 2€Q, U=0 ondN.

Here Pg(§1p1 +U) = g(&1p1 +U) — ¢1 o 9(§1¢1 + U)p1 dx gives the pro-
jection of g(£1¢1 + U) on the subspace i in L?(Q). The equations in
(3.17) constitute the classical Lyapunov-Schmidt reduction. Proceeding
as in the proof of Theorem 3.1 (the argument that begins at (3.10)), we
get an a priori bound on ||U||72, using the condition (3.15). Define the
space X = i in L?(Q), and the operator T : X — X as T(U) =
A~ (e(x) — Pg(&1¢1 + U)). The operator T is continuous and compact,
and the set {U € X|U = ANT'(U) for some 0 <\ <1} is bounded. By
Schaefer’s fixed point theorem, see e.g., [11], the second equation in (3.17)
has a solution U(z). Then p; is determined from the first equation in (3.17).

&

For sublinear g(u) a similar result was obtained in R. Schaaf and K.
Schmitt [24], based on E.N. Dancer [10].

We now extend the above results. Given a Fourier series u(x) = 332, §;¢;,
we call the vector (&, ...,&,) to be the (i,n)-signature of u(x), 2 <i < n.
Using Lemma 2.3 in place of Lemma 2.2, we have the following varia-
tion of the Theorems 3.1 and 3.2. We decompose u(z) = >°7_; {;p;(z) +
U(x) and f(x) = 37, pjpj(x) + e(z), with U(z) and e(x) orthogonal to
i), -, palw) in L2(9).
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Theorem 3.3 For the problem (3.1) assume that the condition (3.4) hold,
and
Nic1 < ¢'(u) < Apg1, forallue R,

with at least one of these inequalities being strict. Then given any £& =
(&, .- &n), one can find a unique = (Wi, - .., i) for which the problem

(3.18) Au+g(u) = pipi + -+ pinspn + e(x), for z € Q,
u=0 on JN

has a solution u(x) € H*(Q)NHL(Q) of the (i,n)-signature £. This solution
is unique. Moreover, the solution (u(x), u)(€) is a continuous function of .
In addition, we can continue solutions of any (i,n)-signature & to solution
of arbitrary (i,n)-signature é by following any continuous curve in R**+1
joining & and é

Remark 3.2 In particular, when i = n, and X\, is a simple eigenvalue
corresponding to the eigenfuction y,, this theorem asserts the existence of

the unique continuous solution curve (u(x), un) (&), for all &, € R, for the
problem

Au+g(u) = pnpn +e(z), forreQ
u=0 on 092,
provided that
A1 < g(u) < My1, forallu€e R,
with at least one of these inequalities being strict. Here u(x) = &upn(x) +

U(z), with U(z) and e(x) orthogonal to o, (z) in L*(Q).

Remark 3.3 The condition (3.4) was used only to obtain the estimate (3.8)
on ||U||g2(q)- Hence, one can drop the condition (3.4) in the Theorems 3.1,
3.2 and 3.3 if the estimate (3.8) can be obtained in another way.

For example, we have the following proposition.
Proposition 3.2 Consider the problem

(3.19) Au+ M —u? = o1 +e(x), forx e

u=0 on 09,
with a parameter A € (0, \2), and e(z) € L*(Q) satisfying [ e(x)p1(x) dzx =
0. Decompose u(x) = &1pr1(x) + U(x), with [ U(x)pi(z) de = 0. Then for
each & € R one can find a unique solution pair (u(z), p1), and the solution
curve (u(x), p1)(&1) is continuous.

11



Proof: The condition (3.13) holds here. In view of the Remark 3.3,
we only need to derive the estimate (3.8), in order to apply Theorem 3.1.
Multiply the equation (3.19) by U and integrate

(3.20) —/ |VU|2d:U—|—/\/U2d:U—/u3Ud:E:/Ued:n.
Q Q Q Q
Estimate
/usUde:/(51901—|-U)3Ud:13:/U4d33—|—~'201,
Q Q Q

for some constant ¢; = ¢1(&1). Then from (3.20)
(AQ—A)/ VU2 datcq g/ |VU|2da:—/\/ U2d:c+/ BU dx — —/ Uedz,
Q Q Q Q Q

from which, using the Poincare inequality, we obtain an estimate [, |[VU|* dz <
¢z, and then [, U?dx < co, with cg = c2(&1). Tt follows that

(3.21) / |Vul*dz < c3,
Q
with ¢3 = ¢3(&1). Now multiply (3.19) by Au and integrate
/ (Au)? dx — /\/ |Vu|? dx + 3/ u?|Vul?dz = / Auedx
Q Q Q Q

which gives an estimate on [, (Au)? dz, in view of (3.21). Then we get an
estimate on [, (AU )% dz, and using elliptic regularity conclude the estimate
(3.8), completing the proof. O

Proposition 3.3 Consider the problem
Au+du+g(u) = pipr +e(x) on Q, u=0 on 0.

Assume that 0 < A < Ag, limp, o gwz) _ uniformly in z € R, and

u

e(x) L ¢y in L3(Q). Then as & — Fo0, we have % — @1(z) in HY(Q).

Proof: By the Proposition 3.1 we have a solution curve (u(z), 11)(&1),

and % = ¢1(x) + % Letting U = &V in (3.16), obtain

g1 (p1+V)) M, &t
&1 &1 & &

Multiplying by V' and integrating, we conclude that [ |VV|*dz = o(1), as
§1 — Foo. &

A= A)p1 + AV + AV = —

12



Proposition 3.4 Consider the problem (with integer k > 2)
(3.22) Au+ Agu+ g(u) = prpr + e(x) on Q, u=0 on 9.

Assume that A\ is a simple eigenvalue, and N\p—1 < A\g + ¢'(u) < Agy1 for
all u € R, g(u) is bounded uniformly in u € R, and e(x) L op in L*(2).
Then as & — +o00, we have % — () in H?(Q).

Proof: By the Remark 3.2 we have a solution curve (u(x), ug)(&x), and
% = pr(x) + Ug(:). Multiplying (3.22) by ¢ and integrating over {2, we
conclude a bound on |ug|. Letting u = &gpr + U, followed by U = &V in

(3.22), write the result as

174
AV 4 Ay = IOt VD) e gy
&k &k &k
as £, — to0o. The proof follows by Corollary 2.3. &

4 The principal global solution curve

In this section we study the shape of the principal solution curve (u(x), p1)(&1)
of the problem

(4.1) Au+g(u) = f(x) = prpr +e(x) on Q, u=0 on 9N,
assuming that for all u € R
(4.2) g'(u) <y < A2,

(4.3) lg(u)| < v|u|+ ¢, with constants 0 < v < Ag, ¢ >0.

Here u(z) = &1o1(x) + U(z), with [, U(z)pi(z) de = 0. The existence of
this solution curve follows by the Theorem 3.1.

We shall use the following results of A.C. Lazer and P.J. McKenna [21]
for the problem (4.1).

Proposition 4.1 ([21]) Assume that the function g(u) : R — R, g(u) €
C(R) satisfies
(4.4) g(u) — Au > colul — b,

with constants co > 0 and b > 0, and g'(u) is bounded on [0,00). Let

f(xz) € C*(2). Denote M = maxg|f(z)|. Then any solution of (4.1)
satisfies ||ul|c1ta(qy < ¢, with ¢ = c¢(M).

13



Proposition 4.2 ([21]) Assume that (4.2) holds. Then any two distinct
solution v and w of (4.1) satisfy v(x) — w(z) # 0 for all x € Q.

Theorem 4.1 (/21]) Assume that (4.2) holds, and either
(a) g'(u) is strictly increasing in u, or

(b) g'(u) is strictly decreasing in u .

Then (4.1) has at most two solutions.
We have the following general result.

Theorem 4.2 Assume that the conditions (4.2) and (4.3) hold, and there
exist constants 0 < y1 < A1 < ¥2, and N > 0 so that

(4.5) % <, foru<—N,
¥>72, foru > N.

Assume also that e(x) € C*(2). Then all solutions of (4.1) lie on a unique
continuous solution curve (u(z), u1)(&1), and p1(&1) — 400 as & — +oo.
Consequently, there exists a constant ug so that the problem (4.1) has either
zero, at least one, and at least two solutions depending on whether 1 < g,
w1 = po or i > po respectively. In case g'(u) is strictly increasing for all
u € R, the problem (4.1) has no solutions for uy < po, ezxactly one solution
for u1 = po, and exactly two solutions for py > ug.

Proof: The existence and uniqueness of the solution curve (u(x), p1)(&1),
or pu1 = p1(&) follows by Theorem 3.1, we now discuss the properties of
this curve. We claim that there exists pu* € R such that p (&) > p* for all
&1 € R. The proof is standard, see A. Ambrosetti and D. Arcoya [2], but we
include it for completeness. The condition (4.5) implies that for some ¢ > 0
and all u € R the following two inequalities hold:

(4.6) g(u) =z nu—c,
(4.7) g(u) > vou—c.
From (4.1)

= /QQ(U)901 dz — A& .
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In case & > 0, we use (4.7) to get

G 272/9u901d33—/\1€1—62 (2= A)&—c> —c
In case & < 0, we use (4.6) to get

MlZ%/ﬂ“sﬂldﬂl—/\l&—c:(71—/\1)51—62—C-

Observe that the conditions (4.5) imply that the condition (4.4) holds.
By Proposition 4.1, |u1] tends to infinity as & — 400 (if p; is bounded, so
is u(z) and hence &; is bounded, a contradiction). Since uq(&1) is bounded
from below, pq(&1) — 400 as & — +oo. Let po be the global minimum
value of p1(£1). Then the multiplicity of solutions follows, see Figure 1.
In case g'(u) is strictly increasing, the exact multiplicity count of solutions
follows by Theorem 4.1. O

This theorem provides an extension of the well known result of H. Amann
and P. Hess [1], since we do not require the limits lim, 1 Lu") to exist (on
the other hand, the condition ¢’(u) < A2 was not required in [1]). In case
g'(u) is strictly increasing, this theorem recovers the classical result of A.
Ambrosetti and G. Prodi [3], in the form of M.S. Berger and E. Podolak [6].

Example We computed the solution curve uy = p1(&1) for the following
example (here u(z) = & sinmz + U(x))

(4.8) u' 4+ g(u) = pysintz +e(z), x e (0,1),
u(0) =u(1) =0,

with g(u) = cosutu (772 + 2 tan~!u 4 0.9 sin (In(u? + 1))), e(x) = sin 2z —
2sinbmx. Observe that fol e(z)sinTz dz = 0. Here \; = 72, ¢1(z) = sinnz,
o = 472, and one checks that the Theorem 4.2 applies, while the above men-
tioned result of H. Amann and P. Hess [1] does not (the limits lim,, 4 %
do not exist). The solution curve p; = p1(&1) is presented in Figure 1.
Here, and in Figures 2 and 3, we used a program written jointly with D.S.

Schmidt, see [19] for a detailed explanation of this program.

We shall need the following extension of a lemma from [18].

Lemma 4.1 Let u(x) be a solution of the problem

(4.9) Au+ Mu+ a(z)u = pipr +e(x) on Q, u=0 on 09,

15



Figure 1: The solution curve pu; = pq(&;1) of (4.8)

with e(z) € @i in L2(Q), and a(z) € C(Q). Assume there is a constant v,
so that
0<a(z)<y<A—A1, foralzxeQ.

Write the solution of (4.9) in the form u(x) = &1 + U, with U € o7, and
assume that
(4.10) §im <0.

Then there exists a constant cy, so that
(4.11) / |VUPPdz < co, uniformly in & satisfying (4.10).
Q

If, in addition, one has

(4.12) a(z) >e>0 forallz e,

for some constant €, then the condition (4.10) may be replaced by

(4.13) €€~ &y > 0.

Proof: Substitution of u = £ 1 + U into (4.9) gives

(4.14) AU + MU 4 a(x) (§191+U) = prp1 +e(z) on Q, U =0 on 0.

Multiply this by &1 — U, and integrate

(4.15) /Q|VU|2d:1:—)\1/QU2 d:z:—l—/ﬂa(:z:) (&3 - U?) dz— 6

:—/eUd:E.
Q
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Dropping two non-negative terms on the left, we get an estimate from below,
leading to

(/\2—/\1—’7)/U2d1'§—/6Ud:E.
Q Q

From this we get an estimate on [, U?dz, and then on [, |VU|?dz from
(4.15).

In case the conditions (4.12) and (4.13) hold, we drop the terms

/Qa(:c)é’%@? dx — &1py > 0

on the left in (4.15), and proceed the same way. O

We may assume that g(0) = 0 in (4.1), without loss of generality (by
expanding ¢(0) = a1 + €(z), and redefining p; and e(z)).

Theorem 4.3 Assume that e(x) € L*(Q), g(u) € CY(R) and g(0) = 0,
g (u) < Ay for all u € (—00,00), and moreover there exist constants 1,72,
with A1 < v1 < v < A2 so that

(4.16) A <m < # <v9 <Ay, forallué€ (—o00,00).

Then all solutions of (4.1) lie on a unique continuous solution curve (u(x), p1)(&1),
and limg, oo p11(£1) = —00, limg, o0 p11(&1) = 00, so that the problem (4.1)

is solvable for any f(x) € L*(Q). If ¢'(u) is either strictly increasing or
strictly decreasing for all uw € R, then the problem (4.1) has a unique solu-
tion.

Proof:  Observe that (4.16) implies that the conditions (4.2) and (4.3)
hold, and hence by Theorem 3.1 there exists a unique continuous solution
curve (u(x),p1)(&1) for the problem (4.1). We claim that p(€1) cannot
remain bounded from above as {; — oo, and hence limg, o0 p11(&1) = o0.
Indeed, in such a case the condition (4.13) holds, and then by Lemma 4.1
[|U]|L2(q) is bounded uniformly in &. By the elliptic regularity [[U[c1(q)
is bounded uniformly in &;, and hence u(xz) > 0 for large & > 0. Then as
§1 — o0

= /Qg(u)901 dr — M& > 71/9“901 dz — & = (11— M)& — o0,

a contradiction. Similarly one shows that limg, oo pt1(£1) = —00.
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In case ¢'(u) is strictly monotone, the solution curve p(&1) cannot have
any turns, because a turn would result in at least three solutions of (4.1) at
some value of u1, contradicting Theorem 4.1. O

The following result (which was already stated in A. Ambrosetti and G.
Prodi [4], p.163) shows another use of the principal solution curve. Observe
that no assumption is made on the order of subsolution and supersolution.

Proposition 4.3 Assume that the condition (4.2) holds, and moreover g(u) =
Au+ h(u), with 0 < A < A2, and limp, hw) — 0. Assume also that the

problem b
(4.17) Au+g(u)=0 onQ, u=0 on 09,

has a subsolution 1 (x) and supersolution p(x) (without requiring that 1 <
¢). Then the problem (4.17) has a solution.

Proof: Embed the problem (4.17) into
(4.18) Au+ g(u) = p11 on Q, u=0 on 99,

and consider the continuous solution curve (u(z), u1)(&1), given by Theorem
3.1. Suffices to show that p; (&) changes sign (then at p(£Y) = 0 we obtain
a solution of (4.17)). Assume, on the contrary, that say ui(&1) > 0 for
all £&;. Then solutions of (4.18) are subsolutions of (4.17). Since u(x) =
&1p1(x) + U(x), with U(x)/& uniformly small by the Proposition 3.3 and
the elliptic regularity, we have a continuous family of subsolutions of (4.17)
extending from —oo to co, uniformly in x € €. But then it is impossible
for a supersolution p(x) to exist. (By the strong maximum principle we
obtain a contradiction at a point where a subsolution touches from below
the supersolution ¢(z). This type of argument is sometimes referred to as
Serrin’s sweeping principle.) Alternatively, the proof could be completed
by observing that we can produce an ordered pair of a subsolution and a
supersolution. &

In [14] we studied a case where a supersolution was below a subsolution,
and it was possible to construct a sequence of monotone increasing itera-
tions beginning with a supersolution, and monotone decreasing iterations
beginning with a subsolution. This result was generalized by J. Shi [25].

We now obtain multiplicity results for the problem (4.17), by embedding
it into (4.18).
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Proposition 4.4 For the problem (4.17) assume that the condition (4.2)
holds, and

(4.20) $2’7>/\1, for |u| > p,

for some constants vy and p. Then the problem (4.17) has a positive solution
and a negative solution. If, moreover, the function &u") s decreasing on
(—00,0) and increasing on (0,00) then the problem (4.17) has exactly two
solutions. All solutions of the problem (4.17) can be numerically computed by
following the solution curve (u(x), u1)(&1) of (4.18) starting with the trivial
solution at & = 0.

Proof: =~ We consider again the continuous solution curve (u(x), u1)(€ )
of (4.18), given by Theorem 3.1 (see Remark 3.1). Clearly, p;(0)
corresponding to the trivial solution. From (4.18)

(4.21) pi (&) = —A1£1+/ z))p1(z) dz .

We claim that p1(&1) < 0 (> 0) for & > 0 (< 0) and small. For u small,
g(u) = ¢'(0)u + O(u?), and then

(4.22) (€)= (6'0) = M) &+ 0 [ o dn)

The claim will follow once we show that [, u%¢1 dr = o(&1), as & — 0. We
have |g(u)| < c1|u| for some ¢; < A1, on some interval (—e, €) around 0.
Substituting u = &1¢1 + U into (4.18) gives

M1 + AU + g (&1 +U) = pagpr

Using the continuity of U(&1) and U(0) = 0, we see that —e < &1+ U < €
for |&1| small. Then multiplying by U and integrating

/\g/Uzdzng/ |VU|2d:L"§cl/ |§1|<,01|U|d:v—|—cl/U2dm,
Q Q Q Q

from which one concludes that [, U%dz < cpé?. Then

/uzgoldm§63/u2dm263 (/ Uzd:U—I—E%) < cyé?,
Q Q Q

and the claim follows by (4.22).
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We just saw that for & > 0 and small, u(z,&;) is small and p; < 0.
Since ¢’(0) < Aq, it follows by the maximum principle applied to (4.18)
that u(z,&) > 0 for & > 0 and small. We claim that u(z,&) > 0 so
long as p1 < 0. Indeed, the solution u(x, &) of (4.18) gives a supersolution
of (4.17), while zero is a solution of (4.17), and the claim follows by the
strong maximum principle. From (4.20), g(u) > yu — A for some A > 0
when w > 0, and since u(z,&) > 0, it follows by (4.21) that uq(&1) >
(v=A1)&1 — A [ p1dx > 0 for large & > 0, so that a root of p;(£1) must be
reached, giving a positive solution of (4.17). Existence of a negative solution
of (4.17) is proved similarly.

)

If Q(T“ is monotone but there are two positive (negative) solutions u

and v, then from the corresponding equations [, uv (%") — @) dr =0, a

contradiction since u and v are ordered by Proposition 4.2.

Remark One can use a more traditional curve following by embedding
the problem (4.17) into

Au+ Ag(u) =0 on Q, u=0 on 9.

Let us assume that lim,_, Lu") =y exists, 7 € (A1, A2). Then there exists

a solution curve bifurcating from zero at A = % > 1 and going to infinity

at A = % < 1, which passes through A = 1, giving a solution of (4.17).
However, this curve may make multiple turns, while there are no turns if
continuation in & is used.

If the conditions at zero and infinity are reversed for the problem (4.17),
the situation is similar, moreover the existence of solutions can be proved
without the condition (4.2).

Proposition 4.5 For the problem (4.17) assume that

(4.24) $§’7</\1, for |u| > p,

for some constants v > 0 and p > 0. Then the problem (4.17) has a positive
solution and a megative solution.

Assume additionally that the condition (4.2) holds. Then all solutions
of the problem (4.17) can be numerically computed by following the solution
curve (u(x), p1)(&1) of (4.18) starting with the trivial solution at & = 0. If
the function Lu") is increasing on (—o0,0) and decreasing on (0, 00) then the
problem (4.17) has exactly two solutions.
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Proof:  The function epq(x) is a subsolution of the problem (4.17), for
small enough € > 0. The condition (4.24) implies that g(u) < yu + ¢ for all
uw>0and ¢> 0. Let QD Q be a slightly larger domain, with the principal
eigenpair (A1, $1(x)) such that A < . Then ¢1(z)) > 0 for z € Q, and the
function M¢1(x) is a supersolution of the problem (4.17), for large enough
M, proving the existence of positive solution. Similarly we use a subsolution
—M @1 (x)) and a supersolution —egq (x), with small € > 0 and large M > 0,
to prove the existence of a negative solution.

If the condition (4.2) holds, similarly to Proposition 4.4 we have a solu-
tion curve (u(x), pu1)(&1) of (4.18) with uy(§1) > 0 (< 0) for & > 0 (< 0)
and small, and p; (&) changing sign for |£;] large. &

5 Two important classes of equations

We now give a detailed result for the problem (5.1) below. It turns out that
the case of resonance, when A = A1, is not particularly distinguished from
the other \’s.

Theorem 5.1 Consider the problem
(5.1) Au+4u—u® = f(z), forzeQ, u=0 ondQ,

with a parameter X € (0,)X2), and f(x) € L*(Q). Decompose f(x) =
pipr + e(x), with [ge(x)pi(x)de = 0, and u(z) = &ei(x) + U(x), with
JoU(x)pi(z)dx = 0, and assume that |e(z)| < M for some M > 0 and
x € Q. Then for each & € R one can find a unique solution pair (u(z), p1),
and the solution curve (u(x), pu1)(&1) is continuous. Moreover, as & — 400,
we have py — Foo and % — p1(x) in H'(Q). The curve pp = p1(&1) is
decreasing for |&1| (or for |u1|) large (implying the uniqueness of solution of
(5.1)), and the solution u(x) is positive (negative) for & > 0 (&1 < 0) and
large. In case X € (0, \1], the curve puy = p1(&1) is decreasing for all &. In
case X\ € (A1, A2), the curve puy = p1(&1) makes at least two turns for e(x)
small.

Proof: Proposition 3.2 provides us with the unique solution curve, we
only need to prove its properties. Let us begin with curve’s behavior as
&1 — £oo. We claim that |p;| — 0o as & — +00. Indeed, if we assume that
|p1| is bounded, then f(z) = 11 + e(x) is bounded in L?(£2). Multiplying
(5.1) by u and integrating, obtain

(5.2) /Q|Vu|2d:£—|—/ﬂu4d:n—/\/9u2d:r:—/Quf(:n)dzn.
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We conclude the boundness of [, u? dz (the [, u? dz term controls [ u? dz).
Using

(5.3) /uzdmzéf/go%dzv—l—/Uzdm,
) Q Q

we conclude that |£1] is bounded, a contradiction. Assume, contrary to what
we wish to prove, that py — 400, as & — +o0o. Write (5.2) in the form

/|Vu|2d:E—|—/u4d:£—/\/u2d:n:—£1,u1—/Ued:n.
Q Q Q Q

Dropping the negative term &1, and estimating | [, Uedz| < € [ u? dz +
c(€) Jo €* dx, we obtain again a bound from above on [, u? dr, which im-
plies that |£;| is bounded by (5.3), a contradiction. By Proposition 3.2 the
estimate (3.8) holds, so that % = ¢1(x) + % — i(z) in HY(Q) as
61 — +o0.

We claim next that the solutions of (5.1) are positive for & > 0 and
large, or when p; < 0 and large in absolute value. Denote Q_ = {x €
Q| u(r) < 0}. Then from (5.1), when |uq] is large enough,

Au=—du+u? + p1p1(r) +e(x) <0 on Q_,u=0 on IN_,

which implies that u(xz) > 0 on 2_, a contradiction. (It is only at this step
that we use the boundness of e(z).) Since u(x) > 0, the nonlinear term in
(5.1) is concave for & > 0 and large. It follows by the Theorem 4.1 that
the problem (5.1) has at most two solutions. But then the solution curve
cannot turn, and has to remain decreasing in ;. Indeed, if the curve turned,
it would have to turn again (since pu; — —oo as & — 00), giving us three
solutions of (5.1), a contradiction.

We show next that for A < A; the solution of (5.1) is unique, which
implies that the solution curve py = py1(&1) is decreasing for all & € R.
Indeed, if u(z) and v(z) are two solutions of (5.1), then w = u — v satisfies

(5.4) Aw—l—/\w—(u2+uv+v2)w:0, xeQ, w=0 on 0.

Since u? + uv + v? is non-negative and non-zero, we conclude that w = 0.

We now turn to the case when A > A and e(z) is small. Start by
assuming that e(x) = 0. Then p1(0) = 0, and p1(&) > 0 for & > 0
and small, as seen by multiplying (5.1) by ¢; and integrating. Since the
function p; (&) is eventually decreasing, it must have a local maximum for
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some & > 0. Similarly, there is a local minimum for some & < 0. The
solution curve remains similar for small e(z). O

The problem (5.1) was studied in a series of papers by P.T. Church, J.G.
Timourian and their coworkers, see e.g., [5], [9] and the references therein.
The result of P.T. Church et al [9] is more detailed in many (but not all)
respects than our Theorem 5.1, but it only applies for n < 4. The same
restriction on the dimension appeared also in M.S. Berger et al [5], and
other papers.

The u? term in (5.1) can be changed to u|u|P~! with p > 1, although some
arguments (like the one in (5.4)) would need to be modified. However, we
cannot replace u? term by u?, to handle the logistic equation with harvesting,
for which a similar result was established in Y. Wang et al [27].

We now consider a class resonant problem
(5.5) Au+Mu+g(u) = pipr +e(x) on Q, w=0 on 0N,

with e(z) € i in L2(Q). We wish to find a solution pair (u, y1). The famous
existence result of E.M. Landesman and A.C. Lazer [20] required g(u) to
have finite limits at +o0o. Then for bounded g(u), satisfying ug(u) > 0 for
all w € R, and 1 = 0, D.G. de Figueiredo and W.-M. Ni [12] have proved
the existence of solutions. R. Iannacci, M.N. Nkashama and J.R. Ward [13]
generalized this result to unbounded g(u) satisfying ¢'(u) < v < A2 — A,
while still assuming p; = 0. An overview of these results can be found in P.
Korman [18]. In [17] we extended the result of R. Iannacci et al [13] to the
problem (5.5), with 3 # 0. We now present a generalization of our result
in [17], dropping the technical condition (3.2) of that paper.

Theorem 5.2 Assume that g(u) € C1(R) satisfies
(5.6) ug(u) >0 forallu € R,

(5.7) gdw) <y<X—A foralucR.

Then there is a continuous curve of solutions of (5.5): (u(&1), u1(&1)), u €
H2(Q) N H(Q), with —o0o < & < o0, and [qu(&)p1dr = &. This curve
exhausts the solution set of (5.5). The continuous function uy(§1) is positive
for & > 0 and large, and p1(§1) < 0 for & < 0 and |&1| large. In particular,
p1(£9) = 0 at some &9, concluding the existence of solution for

Au+ Mu+g(u)=e(z) onQ, u=0 on .
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Proof: By the Theorems 3.1 and 3.2 there exists a curve of solutions of
(5.5) (u(&1), u1(&1)), which exhausts the solution set of (5.5). The properties
of this curve follow the same way as in [17]. O

6 Two classes of oscillatory equations at resonance

We now use stationary phase method to obtain more detailed results in the
one dimensional case. In particular, we make use of the k-th solution curves.
Recall the following asymptotic formula, see Y.V. Sidorov et al [26].

Lemma 6.1 Assume that f(z) and g(x) are of class C%[a,b] and g(x) has
a unique critical point o on [a,b], and moreover xg € (a,b) and g"(x¢) # 0
(so that zq gives a global max or global min on [a,b]). Then as A — oo the
following asymptotic formula holds

b
ixg(@) 7. _ i[Ag(z0)£Z] 2777 O(l>
[ farePatdo = @bateal f s s +0 (5

where one takes “plus” if g"(x9) > 0 and “minus” if g"(zo) < 0.

We now present a class of Dirichlet problems with infinitely many solu-
tions for any right hand side:

(6.1) u”—l—z—iu—l—h(u) sinu = pysin fx +e(x), z€(0,L),
u(0) =u(L)=0.

72

Here 75 = A1, the principal eigenvalue of u” on (0, L) corresponding to
p1(xz) = sinfx, yy € R, e(x) € C(0,L) satisfies fOL e(x)sinfrdr = 0.
Decompose u(z) = &1 sinfx + U(x), with & = %fOL u(x)sin Fx dr and
fOL U(z)sin fzxdr = 0. (The normalization of ¢;(z) is different from the
previous sections, so that & and py are changed accordingly by a factor.)

Theorem 6.1 Assume that e(z) € C(0, L), and h(u) € C?(R) satisfies
372
(6.2) |h(u)| < F|u|—|—c, for allu € R and some ¢ >0,

h
(6.3) lim hiw) = hg, with constants p € (3,1) and hg > 0.

u—oo P
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Then for any py € R the problem (6.1) has infinitely many classical solu-
tions. Moreover, as & — oo, we have % — sin 7 in C?(0,L), and

(6.4) (1) ~ %sm (51 — g) h(€i(1+0(1)), asé& — oo,

(6.5) p1(&) ~ \/2%5111 (51 + 4) h(&(140(1)), as& — —o0.

Proof: Assume first that & > 0. By (6.2), the Proposition 3.1 applies, and
the problem (6.1) has a curve of solutions (u(&1), u1(£1)). By the Proposition
3.3, M — sin Fz in L?(0, L), and by the elliptic regularity % — sin Fx in
C?(0, L) or u(x) = &y sin Tr+&1v(x), with [[v(z)|[c2,1) = 0(1), as & — oo.
It follows that the function u(x) is unimodular with the point of maximum
lying near L/2, and its maximum value is equal to & (1 4 o(1)), for large
&1. Multiply the equation (6.1) by sin Tz, then integrate over (0, L) and use
Lemma 6.1, with g(z) = u(z). As & — oo, obtain

/ h(u(x)) sinu(x )sm Tede = Im/ h(u ))sin%;p oU@) g
~ ifé1(140(1)— 2] 2
" \/772/L2 & oy @ o))

which implies (6.4). By our assumptions on h(u), the formula (6.4) implies
that pq (&) is oscillatory with the amplitude tending to infinity as & — oo,
and hence it assumes each value in R infinitely many times. In case & < 0,
Lemma 6.1, with g(z) = —u(z), leads to the asymptotic formula (6.5),
and again (&) is oscillatory with the amplitude tending to infinity as
&1 — —oo. The proof is not finished yet, because the Proposition 3.1 did
not provide us with the continuity of 1 (&;). Fix a value of puy = pf. Then
any solution of (6.1) with py > u9 (1 < pY) provides us with a subsolution
(supersolution) of (6.1) at py = pf. Since u(z) ~ & sin Tz, we can arrange
for an ordered subsolution - supersolution pair, providing a solution of (6.1)
between them. (There are infinitely many choices of a supersolution. Select
one with a larger & to exceed any subsolution). After producing one such
ordered pair, one starts working on the next one. We conclude the existence
of infinitely many solutions of (6.1) at u; = u. &

Remark 6.1 1. It follows that the problem
2

—I-ﬁu—l—h( u)sinu = f(z), z€(0,L), u(0)=u(L)=0
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Figure 2: The solution curve p; = uq(&1) of (6.6), compared with (6.4)

has infinitely many solutions for any continuous f(x).

2. Since u(x) ~ & sin T, it follows that the mazimum of u(x) is asymp-
totic to the first harmonic &1, for large &1.

8. In case uy = 0, the existence of infinitely many solutions also follows
from R. Schaaf and K. Schmitt [23], see also D. Costa et al [7].

Example We computed the solution curve 1 = p3(&;) for the following
example

(6.6) v+ 72u+5 (u+ 1)ﬁ sinu = pysinwr + 0.2sin27z, z € (0,1),
u(0) =u(l)=0.

Here \; = 72, ¢1(z) = sinwz, and e(x) = 0.2sin27z L ¢1(x) in L?(0,1).
The solution curve g1 = p1(&1) (solid line) is presented in Figure 2. Notice
an excellent agreement with the asymptotic formula (6.4) (dashed line).

Theorem 6.2 Assume that (6.3) holds with p € (0,3). Then the problem
(6.1) has infinitely many solutions for py = 0, and at most finitely many
solutions for py # 0, on any solution curve. As & — +oo, the asymptotic

formulas (6.4) and (6.5) hold, and moreover

(6.7) u(x) ~ & sin %:17 + E(z),
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where E(x) is the unique solution of

7T2

L
(6.8) v+ —<u=-e(x), u0)=u(L)=0 ,/ u(x) sin Tede=0.
L? 0 L
Proof: As above we have a solution curve (u(x), u1)(&1), and the asymp-
totic formulas (6.4) and (6.5) hold, which implies that uq(§1) — 0 as & —
+00, justifying the multiplicity claims. Let G(z, z) be the (bounded) modi-
fied Green’s function for (6.8), see e.g., p. 136 in E.C. Young [28]. Express
the solution of (6.1) as

L L T
u(x) = —/0 G(x, z)h(u(2)) sinu(z) dz—l—,ul/o Gz, 2) sinfzdz

+E(z) + csin %ZE .

As & — +oo, we have py1(&1) — 0, and the first integral on the right
tends to zero by a similar argument, based on Lemma 6.1. It follows that
u(x) — E(x) + csin Tz, and then ¢ = &, since % — sin o as § — £oo.

&

For the case of higher eigenvalues we restrict to a model problem (k > 0
is an integer)

(6.9) u”—l—ki—gzu—l—sinu:,uksin Ery +e(r), € (0,L),
u(0) = u(L) =0,

a%tl;ough our results can be easily generalized in a number of ways. Here
k1” — \p, the k-th eigenvalue of " on (0, L) with zero boundary conditions,

L2
e € R, e(x) € C(0, L) satisfies fOL e()sin 2z dz = 0. Decompose u(r) =
& sin 2 x + U(x), with fOL U(z) sin 2z dx = 0, as above.

Theorem 6.3 Assume that the constants k € N and L € R satisfy

k‘—122 k‘22 k 122
(Gl i NP Gt

L2 L2 L2 - L

(6.10)

Then the problem (6.9) has a unique continuous solution curve (u(zx), ux)(&x),
for all & € R. Moreover, as & — Fo0o, we have % — sin '%rzn in C%(0, L),

and
(6.11) 1 (€x) ~21/7Ti£ksin (@—%),as € — 00,
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(6.12) i (Ex) ~ 2 7T|2§k| sin (§k + %) ,as & — —00.

It follows that when ui = 0 the problem (6.9) has infinitely many solu-

tions, there are at most finitely many solutions for any pr # 0, and there
are no solutions for |ug| large enough.
Proof: The condition 6.10 ensures that the function g(u) = ’igz u—+sinu
satisfies A\p_1 < ¢'(u) < Ags1. By the Remark 3.2 all solutions of (6.9) lie
on a unique continuous solution curve (u(x), pur)(&x). By Proposition 3.4,
% — sin '%:E in H?(0, L), and by the elliptic regularity % — sin I%F:E in
C?(0, L), as & — +oo. It follows that the function u(z)/& has the the same
number of points of local maximums and minimums as that of sin '%:E, and
that these points as well as the roots of u(z)/&x tend to the corresponding
points of sin I%F:E, as & — +oo. Multiply the equation (6.9) by sin '%:E, then
integrate over (0, L). As & — oo, similarly to the Theorem 6.1 obtain

L L k ok
(6.13) Mk(fk)g ~ Im / sin %JE etk sin T g
0

The case k = 1 was covered by the formula (6.4) above (when h(x) = 1),
so assume that k > 2. The function sin '%rzn has its first root at % and second

one at %, it is positive on (0, %) and negative on (%, %) By Lemma 6.1,
with g(z) = sin £z and [¢"(z0)| = ’igz,

L
R k_w i€ sin By £ i i(Ep—m/4)
/0 sin 7 Te LY dx - 7Tgke .

Similarly, over the negative hump

2L
/ * sin k—w:n eiEk sin Ky dr ~ _£ iei(—§k+7r/4) )
L k\ m&k

Adding these, we see that over the first pair of humps

2L
& k Py 2L 2
Im/0 " sin %JE etk sin ET o - W—éksin (Ek - %) .

~

Eoyl

If k is even, there are k/2 such pairs of humps, and then

L k ok 2
Im/0 sin %JE etk sin T g ny p— sin (Ek - %) ;
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which implies the first formula in (6.11). In case k is odd, there are k%l

pairs of humps plus one more positive hump over (%, L). By Lemma
6.1, the last positive hump contributes (the same as for all other positive
humps)

L ko ok L [2
(6.14) Tm / sin "X g giérsin e gy o UL 2 sin(e, — m/4) .
(k=1)L L k\ mé
k

Adding to that the contribution from k%l pairs of humps, gives

Im fOL sin i€k S ET g ELZL [ 2 gin (¢, — %) + £ %sin(ﬁk —m/4)

which again leads to the formula (6.11). The formula (6.12) is established
similarly. %

Example Using Mathematica, we computed the solution curve p; = u7(&7)
for the following example of resonance at a higher eigenvalue (A7 = 4972 on
(0,1); the computer program is described in [19)])

(6.15) u” + 4972 u + sinu = py sin 77w + sin 3wx — 2sindnzr, x € (0,1),
u(0) =u(1)=0.

Observe that here e(z) = sin3rz — 2sindnz L sin 77z in L?(0,1). The
solution curve py = p7(&7) (solid line) is presented in Figure 3. Notice
a remarkable agreement with the asymptotic formula (6.11) (dashed line,
almost indistinguishable). At u7; = 0 the problem (6.15) has infinitely many
solutions. There are at most finitely many solutions for any pu; # 0, and
there are no solutions for |u7| sufficiently large.
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