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Abstract. We consider the semilinear Dirichlet problem
Au+kg(u) = pip1 + ... + pinpn +e(z) forx €U, u=0 on 9U,

where ¢y is the k-th eigenfunction of the Laplacian on U and e(z) L ¢,
k= 1,...,n. We write the solution in the form u(z) = >, &pi +
Ue(x), with Ue L @i, k =1,...,n. Starting with k¥ = 0, when the prob-
lem is linear, we continue the solution in k by keeping & = (&1,...,&)
fixed, but allowing u = (p1,...,un) to vary. We then study the map
& — p, which provides existence and multiplicity results for the above
problem.

1. INTRODUCTION

We study existence and multiplicity of solutions for a semilinear problem

Au+ kg(u) = f(z) for z € U, (1.1)
u=0 on U

on a smooth domain U C R™. Here the functions f(z) € L?(U) and g(u) €
C?(R) are given and k is a parameter. We shall approach this problem by
continuation in k.

When k = 0 the problem is linear. It has a unique solution, as one sees
by using Fourier series of the form u(z) = > 77 | ugppr, where ¢y, is the k-th
eigenfunction of the Laplacian on U, and Ay is the corresponding eigenvalue.
We now continue in k, looking for a solution pair (k,u), or u = u(z, k).
At a generic point (k,u) the implicit function theorem applies, allowing
the continuation in k. These are regular points, where the corresponding
linearized problem has only the trivial solution. So until a singular point
is encountered, we have a solution curve v = u(z, k). At a singular point

Accepted for publication: May 2009.
AMS Subject Classifications: 35J60.
963



964 PuiLip KORMAN

practically anything imaginable might happen (as one can see even on two-
dimensional examples, dealing with the solution set of h(k,u) = 0, where
h is some function of k¥ € R and u € R). At some critical points the
M.G. Crandall and P.H. Rabinowitz theorem [6] applies, giving us a curve of
solutions through a critical point. But even in this favorable situation there
is a possibility that a solution curve will “turn back” in k.

So what is the way forward in k, which can take us through any critical
point? If a solution u(z) is given by a Fourier series u(x) = Y po | urppr, we
call U,, = (u1,uq,...,u,) the n-signature of the solution, or just signature
for short. We write f(z) by its Fourier series, and rewrite the problem (1.1)
as

Au+kg(u) = pipr + ... + pnn +e(x) for xz € U, (1.2)
u=0 on U

with e(x) the projection of f(x) onto the orthogonal complement to ¢1, ...,
¢n. Let us now constrain ourselves to holding the signature U, fixed (when
continuing in k), and in return allow for pui,...,u, to vary; i.e., we are
looking for (u, u1,...,u,) as a function of k, with U, fixed. It turns out
that we can continue forward in k this way, so long as

k max g (u) < Apg1-

So suppose this condition holds, and we wish to solve the problem (1.1)
at some k = kyg. We travel in k from £ = 0 to £ = kg on a curve of fixed
signature U,, = (u1,us,...,uy), obtaining a solution of (1.2). The right-
hand side of (1.2) has the first n harmonics different from the ones we want
in (1.1). We now vary U,. The question is: can we choose U, to obtain
the desired u1,..., iy, and if so, in how many ways? This corresponds to
the existence and multiplicity questions for the original problem (1.1). The
classical results of E.M. Landesman and A.C. Lazer [12], A. Ambrosetti and
G. Prodi [2], M. S. Berger and E. Podolak [4], as well as well-known papers
of H. Amann and P. Hess [1] and D.G. de Figueiredo and W.-M. Ni [§]
dealt with these questions when n = 1. We are able to obtain extensions
of some of these results, and largely recover the others. We show that all
solutions of the problem (1.2) (when n = 1) lie on a unique solution curve
w1 = p1(&1), and this curve determines multiplicity of solutions. Thus, a two-
dimensional curve gives a faithful representation of the solution set of (1.2).
All solutions of the problem (1.2) can be numerically computed through two
continuations: first in k, and then in &1, and both of these continuations do
not encounter turns or any other singularities.
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We also study the ranges in the n > 1 case. We obtain some existence
results, covering the case of resonance at higher eigenvalues. The advantage
of our approach is that we have concrete solution curves in hand, when
discussing ranges of nonlinear equations. Our approach can be seen as a
dynamical version of the classical Liapunov-Schmidt procedure. We do not
seek to solve the equation off the kernel in one step by applying an implicit
function theorem, but instead perform continuation. The inverse (or control)
problem that we had solved in the process: given U, find pu1,...,pu, (with
e(z) fixed), appears to be of independent interest. We apply our results
to the question of symmetry breaking, considered in a recent paper by F.
Pacella and P. N. Srikanth [14]. We extend that result, obtaining multiple
symmetry breaking solutions.

Our approach is competitive for numerical computations. It is easy to
implement continuation in parameters, if one is guaranteed that solutions do
not turn back when parameters are varied. We performed such computations
in our previous paper [11].

2. PRELIMINARY RESULTS

Recall that on a smooth domain U C R™ the eigenvalue problem
Au+du=0 onU, u=0 on oU

has an infinite sequence of eigenvalues 0 < A1 < Ay < A3 < ... — o0, where
we repeat each eigenvalue according to its multiplicity, and the corresponding
eigenfunctions we denote ¢j. These eigenfunctions ¢y form an orthogonal
basis of L2(U); i.e., any f(z) € L*(U) can be written as f(z) = Y poq k@,
with the series convergent in L?(U), see e.g. L. Evans [7]. We may normalize
H‘Pk’HLQ(U) =1 for all k.

Lemma 2.1. Assume that u(x) € L*(U), and u(x) = > 32, 1 appr. Then

/]Vu\Qd:UZ/\nH/ u? da.
U U

Proof. Since u(x) is orthogonal to 1, ..., p,, the proof follows by the
variational characterization of A,41. O

Any f(x) € L*(U) can be decomposed as f(x) = p1¢1+. ..+ fnon +e(x),
with e(z) = > 72, 1 pspr orthogonal to o1, ..., ¢,. We call the vector =
(t1y - - -y i) the n—signature of f(x), or signature, for short. We consider a
boundary-value problem

Au+kg(u) = pipr + ... + pnon +e(x) forxz € U, (2.1)
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u=0 on JU.
Here k > 0 is a constant, and g(u) € C?(R) is assumed to satisfy
|’ (u)] < M for all w € R, M > 0 a constant. (2.2)

We shall also assume that

f mu+bi(u) fu<0
9(u) = { you + ba(u) if u>0, (2.3)

with real constants 71, 72, and by (u), ba(u) bounded for all u € R. Notice
that we admit the case of 75 = 71, and in particular we allow bounded g(u),
if 2 =7 =0.

If u(z) € H3(U) N H(U) is a solution of (2.1), we decompose it as

u(@) =Y &ipi+ Ue(x), (2.4)

i=1
where Ug(x) is orthogonal in L?*(U) to ¢1,...,¢,. The following lemma
gives an estimate of Ug(x), uniformly in & and pu = (p1,. .., pin)-
Lemma 2.2. Assume g(u) satisfies the conditions (2.2) and (2.3), and
kM < Ani1. (2.5)

Assume that a solution of (2.1) is written in the form (2.4). Assume that the
point (&, ..., &) belongs to a compact set in R*~1. Then there is a constant
c> 0, so that

/ \VUe|* dx < ¢, uniformly in & € R, and i € R™ (2.6)
U

Proof. Using the anzatz (2.4) in (2.1) we have

n

AUs +kg(Y &iei+Ue) =D (pi+ Nibi)pi +e(x) forz €U,  (2.7)
i=1 =1
Us =0 on OU.

We multiply (2.7) by Ug, and integrate

2 5 . _
/U‘VU&I dx k/Ug(Zfzgoz—i-Ug)Ugd:r /Ue(x)Ugdx. (2.8)

i=1

Since ¢1 > 0, we can find N > 0, so that > ", &p; > 0 for & > N, and
S &ipi < 0 for & < —N. Assume that & > N (the case & < —N
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is similar, and the case { € [—N, N] is easier, since then g(} ;" &pi) is
bounded). We write the second term on the left in (2.8) as

- k/U {g(iﬁi% +Ue) — Q(Xn: Ez’%)] Ug dx (2.9)
i=1 i=1

_k/[]w(zn:gm) Ugdx—k/U@(zn:gi(pi)Ugdx.
i=1 =1

(With its argument positive, g(3 21" &ipi) = 72 21 &pi + 02300, Givwi)-)
The second integral in (2.9) vanishes. Using the condition (2.2), we estimate
the first integral in (2.9) from below by

—kM / U¢ da.
U
Using Lemma 2.1, we then conclude from (2.8) that
(Ag1 — k:M)/ U¢ dx < / VU |? dw — k:M/ U¢ da (2.10)
U U U

< / e(az)Ugdquk‘/ ba(u)Ug dz.
U U

This gives us an estimate of fU Ug dx. Returning to (2.10), we conclude the
lemma. ([l

Remarks. 1) Assume for £ € V C R" we have Y ;" &p; > 0 for all z € U.
Then the estimate (2.6) is uniform with respect to £ € V and p € R™. (The
conclusion is the same if > 7" | &p; <O0forallé € V and z € U.)

2) If vy =2 = v in (2.3), i.e., when g(u) = yu + b(u), with b(u) bounded
on R, the estimate (2.6) is uniform with respect to £ € R™ and pu € R™.

In the following linear problem the function a(z) is given, while pq, ..., up
and w(z) are unknown.

Lemma 2.3. Consider the problem

Aw+ a(x)w = p1p1 + ... + pinpn forx € U, (2.11)
w=0 on oU,
/wgpldm:...:/wgondmzo.
U U
Assume that
a(x) < Apg1 forallz e U. (2.12)

Then the only solution of (2.11) is u1 = ... = pp =0 and w(z) = 0.
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Proof. Multiply the equation in (2.11) by w(z), a solution of the problem
(2.11), and integrate. Using Lemma 2.1 and the assumption (2.12), we have

)\n+1/w2da§§/ |Vw|2d1::/a(m)w2d$<)\n+1/w2daz.
U U U U

It follows that w(x) =0, and thus
0=p1p1+ ...+ pppn forzeU,
which implies that yu; = ... = p, = 0. U

Corollary 1. If one considers the problem (2.11) with 3 = ... = p, = 0,
then w(x) = 0 is the only solution of that problem.

3. A DIRECT APPROACH TO AN INVERSE PROBLEM

For the problem (2.1) let us pose an inverse problem: keeping e(x) fixed,
find p = (p1,...,pn) so that the problem (2.1) has a solution of any pre-
scribed n- signature & = (&1,...,&,).

Theorem 3.1. For the problem (2.1) assume that conditions (2.2), (2.3),
and (2.5) hold. Then, given any & = (&1,...,&,), one can find a unique
= (l1,...,pn) for which the problem (2.1) has a solution of n- signature
&. This solution is unique.

Proof. When k£ = 0, the unique solution of (2.1) can be found in the form
u =Y po; &k Choosing p; = —X\;&, i = 1,...,n, will provide us with a
unique solution of the linear problem (2.1) (here k = 0) of signature £. We
now show that solutions of fixed signature £ can be continued in k.

We begin by assuming that £ = 0 = (0,...,0). Define H3 to be the
subspace of H?(U) N H}(U) with zero n-signature:

H = {uEHQ(U)ﬂHé(U) : / upidr =0, i = 1,...,n}.
U
We recast the problem (2.1) in the operator form as
Flu,p, k) = Au+kg(u) — p1e1 — ... = pintpn = €(x),
where F(u,u,k) : HE x R x R — L*(U). We will show that the implicit

function theorem applies, allowing us to continue (u, x) as a function of k.
Compute the Frechet derivative

F(u,u) (u7 My k)(w? ,U*) = Aw + kg,(u)w - MT‘Pl e ,U;Spn
We need to show that the map F, ) (u, 1, k)(w, p*) is both injective and
surjective. Observe that F, ,)(u, u, k)(w, u*) : H3 x R™ — L*(U).
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The equation F{, ,)(u, i, k)(w, u*) = 0 is equivalent to

Aw + kg’ (u)w = pipr + ...+ i, for z e U,

w=0 on JU,
/wcpld:U:...:/wcpnd:U:O.
U U
By Lemma 2.3, w(z) =0, and pj = ... = p} = 0, proving the injectivity.

To show that the linearized map is also surjective, we need to prove that
for any e*(z) € L?(U) the problem
Aw + kg’ (u)w — pipr — ... — phop = e*(x) for z € U, (3.1)
w=0 on JU,

/wgoldx:...:/wgondxzo
U U

has a solution (w, u3,. .., u}). Consider the operator L : H*(U) N H}(U) —
L?(U) defined by L[w] = Aw + kg’ (u)w (i.e. w = 0 on U). We distinguish

between two cases.

Case 1. The operator L is invertible. Then we can write the solution of
the equation in (3.1), subject to the boundary condition in the second line
of (3.1) as

w(@) = pi L7 (p1()) + .o+ L (on(2)) + L7 (e ().

We need to choose puJ, ..., pu, so that the n conditions in the third line of
(3.1) are satisfied; i.e., we have (denoting by (-, -) the inner product in L?(U))

pi (L1 (@) 1) + o+ iy (L7 (a(@)), 1) = = (L7 (e (2)), 1)

1y (LM e1(@), 0n) + -+ p (L (on(@)), 0n) = — (L7 (e (@), @) -

This is a linear system with unknowns pj,...,u,. If this system was not
solvable, its columns would have to be linearly dependent; i.e., we could find
constants cq, ..., c,, not all zero, so that

(L7 (cro1(2) + ... + cnn(@)) s pi(x)) =0, i=1,....,n.

By Lemma 2.3 it follows that L™ (e1p01(x) + ...+ chon(z)) = 0, but then
0 = c1p1(x) + ... + chpn(z), contradicting the linear independence of the

)
Pi’s.
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Case 2. The operator L is not invertible. Since L is a Fredholm operator of
index zero , it has a non-trivial kernel. Assume first that the kernel is one di-
mensional, spanned by some non-zero function w(z). In that case L= (f(z))
exists if and only if f(x) is orthogonal to the kernel; i.e., (f(x),w(z)) = 0.

By Corollary 1 to Lemma 2.3 w(x) cannot be orthogonal to all of the first
n eigenfunctions. Assume for definiteness that (w(x),p1(x)) # 0. We can
then choose the constants v, ...,v,—1 such that

(r1p1(2) + pa() ,w(x)) =0 (3.2)

(m-101(x) + (), w(z)) = 0.
We also choose 7, such that

(ynep1(z) + €*(z), w(x)) = 0. (3-3)
We rewrite the equation in (3.1) as
Aw + kg’ (w)w = t1 (v11(x) + () + ... (3.4)
+tn1 (In-191(2) + on(2)) + i1 (2) + €7 (2).
We shall choose the constants t1,...,t,_1 to obtain a solution of the prob-
lem (3.1). Choosing t;’s is of course equivalent to choosing puj, ..., in

(3.1). In view of (3.2) and (3.3) the following functions are well defined:
wi = L7 (p1(2) + ¢2(2)), oy w1 = L7 (Ya-1901(2) + @n(2)), and
f = L7 (yuei(z) +e*(x)). In terms of these functions we write the so-
lution of (3.4) subject to the boundary condition (the second line in (3.1))
as
w=tiw; +...th—1Wp_1 + f + sw,

where s is an arbitrary constant. We now choose the constants ¢1,...,t,—1,
s to satisfy n orthogonality conditions in the third line of (3.1). For that we
need to solve the linear system

ti (w1, 1) + ...+ tp—1 (Wn—1,01) + s (W, 01) = — (f, 1)

131 (wlv ‘Pn) +...F+th (wn,l, Son) +s (71)7 SOn) = - (f7 Spn) .

This system is uniquely solvable, unless columns of its matrix are linearly
dependent. In that case one can find constants cq,...,c,, not all zero, so
that W = cqwi + ... + ch—1wp—1 + cpw is orthogonal to ¢1,...,¢,. But

W =L"c1 (mp1(x) + pa(z)) + ... + a1 (mo191(z) + on(2))] -
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We see that L[IV] is a linear combination of o1, ..., ¢p:

LW]=(ctyi+ ...+ cac1m-1)pr +c1p2 + ... Coo10n .

It follows that W satisfies all three lines in (2.11). By Lemma 2.3, W =0,
and L[W] = 0. The second of these conclusions implies that ¢; = ... =
chn—1 = 0. Since W = 0, either ¢, = 0 or w = 0, and both cases are
impossible.

Let us now consider the general case, when the null space of L is mul-
tidimensional, spanned by wi,...,w;. We have k < n, in view of the
condition (2.5). (Zero is an eigenvalue of L{w] = Aw. By (2.5) it is ei-
ther the n-th eigenvalue, or lower. Since we repeat each eigenvalue accord-
ing to its multiplicity, the multiplicity of A = 0 is < n.) Assume first
that £ < n. Let wi,...,w, be projections of respectively w,...,w; onto
X, = span{¢1,...,pn}. By Corollary 1 to Lemma 2.3 the w;’s are all
non-zero. We can find mutually orthogonal functions 1, ..., ¥, € Xn,
which are orthogonal to w1, ...,w, and hence they are also orthogonal to
W1, . .., Wg. Without loss of generality we may assume that e* € X;- (other-
wise one can absorb into i} the projection of e* onto ¢;). Write the equation
in (3.1) as

Liw] = t11 + ...+t gtnp +€" (3.5)
We shall choose the constants t1, . . ., t,_k to obtain a solution of (3.1) (choos-
ing t;’s is equivalent to choosing p}’s). The solution of (3.5) is

w=tiwy+ ... +tp pWn_+ f+ 85101+ ...+ SpWg,

where we denote w; = L71[¢);] and f = L7'[e*]. We need to choose n
constants t1,...,t,_% and s1,...,S; so that w L X,;; i.e., we need to solve
the linear system

ti(wi, 1) + oo F bk (Wn—k, 1) + 51 (W1, 901) + ... + 5k (Wk, 1) = — (f, 1)

131 (wlaﬁpn) + .otk (wn—lm(ﬁn) + 51 (7D17<Pn) + sy (wkaQDR) = - (fv‘ﬂn)~

The system is uniquely solvable, unless its columns are linearly dependent.
If that was the case, we could find constants ci, ..., ¢k, d1, ..., dg, not all
zero, so that

W=cwi+...+cp_pWp_ +diw1 + ... +dpwg, L X,,.

Observe that
L[W] =c1P1+ ...+ Vi € Xp. (36)
Applying Lemma 2.3 to the problem (3.6) we conclude that W = 0 and

O=cat1+...+cnk¥nk-



972 PuiLip KORMAN

Since the v;’s are mutually orthogonal, we conclude that ¢;’s are all zero.
Combining that with the fact that W = 0, we see that

diwy + ...+ dpwg = 0,

and hence all d;’s are also zero, a contradiction.

If kK = n we proceed similarly. In the linear system above, there are no
t;’s, while we have sy, ..., s,. Linear independence of columns would imply
existence of constants dq,...,d,, not all zero, so that for W = dyw, + ...+
dpw, we have L[W] =0, and W L X,,. By Corollary 1 to Lemma 2.3, we
have W = 0, contradicting linear independence of the w;’s.

We now consider the case of general £, and reduce it to the case £ = 0, by
setting v(z) = u(x) — Y i~ &pi. Then v(x) satisfies

n n

Av+kgv+ > &Gei) =Y (i + \i&i)gi + e(x) forx €U, (3.7)
i=1 i=1

u=0 on JU.

Even though this problem is slightly different from (2.1), it is clear that we
can repeat the above argument, and obtain a curve of solutions of (3.7) of
zero signature. Then u = u(z, k) = u(k) is a solution curve of fixed signature
¢ for the problem (2.1).

Hence, the implicit function theorem applies at any solution of (2.1); i.e.,
locally we have a curve of solutions u = u(k), u; = pi(k), i = 1,...,n.
To show that this curve can be continued for all k, satisfying our condition
(2.5), we only need to show that this curve (u(k), u(k)) cannot go to infinity
at some k; i.e., we need an a priori estimate. Since the n-signature of the
solution is fixed, we only need to estimate Us. We claim that there is a
constant ¢ > 0, so that

|Ue|| g2y < ¢, uniformly in p € R™. (3.8)
Indeed, multiply (2.7) by AUg and integrate. Since AUg L X,,, we have

/U(AU§)2 dz + k’/U [g(; &ivi +Ues) — g(0)| AU dx (3.9)

:/ (e(2) — kg(0)) AU de.
U

The second term we integrate by parts, obtaining

—/UQ/(Z §ipi + Ug)(ZfiVsoi + VUg) - VU dz.
1=1 i=1
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(There is no boundary term, since the quantity in the square bracket vanishes
on 9U.) Since ¢'(u) is uniformly bounded, we get by Lemma 2.2 a bound for
this integral. Returning to (3.9), we have a bound on [,(AU¢)? dz, and by
elliptic regularity we conclude (3.8). (The estimate (3.8) is not uniform in ¢,
but we keep the signature £ fixed.) Multiplying (2.1) by ¢; and integrating
over U, we conclude the existence of a uniform bound on p;(k). It follows
that we can continue the solutions of the problem (2.1), of fixed signature
¢, for all k satisfying the condition (2.5). At each k we have a solution
(u(k), (k) of (2.1).

Finally, if the problem (2.1) had a different solution (u(k),p(k)) with
the same signature £, we would continue it back in k, obtaining at k = 0 a
different (since solution curves do not intersect) solution of the linear problem
of signature &, which is impossible. O

4. CONTINUATION IN £ FOR k FIXED

Theorem 3.1 implies that the value of & = (&1, ...,&,) uniquely identifies
the solution pair (i, u(x)), where u = (u1,...,un). Hence the solution set
of (2.1) can be faithfully described by the map £ € R® — u € R™, which
we call the solution manifold. (If n = 1 we have a solution curve pu = u(§),
which faithfully depicts the solution set.) We show next that the solution
manifold is connected.

Theorem 4.1. In the conditions of Theorem 3.1 any solution of n- signature
§ can be locally continued in §. This continuation can in fact be performed
globally. In particular, we can continue solutions of any signature & to a

solution of arbitrary signature é by following any continuous curve joining &
and .

Proof. We show that any solution of (2.1) can be continued in &, by using
the implicit function theorem. The proof is essentially the same as for con-
tinuation in k above. Letting u(z) = Y " | &pi+v(z), we recast the problem
(2.1) in the operator form F(v,u, &) = e(x), where F : H3 x R" x R" — L?
is defined by

n
F(v,1,6) = Av+kg(Y_ &ipi+ () = (1 + M&)e1 — - — (Hn + Ankn)n-
i=1
(Observe that the first n harmonics of v are zero.) The Frechet derivative
this time is

Flo (0,1, 8)(w, 1*) = Aw + kg' (Y &Gii + v(x))w — pipr — ... — phon,
=1
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with w € Hg, and p* € R™. According to Lemma 2.3 the only solution of
the linearized problem

F(v,,u,)('U,,u,g)(w,/.L*) =0 forx € Ua
w =0 on JU,

w € HY

is (w, u*) = (0,0). As before, we verify the surjectivity of the map

Fy (v, p1,§)(w, p1*). Hence, the implicit function theorem applies, giving us
locally a curve of solutions u = u(x, ) and p = p(€). As before, we see that
solutions on this curve remain bounded, and hence we can continue the curve
for all £ € R™. (The bound (3.8) depended on £. However, once we fix two
points € and &, and the path joining them, the bound (3.8) is uniform.) O

5. SOLUTION MANIFOLD IN THE CASE n =1

The results of this section are largely known. However, we derive them in
a unified fashion, and we provide more detailed information on the solution
curves, which opens a way for numerical computations. Moreover, we obtain
extensions of most of these results.

We begin the study of the solution manifold in the case n =1, i.e., when
only the first harmonic (of both the forcing term and of the solution) is
considered separately. The solution manifold in this case is a curve, and
we study its properties in this section. We can treat asymptotically linear
problems of the form (here A is a parameter)

Au+ A+ b(u) = prp1 +e(z) forx € U, (5.1)
uw =0 on JU,

where e(z) is orthogonal to (1, and b(u) € C*(R) is a bounded function,
satisfying
A+b(u) <X forallue R. (5.2)

This condition is assumed throughout the present section. By Theorem
3.1, for any &; € R one can find a unique solution pair p; = p3(&1) and u =
u(x,&1) = &1+ Ug, (K is now fixed). When one varies &1, all these solutions
link up to form a unique solution curve, which exhausts the solution set of
(5.1). Indeed, by Theorem 4.1 we can continue solutions for —oco < & < o0,
giving us a solution curve, and no solutions off this curve are possible, since
the value of &; uniquely identifies the solution, and all values of £&; have been
accounted for.
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We now study the range of the function p; = pi(&1). If this range is
(—00,00), it follows that the problem (5.1) is solvable for all right-hand
sides f(x) = p1p1 + e(x) € L2
Proposition 1. Assume that A # A1. Then the range of the function pu; =
p1(&1) is (=00, 00).

Proof. Multiplying (5.1) by ¢1, and integrating gives

(/\ — )\1)51 + /U b(u)gpl dx = 1. (53)

Since b(u) is bounded, it follows that u; goes to infinity when & does. [

Observe that, if A > A1, p1 goes to infinity in the same direction as &,
while for A < A1 the direction is opposite. Clearly, something must happen
at A = A\ to allow this drastic change. It turns out that p; is bounded at
A = A1. The following observation follows from (5.3).

Proposition 2. If A = A1, then a solution of (5.1) may ezist only if
inf b(u) / p1dx < py < supb(u) / 1 dx.
R U R U

We can get a more detailed result if we assume that b(u) has limits at infin-
ity b(—o0) and b(co). This sort of result has originated from the celebrated
paper of E.M. Landesman and A.C. Lazer [12].

Theorem 5.1. If the limits b(+00) exist, then

lim p1(61) Zb(OO)/ ¢1dx, and
&1—00 U

lim_yn(€1) = b(-00) [ ond
£&1——00 U

The problem (5.1) is solvable, provided

min (b(—00), b(c0)) / p1dr < pp < max (b(—o0), b(c0)) / pr1dz.  (5.4)
U U

Proof. We prove that the limits exist. Then (5.4) will follow, since the
curve g1 = p1(&1) is continuous. Assume that & — oo. Recall that we
decompose u = &1¢1 + Ug. From (5.3) (at A = A1) for any § > 0 and small

w1 — b(OO)/U<P1 dz| < /U 1b(&101 + Ue)p1 — b(oo) 1| do = (5.5)

/ |b(&1p1 + Ue)p1 — b(oo)pr| da + / 1b(&11 + Ue)pr — b(00) 1] dx.
p1<6 ®1>6



976 PuiLip KORMAN

Since b(u) is bounded, the first integral on the right can be made less than
€/3 by choosing § small. The second integral we decompose over two com-
plementary sets, keeping the same integrand (which we do not show)

/ +/ . (5.6)
Ue|<8£r  Jjug|>5121

2
In the second integral in (5.6) we integrate over the set where |Ug| > %.
Since Uy is bounded in L? uniformly in ¢; by Lemma 2.2, the measure of this
set tends to zero, for & large, which allows us to make the second integral
in (5.6) less than €/3. The first integral in (5.6) can also be made less than
€/3, since over its region of integration &1 + Ug > %, which is large for &;
large. g
Example. Consider the problem (5.1). Assume that (5.2) holds, and in
addition b(u) is bounded, b(+o00) = 0, and b(u) > 0 for all u € R. Then there
exists o > 0 so that the problem (5.1) is solvable if and only if 1 € (0, «].
Moreover, the problem has at least two solutions for any u1 € (0, ). Indeed,
we see that pi(§1) > 0 for all &, and, arguing as above, pi(§1) — 0 as
& — =£oo. Hence the range of pi(&;1) is (0,a], and it is covered at least
twice. This generalizes Problem 13 on page 162 in A. Ambrosetti and G.
Prodi [3] (the e(z) term was not included there). Moreover, one can easily
extend this result by dropping the b(u) > 0 condition. (Then there exists
B <0 < «, so that the problem (5.1) is solvable if and only if p; € [5,a]. If
w1 € (B, ) the problem has at least two solutions, except for the possibility
of exactly one solution at p; = 0.)

For monotone b(u) we have a uniqueness result.

Theorem 5.2. In addition to the assumptions of Theorem 5.1 assume that
b'(u) >0 (< 0) for allu € R. Then py(&1) > 0 (< 0) for all & € R, which
implies that for any py satisfying the necessary condition (5.4) the problem
(5.1) has a unique solution.

Proof. Assume for definiteness that & (u) > 0 for all w € R. Then, by
Theorem 5.1, p1(00) > p1(—00), and hence p}(§1) > 0 at least for some
values of ;. Assume that 1 (£)) = 0 at some &Y. Differentiate (5.1) in &,
set &1 = &Y, and denote w = ug, |£1:€§’v obtaining

Aw+ (A +b'(w) w=0 forz €U,

w=0 on oU.

Clearly, w is not zero, since it has a non-zero projection on ¢;1. On the other
hand, w = 0, since by the assumption (5.2) A1 < A1 + b'(u) < Aa. O
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Another way to “do business” at resonance, without imposing conditions
of Landesman-Lazer type, is due to D.G. de Figueiredo and W.-M. Ni [8].
Consider again the problem (5. 1) at A = A1, with b(u) bounded, and satis-
fying (5.2). Assume also that b(u)u > 0 for all u € R. From (5.3)

H1 = /b )1 dx.

Arguing as in Theorem 5.1, we see that [, b(u)p1 dz > 0 (< 0)if & > 0 (< 0)
and large. It follows that the range of p1 (&) includes an interval around zero.
In particular the problem (5.1) is solvable at p = 0, which corresponds to
the result of [8] (we obtain an extension of that result, allowing for p to be
non-zero, but not a generalization, since in [8] they had milder assumptions
on b(u)). We can also extend the positivity condition, by assuming that
b(u) > ¢ for u positive and large, and b(u) < —¢ for u negative and large,
for some § > 0.

The next case to consider is that of jumping nonlinearities. Problems of
this type have been extensively studied, with S. Fucik [9] being one of the
earliest contributions. We consider the problem

Au+ g(u) = p1pr + e(x) for z € U, (5.7)
u=0 on dU,
where "
_ mu+bi(u) ifu<O
glu) = { You + bo(u) if u >0, (5.8)

with real constants 71, v2, and by (u), ba(u) bounded for all u € R. To apply
Theorem 4.1, we need ¢'(u) < Ag; i.e., we assume that v; +b) (), v2+b5(u) <
A for all w € R. There are several cases to consider.

Case (i) 71,72 < A1. From (5.7)

= —\& —i—/ g(u)pr dx. (5.9)

U
Arguing similarly to Theorem 5.1, we see that, for large &1, u is asymptotic
to (y2 — A1)&1, and hence limg, oo p11(£1) = —oo. Similarly, as & — —oo,

pi1(&1) is asymptotic to (y1 — A1)é1, and hence limg, oo p1(&1) = oo. It
follows that the range of 11(&1) is (—o0, 00), and hence the problem (5.7) is
solvable for all p.

Case (ii) A1 < 71,72 < A2. We have similar conclusions, although now
u1(§1) — £oo as & — +o0.

Case (iii) 11 < A1 < 72 < A2. It turns out that the range of p(&1) is
bounded on one side. Arguing as above, we see from (5.9) that (&) — oo
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as £, — £oo. Hence the range of u1(&1) is o, 00), for some pg. It follows
that for u > po the problem (5.7) has a solution, and no solution exists when

K< Ho-
Case (iv) 72 < A1 <71 < A2. This case is similar to (iii). This time p;(&;)
is bounded from above. W it
) | bi(u) ifu<O
Referring to (5.8), define b(u) = { bo(u) if u> 0.

that case (iii) holds, while b(u) € C?(R), and satisfies

Let us now assume

b'(u) >0 (and hence ¢g”(u) > 0) for almost all u € R. (5.10)

Then pq(&1) is bounded from below, and in fact we have the following
precise result, which is roughly equivalent to the one in the classical papers
of A. Ambrosetti and G. Prodi [2] and M. S. Berger and E. Podolak [4].

Theorem 5.3. The function uy(&1) has a point of global minimum at some
€, and pu1(&1) is strictly decreasing on (—00,£&Y) and strictly increasing on
(€9,00). The problem (5.7) has ezactly two, exactly one or nmo solution,
depending on whether p € (u(£9),00), p = u(&Y) or u < p(€Y) respectively.

Proof. Differentiate the equation (5.7) with respect to & :
Aug, + ¢ (w)ug, = pf (&)1 for €U, ug, =0 on OU. (5.11)

Assume that 1} (§) = 0 at some &y. Then, denoting w = ug, at & = &o, we
have

Aw+ ¢ (u)w=0 forx €U, w=0 ondU. (5.12)

This problem is a linearization of (5.7). Hence, if the problem (5.12) has only
the trivial solution, we can continue the solution u = u(z, ) in p, obtaining
solutions on an interval around u(&p); i.e., the function pu(&1) does not have
an extremum at &g.

Assume next that the problem does have a non-trivial solution. Since
g'(u) < A2, w is a principal eigenfunction, and so we may assume that w > 0
on U. Differentiate (5.11) once more in &, and let & = &y (recall that

1 (&) = 0):

Auge, + ¢ (u)ug e, + g" (ww? = 1 (&)1 for z € U, ug e, =0 on OU.
(5.13)
Combining the equations (5.12) and (5.13), we have

u/f(&))/ w1 dw:/g"(u)wgd%
U U
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which implies that pf (&) > 0, so that any critical point of u;(&) is either a
point of minimum, or a point of inflection. Hence this function has only one
extremum point, the point of global minimum, and the theorem follows. [J

Dropping the convexity assumption, we have the following result, similar
to the one in H. Amann and P. Hess [1]. What we add is that all solutions
lie on a unique solution curve p; = p1(&).

Theorem 5.4. Consider the problem (5.7), with jumping nonlinearity as in
case (iii). Then the function ui(&1) has a point of global minimum at some
{?. The problem (5.8) has at least two, at least one or no solution, depending

on whether p € (u(£9),00), p = u(€Y) or u < u(€?) respectively.

Proof. The function p(&;) is bounded from below, and hence it has a point
of global minimum. We claim that limg, 4o p(§1) = oo, which clearly
implies that the range of u(&;) extends to infinity, and is covered twice.
Assuming the claim to be false, we can find a sequence f{“ — 00, such
that corresponding u; = u(£Y) are uniformly bounded. Consider now the
problem (5.7) with g = pg. According to Lemma 3.2 in A.C. Lazer and
P. J. McKenna [13] corresponding solutions of (5.7), which we call uy, are
uniformly bounded in C*(U). We have uy, = £fpq + ngl , with U?l uniformly
bounded in L?(U) by Lemma 2.2. It follows that the sequence uy is not
bounded in L?, a contradiction. ]

And finally, we consider a sample case of “half-resonance.” Consider again
the problem (5.7), with g(u) satisfying (5.8). Assume also that Ay < 71 < Ag,
Yo = A1, and limy, oo b1(u) = 0, limy o0 b2(u) = 0. Then as above we
conclude that p1(£1) — —oc0 as § — —oo, and (&) — 0 as § — oo. In
particular the problem (5.7) is solvable for any 3 < 0. This extends to
PDE’s (and in other ways too) a result of A. Castro [5]. A. Castro’s result
had an advantage of not requiring an upper bound on ~;.

6. SOLUTION MANIFOLD FOR n > 1

Let us begin with the case n = 2, and then generalize. Again, we consider
asymptotically linear problems of the form (here A is a parameter)

Au~+ Au+b(u) = prp1 + pops + e(x) for z € U, (6.1)
u=0 on JU,

where e(z) € L?(U) is orthogonal to ¢; and g9, and b(u) € CH(R) is a
bounded function, satisfying

A+ b(u) < X3 forall u€ R. (6.2)
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We first consider the non-resonant case, when A # \;, i = 1,2, and show
that the problem (6.1) is solvable for any pair of (u?, u9) € R?. We decom-
pose the solution as v = §1¢1 + €292 + Ug. According to the Theorem 3.1
for every pair (&1,&2) we can find (u1, p2,u) solving (6.1). By Theorem 4.1
we can continue the solution between any two points of (£1,&2) plane. Our
goal is to find (£9,£€9) corresponding to (1§, 13). From (6.1) we obtain

(A=X)& + /U b (&1 + &apa + Ug) 1 dw = pug; (6.3)

(A= A2)&2 + /Ub (€11 + &ap2 + Ug) o dz = pia. (6.4)

If A > A (A < A1), we see that 3 — +oo (u1 — Foo) as & — oo,
uniformly in &, since b(u) is bounded. Let us say A > Aj, and we begin
continuation somewhere on the line & = —N of the (£1,&2) plane. We
assume N > 0 to be large, and hence u1(&1,&2) is large and negative on
this line. We see from (6.4) that us takes on both large positive and large
negative values when |&| is large. Fix & = £), so that us = pd; ie., at
the point (£1,&2) = (=N, £9) we have (i1, o) = (ji1, p3), with some fi;. We
now begin to shift the line & = —N to the right; i.e., we consider the lines
& = —N+t, with t > 0. We repeat the above procedure, choosing the point
(€1,&) = (=N +t,€5(¢)) at which (u1, p2) = (jir(t), 19). Observe that from
(6.4) £9 is continuous in ¢, i.e., continuous in ¢t. From (6.3) we see that
fi1(t) is continuous in & and &9, i.e., continuous in ¢. For large ¢, jii(t) will
transition to large positive values. Hence at some ¢, i.e., at some (£9,£9), we
obtain (p1, p2) = (7, 13)-

We consider next the resonance case A\ = A\y. Assume first that the (finite)
limits b(f00) exist. Set

A:b(oo)/UJrgog—kb(—oo)/_cpg, B:b(—oo)/UJrst—i—b(OO)/_SO%

where Ut = {z € U : pa(x) > 0} and U~ = {z € U : po(z) < 0}.
Arguing as in the proof of Theorem 5.1, we see from (6.4) that us — A as
&9 — 00, and puo — B as £ — —oo. Then the same argument with the lines
& = —N + t shows that the problem

Au A ou + b(u) = plor + pdps +e(x) forz € U (6.5)
u=0 on U
is solvable for any u{ € R, and any p) € (min(A, B), max(A, B)).

We also have an analog of D.G. de Figueiredo and W.-M. Ni result [8] (see
also Theorem 1.10 in A. Ambrosetti and G. Prodi [3]). If b(u) is bounded
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below by a positive constant for v > 0 and large, and bounded above by
a negative constant for v < 0 and large, the problem (6.5) is solvable for
pd = 0 and arbitrary u. Indeed, po has to vanish somewhere on each line
& = —N + t, since it takes both positive and negative values on this line.
(2 = [+ b (&1 + E2p2 4+ Ue) padx + [;;- b(E1¢1 + E202 + Ue) 2 da, with
the sets UT and U~ as defined above. When & — oo, both integrals are
positive, and they are both negative when & — —o0.)

We consider next the case of n = 3, after which generalization to general
n will be transparent. We consider the problem

Au~+ Au+b(u) = pi1p1 + paps + psps +e(x) for z € U, (6.6)
uw=0 on U,

where e(x) € L?(U) is orthogonal to ¢;, i = 1,2,3, and b(u) € C*(R) is a
bounded function, satisfying

A+b(u) <Ay forall ueR. (6.7)

We consider the non-resonant case, when A # \;,; i = 1,2,3, and show
that the problem (6.1) is solvable for any triple (u{, u3, 13) € R3. In the
parameter space (1, &2,&3) consider the plane {3 = M. By above, on any
such plane we can find a point (£7,£9) at which (1, u2) = (1, #9). Multi-
plying (6.6) by (3 and integrating, we see that as M varies over the interval
(—00,00) so does pz. Hence we can select M where p = p3 at the point
where (p1,pu2) = (pf, 19); i.e., we obtain a solution at the desired point

(19, 13, 13).

7. SYMMETRY BREAKING

As an application of our results, we can give a simple proof that for b > A9
the problem

Au+but = ¢ for x € B, (7.1)
u=0 on 0B

has multiple non-radial solutions. Here B is the unit ball centered at the
origin in R2, b a parameter, and u* = max(u,0). Recently existence of one
non-radial solution was proved (among other things) by F. Pacella and P.
N. Srikanth [14] for b > Ag, and b sufficiently large, for balls in R™. (Our
approach appears to be applicable for balls in R™ too, but we did not pursue
that.)
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If the ball B is two dimensional, then the eigenvalues of the Laplacian
with zero boundary conditions are (M;‘?)Q, and the corresponding eigenfunc-
tions are Jk(,u;?'r) cos kf and Jk(ufr) sin k6, where Ji(r) is the k-th Bessel
function (k > 0), and ,u;? is its j-th root (j > 1). Mathematica readily
gives 1Y ~ 2.40483, u ~ 5.52008 and pd ~ 8.65373, while ui ~ 3.83171,
pd =~ 7.01559, pd ~ 10.1735, and p? ~ 5.13562, u3 ~ 8.41724, u3 ~ 11.6198.
(The command BesselJZeros[n,3] gives the first three roots of J,,.) It follows
that A = (u9)? and @1 = Jo(udr), Ao = (ud)? = A3, with g = Jy(uir)sin6

and @3 = Ji(uir)cosf. Then one has Ay = A5 = (1?)?, and so on. We have

)\1<)\2:>\3<>\4:)\5....

Theorem 7.1. For any Ay < b < Ay the problem (7.1) has four non-radial
solutions.

Proof. We shall prove that the problem (7.1) has a solution with non-zero
projections on @9 and 3 of the form

u =101 + a2 + a3 + U, (7.2)
with £ # 0. By Theorem 3.1 for any triple (1, &2,&2) we can find a unique
triple (p1, p2, u3) and u(x) solving

Au+but = p1py + pops + psps for x € B, u=0 on JdB. (7.3)
We claim that gz = p3. Using polar coordinates (since B € R?), we write
u=u(r,0). Call uy = u(r,7/2 — 0); then u; = &1p1(r) + &apa(r,m/2 — 0) +
Eopa(r,m/2 —0) + Ug = &101(1) + Eap3(1, 0) + Eapa (1, 0) + Ug, which implies
that u; has the same 3 -signature as u. We claim that uy satisfies (7.3),
with po and ps switched. This will contradict the uniqueness of (1, u2, 143),
proving that ps = ps. To prove the last claim, just observe
Auy +buf = pip1(r) + papa(r, m/2 = 0) + paps(r,m/2 — 6)
= p1p1(r) + paps(r, 0) + pspa(r,0) .
To recapitulate, for any (£1,&2) we can find (p1, u2) and u(z) of the form
(7.2) solving
Au+but = pyo1 + pos + pops for x € B, u=0 on dB. (7.4)
It suffices to show that we can find a point (£9,£9,€9), with &9 # 0, so
that the corresponding 19 = 0 and Y # 0 is arbitrary. Indeed, then v = ;TUO
1

solves (7.1), and gives us a non-radial solution.
We claim that uo takes both negative and positive values at some points P
and @ in the upper half of the (£1,&2,&2) plane, i.e., when & > 0. Assuming
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the claim for the moment, join P and ) by, say, a straight line. Since puo
changes continuously along that line, it must be zero somewhere; i.e., the
problem (7.1) has a non-radial solution of the form (7.2), with & > 0.

To prove the claim, we multiply (7.3) by 2, and integrate

—Xo&o + b/ o dr = po. (7.5)
B

Write u(x) in the form u = s (a1p1 + asps + azps) + Ug, with parameters
s > 0, a1, az to be chosen, i.e., here & = saq1, &2 = &3 = saz. We claim that
if a1 and ao are fixed in such a way that

a1p1 + aspo + asws is positive or negative on B, (7.6)

then for s > 0 large the quantity on the left in (7.5) is asymptotic to

s [—)\QaQ + b/ (a11 + agp2 + a2g03)+ podr| . (7.7)
B

Indeed, consider the difference between the integrals in (7.5) and (7.7)

| / [(salgol + sasps + sasps + U£)+ — (sa1p1 + sagps + 8a2903)+] o di|
B

s/ Uellps da
B

since the function f(z) = 2 is Lipschitz continuous, with Lipschitz constant
one. The last integral is bounded uniformly in s, since ||U¢||2 < ¢ uniformly
in saj, say and sag that satisfy (7.6), by Lemma 2.2 (see Remark 1 after its
proof).

We now fix ao = 1. If we now take a; < 0 and large in absolute value so
that the integral in (7.7) is zero, we will get uo to be negative. If we take
a1 > 0 and large, so that aip1 + azp2 + a3 > 0 on B, we see that o is
asymptotic to

S|:—)\2+b/ (a1p1 + w2 + 3) padx| = s(b—A2) > 0.
B

By the above remarks we obtain a solution in the form (7.2), with & = s > 0.
We obtain another solution by fixing ap = —1. Similarly to above, if we
take a1 < 0 and large in absolute value, we will get po > 0. If we take a; > 0
and large, then pus < 0 for large s. We obtain a solution in the form (7.2),
with & = —s < 0.
The other two solutions are obtained in the form

u= &1+ &2p2 — S203 + Uk, (7.8)
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with & # 0. By Theorem 3.1 for any triple (&1, &2, —&2) we can find a unique
triple (p1, p2, u3) and u(x) solving

Au+but = py1py + pows + psps forx € B, uw=0 on dB.

We claim that ps = —pus. The proof is similar to the one above, this time
setting u; = u(r,37/2 — #). Then, exactly as above, we produce a solution
of the form (7.8), with & > 0, and another one with & < 0, the third and

the fourth non-radial solutions of the problem (7.1). O
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