Journal of Theoretical Probability, Vol. 10, No. 2, 1997

Large Deviations for Quadratic Functionals of
Gaussian Processes'

Wlodzimierz Bryc? and Amir Dembo?

The Large Deviation Principle (LDP) is derived for several quadratic additive
functionals of centered stationary Gaussian processes. For example, the rate
function corresponding to 1/T{{ X2 dr is the Fenchel-Legendre transform of
L(yy= —(1/4n) =, log(1 —4myf(s)) ds, where X, is a continuous time process
with the bounded spectral density f{s). This spectral density condition is strictly
weaker than the one necessary for the LDP to hold for all bounded continuous
functionals. Similar results are obtained for the energy of multivariate discrete-
time Gaussian processes and in the regime of moderate deviations, the latter
yielding the corresponding Central Limit Theorems.

KEY WORDS: Large deviations; moderate deviations, quadratic additive
functionals; Gaussian processes.

1. INTRODUCTION

Recall that a collection {Z,} of E-valued random variables satisfies the
Large Deviation Principle (LDP) with speed @,— 0 and rate function
I E-> [0, o], if the level sets I7'([0,5]) are compact for all b < co,
and

liminfa,log P(Z,€ A) > — inf I(x)
xeA
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for all open subsets A < E, while

lim sup a, log P(Z, € A) < — inf I(x)

yeA

for all closed subsets 4 < E.

Throughout most of the paper E=R, except in Proposition 2, where
E=R? and in Proposition 3, where E=R“"' Unless explicitly stated
otherwise, LDPs in this paper are of speed @, =»"! and we reserve »n for
discrete indices n =1, 2,... using T when working with continuous indices.

For a sample of results and references about the LDP for empirical
measures of stationary processes under some restriction on the dependence
see Refs. 6 and 12 [ Sections 6.4 and 6.6].

The LDP for the empirical measures of stationary Gaussian processes
is given in Ref. 15, see also Ref. 22 for the extension to Gaussian fields and
Ref. 14 for an interesting case. The LDP for empirical means of bounded
additive functionals of stationary Gaussian processes is a direct conse-
quence of the results of Ref. 15. By approximation it applies also to func-
tionals of the form |X|?, p<2.

In this paper, we study the LDP for quadratic functionals of station-
ary centered Gaussian processes that posses spectral density. These func-
tionals receive the most attention in applications—for electrical engineering
motivation, see Ref. 9; motivation from control theory, see Ref. 8; for
statistical motivation, see Ref. 11,

Our main results, Theorems 1 and 2, can not be derived from the
LDP,""®) since the moment generating function of square of a Gaussian
variable is not finite everywhere. The condition of bounded spectral density
in Theorems 1 and 2 is actually strictly weaker than the conditions of
Ref. 15. See Ref. 5 for examples of processes for which these theorems apply
while the LDP of Ref. 15 fails.

The Girtner-Ellis theorem is also not suitable for deriving these
theorems. Indeed, the mere existence of the relevant asymptotic logarithmic
moment generating function at the boundary of its effective domain is not
clear, and moreover, typically this function is not steep. We circumvent
both problems by applying the parameter-dependent change of measure.!'*)
The delicacy of this issue is best demonstrated by Example 1, where the
limiting logarithmic moment generating function of an additive R-valued
quadratic functional of a discrete time Gauss-Markov process is shown to
violate the “prediction” of the Grenander-Szegd theory (ie., (2.4) and
(2.10)). Incidently, this case is not covered by the existing literature of
LDPs for additive functionals of Markov chains.

Previous works overlapping our LDP results have either ignored these
difficulties or added unnecessary restrictive conditions to mitigate them.
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For example, Coursol and Dacunha-Vastelle''" deals with quadratic forms
in an implicit way and using the Grenander-Szegd method obtains a ver-
sion of the LDP restricted to certain sets without explicit expressions for
the rate function; Benitz and Bucklew'® presents the heuristic reasoning
motivating and facilitating much of our work but without rigorous proofs;
in Ref. 10, the LDP of our Corollary 1 is stated under an additional techni-
cal assumption; in Ref. 8, explicit rate function is found for the special case
of autoregressive AR(1) processes.

There exist many other works on quadratic forms of Gaussian random
variables. For example, an early paper?® uses the saddle point method to
approximate the distribution for a fixed number of variables (see also
Ref. 19), while for the Central Limit Theorem (CLT), see Refs, 1, 17, and
23 and the references therein. Analyzing moderate deviations of quadratic
functions of Gaussian processes in Theorem 3, we recover some of these
CLTs as well as a few ones.

Our results are stated in the next section, with proofs provided in
Section 3.

2. RESULTS

The content of this section is as follows. For a continuous time process
X, with bounded spectral density f(s), we show in Theorem 1 that
T-' {5 X? dr satisfies the LDP with the rate function which is the Fenchel-
Legendre transform of L(y)= —1/4n {* _ log(1 — 4nyf(s)) ds. Theorem 2
provides the corresponding multivariate discrete-time result. For more
moderate deviations, Theorem 3 states LDPs with speed «, such that
na, — oo. The latter LDPs holds also for processes of unbounded spectral
densities with Proposition 1 pointing out their relevance to the CLT. In
Section 2.5, we incorporate a nonzero mean in the univariate version of
Theorem 2, thus deriving the LDP for the empirical variance. Section 2.6
presents the LDP for the empirical autocorrelation vector of an iid. pro-
cess X; as well as some counter intuitive results concerning the validity of
this LDP when {X,} is an AR(1) process. An approach to higher order
expansions is sketched in Section 2.7.

2.1. Continuous Time

Let {X,} be a real-valued, centered, separable stationary Gaussian
process with spctral density f(s), ie, with the covariance R(f)=
EX,X)={%_ e"f(s)ds.

Denote S,= {5 X2 dt, M =ess sup f{(s).
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Theorem 1. Suppose that {X,},., has bounded spectral density
function f(s)e L,(R, ds). Then {T~'S;} satisfies the LDP with the rate
function

I{(x)= sup {xy—L(y)} 2.1)

—w<y<l/(4nM}

where for y < 1/(4nM)

L(y)= —417 | tog(1—anyf(s)) ds (22)

As an application, suppose that X, is the Ornstein-Uhlenbeck process,
i.e., the stationary solution to dX,= —aX,-f—\/c;dW,, a>0. The spectral
density is f(s) = (1/n) a/(a® + s*) with M = 1/(na). Integrating expression in
(2.2) we get L(y) =3a—1./a* —4ay, leading to I(x) = (a/4)(\/;—— 1/\/);)2
for x >0 and I(x)= oo otherwise,

For the explicit computation of the rate function in other spectral
cases, such as ARMA(p, g) processes, see [ Ref. 7, Sections 2.5 and 3].

2.2. Discrete Time

The following result is the finite-dimensional discrete time version of
Theorem 1.

Theorem 2. Let {X,}.,_,,.  be a centered, stationary Gaussian
R%valued sequence with the spectral density F(s)=[F, ;(s)] such that
ess sup [|F(s}| < oo (where |F| denotes the operator norm associated with
the matrix F, c.f. (3.10). Then for every nonnegative definite symmetric real
matrix W, {n~'37_, (X;| WX,)} satisfies the LDP with rate function

)= sup  {xy—L(»)} (23)

—w<y<l/(2M)

where M =ess sup |W'F(s) W"2|| and for y < 1/(2M)

L(y)= —% J:” log det(I—2yWF(s)) ds (2.4)

Remark 1. Clearly, Theorem 2 implies that the LDP holds also when
W is a nonpositive definite symmetric real matrix. However, in Section 2.6
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we give an example of W that is neither positive definite nor negative
definite for which L(y)= 00 even when all eigenvalues of 2yWF(s) are
uniformly (in s) strictly less than 1.

The following special case of Theorem 2 is of interest.

Corollary 1. Let {X,},_,. . be a real-valued, centered, stationary
Gaussian process with bounded spectral density function f(s). Then
{n='X7_, X} satisfies the LDP with the rate function of (2.3) where here

M =esssup f(s) and

1 pr2=
L(y)= 5 | los(1=2y/(s)) ds (25)

The next corollary follows from Corollary ! when p=2 and from
Ref. 15 by an approximation argument when p <2 (consider Ref. 7 [ Sec-
tion 4.4] for details).

Corollary 2. Suppose that {X,},_, . has continuous spectral den-
sity satisfying {3" log f(s) ds> —c0. If p<2then {n~' 37_, | X/|#} satisfies
the LDP.

Remark 2. Theorems 1 and 2 can also be extended to the muiti-
variate index case (Gaussian random fields on R* or Z*). Indeed, Ref 18
[Chapter 8] develops the relevant tools for such an extension.

2.3. Unbounded Spectral Density

We next show that the LDP corresponding to more moderate deviations
of §,=37_, X7 holds true even when the spectral density is unbounded.

Theorem 3. Suppose that the real-valued, centered stationary Gaussian
process {X;},», has spectral density function f(s)eL(ds) for some
2<g<o. Let {m,} be such that n="9m,— co while n~'’m,—0.
Then {m,(n"'S,— E(X7}))} satisfies the LDP with speed m2/n and the rate
function

xZ

I(X)=2—o_—2
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where

02=1r”f2(s)ds (2.6)

0

Remark 3. With minor changes in the statement and in the proof,
LDPs of same speed and rate function as in Theorem 3 hold true in the
multivariate setup of Theorem 2 and in the continuous time setup of
Theorem | provided (2.1) is modified to

o’l=n"" f?n r(F(s))* ds (2.7)

0

in the former case (taking W =1) and
az=4nj" 12(s) ds (2.8)
in the latter.

2.4. Normal Convergence

Lemmas 3 and 6 from the proofs of Theorems 1 and 2, respectively,
yield the following CLTs.

Proposition 1.

(i) If {X,} is a real-valued, centered, separable stationary Gaussian
process with the spectral density f(s)e Lo(R, ds)n L (R, ds),
then (1/\/T) {a (X7 — E(X3)) dt is asymptotically normal N(0, o)
as T— oo with ¢ given by (2.8).

(i) If {X;}s_1.. is a centcred, stationary Gaussian R“valued
sequence with the spectral density F(s)=[F, (s)], such that
tr(F(s))? is integrable, then

l "
N Y KX X — E(KX X))

ni=1
is asymptotically normal N(0, o) as n — co with ¢ given by (2.7).

For a direct proof of part (ii) in the univariate case (d=1), see [Ref. 1,
Thm. 2], [Ref 17, Thm.2]. For related non-normal convergence, see¢
[Ref 23]. Other related results are given in [Ref 3, Thm. 5] and the
references therein (cf also Ref. 21, Thm. 3, p. 58).
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2.5. Noncentered Processes and the LDP for the Empirical Variance

By the contraction principle much of the preceding results extends to
the case of noncentered stationary Gaussian processes. For example, in the
context of Corollary 1 our starting point is as follows.

Proposition 2. Let {X;} be a real-valued centered stationary
Gaussian process whose spectral density f(-) is differentiable. Let S, =
[Xi_ X, X4, X1 Then {n~'S,} satisfies the LDP (in R’) with the
rate function

2
I

21(0)
where 0/0 :=0 in (2.9) and I(-) is as defined by (2.3) and (2.5).

J(xy, %) =1{x,—x3) + (2.9)

Applying the contraction principle (see [ Ref. 12, Theorem 4.2.1]) with
respect to the continuous function g(x,, x,) =x,+2x,u +u* R* > R, we
see that for a noncentered process ¥;= X, +u, the sequence {n ' 37_, Y7}
satisfies the LDP (in R) with rate function

- . 1y
J(z)= inf J(x,,x,)= su {z —_—— L }
(=) e xp) s =gl )} b x) ,‘»<1,,£M; g 1 —-2y£(0) (y)
where M =ess sup f(s) and L(y) is given by (2.5) (compare also Ref. 2,
[p.361]).

Similarly, applying the contraction principle with respect to the con-
tinuous function A(x,, x,) = x, —x? results with the empirical variance of
{X;};_, satisfying the LDP with the same rate function I(.) as for

{n*l Z?:l Xlz}

2.6. The Empirical Autocorrelation Vector

For j>0, let $'=3"2/ X, X, ;. Then n 'S is the jth empirical
autocorrelation based on a sample of size n. For fixed d>1 let §,=
[SO,.., 8] e R+ If f(-) is the spectral density of { X}, denote

f(s)={[f(s), f(s)cos s, ..., f(5) cos sd]' e R+ !

Proposition 3. Suppose that {X,},_,, are iid. N(0,1) random
variables. Then {n~'S,} satisfies the LDP (in R‘*"') with the rate function

I(x) =sup{<{x | y> — L(y): ye D}
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where

D={yeR‘" sup (y|f(s)><1/2}

0<s<2n

and for ye D

1 2r
Liy)= —5-| " log(1-2¢y | f())) ds (2.10)

Remark 4. The proof of Proposition 3 (with the same formula for the
rate function) extends to any differentiable spectral density f(s) provided
that for all ye D

lim sup n~ ' log E(exp({y | S,>)) < (2.11)

n— o0

However, the following example shows that for d=1 and for every AR(1)
process with 0 < |a] < 1, (2.11) is false for some y € D. Hence, in these cases
even if {n~'S,} satisfies the LDP, the rate function cannot be given by the
same expression as in Proposition 3.

Example 1. Let X, be an AR(1) process {with f,=1, f,=0 and
0<|a|<1) corresponding to r,=E[X,X;]=a'/(1—-a*) for i=0,1,.
and f(s)=1/(1+a*~2acoss). Then, y=Ai[1+a’ —2a] eD for every
A<1/2. Let R, denote the covariance matrix of X =[X/,.., X,,]’ and let Y,,
be the nxn symmetric Toeplitz matrix corresponding to y,= A(1 +a?),
yi=—4a and p,=0 for all 1<ig<n—1. Since R, '[rosr,_1]' =
[1,0,.,0], we have for 1> (1—4g?)/2 and all n large enough

<[r09"" r,,,l] I (R;l _2Y,,)[7'0,..., r,,,‘]'>

n—1 n
=ry—2M1+a*) ¥ ri+4ia
ot ,

!

—2
Z ririye <0

i=0

implying that E(exp(A(1 +a°) S'” —24aS'")) = oo (see Lemma 1).
Note that this expression is related to Theorem 2. Indeed,

n—1
ML+@)SP —pX = (1=7) X}) =248} = T <X;| W, X))

Jj=1
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where X;=[X,, X;,,]'e R* and

L[ +ad) —a
W"‘i{ —a (1—pXl+a)

Considering A >0, W, is nonnegative define iff y e [a®/(1 +a?), 1/(1 +a?)].
For this range of y it follows by applying Lemma 6 to Y, = W)',"2XF, that for
all 1<1/2,

lim n~'log E(exp(A(1 +a*)(S'” —yX? — (1 —y) X})—24aS\"))

n— o

= —1llog(1-24) (2.12)

It can also be verified that for every y > (1 +a?) the left side of (2.12) is
infinite for some A€ (0, 1/2), while the eigenvalues of W F(s) (which are 0
and A) are independent of j.

Remark 5. Example 1 shows that the large deviations of the empiri-
cal autocorrelation vector are sensitive to boundary effects (the choice
of y), and that Theorem 2 does not extend to matrices W which are neither
nonnegative definite nor nonpositive definite.

2.7. Exact Asymptotic

The following result comes essentially form Ref. 18 [p. 76]. Together
with saddle point approximation, it can be used to find higher order
asymptotic expansions for probabilities of “regular enough” sets in
Corollary 1. We do not pursue this possibility here.

Corollary 3. Suppose {X,},., is a centered, real-valued stationary
Gaussian sequence with bounded spectral demsity f(s) and M=
esssup f(s). Let S,=37_, X7 and L(y) be defined by (2.5). Then for all
y<1/(2M) the sequence {exp(—nL(y))E(exp(yS,))} is monotonically
nonincreasing. If in addition f(s) is differentiable and for some a >0 the
function f’(s) is uniformly Lipschitz continuous with exponent « then

1
lim exp(—nL(y)) E(exp(yS,)) = exp <L(y) Il th;,(z>|2da)

n— o 2r
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where

1 - 1+ — iy
()= | " log(1 =2 () o ds

1—ze

and o(dz) is the surface measure on the unit disc in C.

3. PROOFS

We start with the following well known elementary result.

Lemma 1. Suppose X=[X,,.,X,] is a real valued centered
Gaussian vector with the covariance matrix R and let M be a symmetric
real valued n x n-matrix. Then with A,,.., 4, the eigenvalues of the matrix
MR

log Eexp(z{X |MX))= —3 i log(1—2z2))

i=1

for zeC such that max,{Re(z)4;} <1/2. Furthermore, log E exp(y<{X|
MX)) =0 for y e R such that max;{yi;} >1/2.

With X=R'?Z and Z a standard multivariate normal, Lemma 1
follows by direct integration of the density of Z.

Lemma 2. If {Y,} are iid. random variables with mean zero, finite
second moment and positive probability density function at 0, then for
each 6> 0 there is 6 > 0 such that

i {7

Proof. Denote ¢°=E(Y?) and fix the sequence {k,}. Without loss of
generality, we may assume that |k,| > |k, | for all i > 1. Note that then the
condition 3, |k;| <1 implies that |k;| <1/ for all j>1. Consequently, for
every > 1 by Chebyshev’s inequality we have

Y k,-Y,‘<6>: y |k,~|<1}>5
i=1 i=1

'3 2 o*
P<] Y kY, <0>>1—% y 1 (3.1)
i=r+1 0 j=r+lj
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Note that one can find r,=ry(#) such that the right-hand side of (3.1) is
strictly positive. Choose now such r,(6/2). By independence we have

g

and, since |k;| <1, using (3.1) we get

g

ik,.Y,.‘<0>>P<
i=1

Ii] k,.Y,.‘ <0/2> P <t i k; Y,.‘ <(9/2>

i=rp+1

i k; Y,-‘ <0> >P(1max | ¥y < 6/(2ry)) P<

<ign

T % Y,.’ < 9/2)

i=1 i=rg+1

45 L 1
> PV <o) (1-G5 % )=:0

2
6 j=rn+l]

This ends the proof with 6 >0 as defined. |

3.1. Proof of Theorem 1

Let L,(z)=log E(exp(zS;)) for ze C with Re(z) < 1/(4nM).
The next Lemma is motivated by a heuristic argument in Ref. 2.

Lemma 3. Under the assumptions of Theorem 1, for Re(z)<
1/(4nM) we have

1 1 e
Jlim - Ly(z) = - j _ log(1 —4nzf(s)) ds

Proof. For T>0, denote by 4;=A,(T) the eigenvalues of
T
L R(t—s) g(s) ds = g(t) e L,([0, T']) (32)

and let e;=¢;(¢t) e Ly([0, T'], dt) be the corresponding orthonormal eigen-
functions. Since by Mercer’s theorem, R(t—s)=3,4e,(t)e;(s) with
positive and summable eigenvalues {1,}, we have the Karhunen-Loéve

expansion X, =Zj\//1vjyjej(t), where y; are iid. N(0, 1). Note that

T T ]
supi,= sup f (1) dt j g(u) du j e =5 £(s) ds
J 0

o
gely lgl=1"0 -

AL
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A square-integrable g(-) is also integrable on [0, T']. Thus, switching the
order of integration, we get

o 2
sup 4, <M f ds =2nM (3.3)

J

T .
[ st e a
0

where the last equality is by Plancherel’s theorem. Therefore Re(z) <
1/(4nM) < 1/(24,) and

FLr(2) =

N~ -

log E[exp(zS,)] = —2—1:; T log(1 —2z4,)
J=1
1 2nM
- = j log(1 —22x) pp(dx) (3.4)
2,

where p7(dx) :=1/T 3, 6,(dx) denotes the distribution of the eigenvalues
on [0, 2zM]. Fix z and choose J >0 such that 2 |z| d <1 and such that
{s:2nf(s)=05} is of Lebesgue measure zero. By Ref 18 [p.139] for
k=1,2,. we have

lvd

T 0

im jZ"MxkuT(dx)=(2n)k—l |7 rHs)ds (35)
0 ['s}

and also for every bounded continuous F( - )

tim [ FOs) () = |
m X X)=—
T dy Hr 2n {s:2nf(5) =3}

F(2rf(s)) ds (3.6)
Let P,(x) be the kth Taylor polynomial for x+— log(1 —2zx). Notice that
from (3.5) and (3.6), for each fixed k we get

é 1
[ Putx) ) > - P(2nf(s)) ds (3.7)

0 2n J{srznﬂs)sa‘}

Clearly, for 0 < x <J we have

o o)

Y (2zx)

J=k+1

L@xjz)*! 12z
k1-20z|0 “k1—2z¢

|Pi(x) —log(1 —2zx)| = <




Large Deviations for Quadratic Functionals of Gaussian Processes 319

Given ¢>0 choose k>2|z| (1-2|z|d)~'e~'. Then by (3.7) choose
T, = Ty(k) such that for all T> T, we have

4= j: Po(x) () — P.(2nf(s)) ds| <&

2n Ls:w«s)so‘}

and by (3.5) (with k=1)
2nM
[ xurlax) <2R(0)
0
Enlarging 7, if necessary, by (3.6) we may also ensure that for all 7> T,

2nM 1
4,:= L log(1l —2zx) u(dx) —— log{1 —4nzf(s)) ds| <e

2n J\{SZZHII(S)Z()'}

Therefore for all T> T, we have

o

2aM 1
J log(1 — 2zx) ur{dx) —ﬂj log(1 —4nrzf(s)) ds

2nM o
<4, +Az—ej x,uT(a’x)+aJ f(s)ds <e(2+3R(0)) |
0 e
Remark 6. By the induced convergence for analytic funtions, from
Lemma 3 it follows that

d

d
7ot L~ L=

© . Js)
& s

—w 1 —4myf(s)

for all y<1/(4zM) (this can also be verified directly using Ref. 18
[p.139]).

Remark 7. Let 1,(7T) be the maximal eigenvalue of (3.2). Then
A(TY<2zM by (3.3), and therefore by Ref 18 [p.139] one has
A(T) > 2zM as T— co.

Proof of Theorem 2.1. By Remark 7 and Lemma 1 it follows that
L(y)=lim;_ . T7'L,(y) is infinite for y>1/(4nM). Lemma 3 implies
that L( y) exists and given by (2.2) for y < 1/(4nM). Define L(1/(4nM)} :=
lim,, .} 40y L(y) (which by monotone convergence coincides with
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L(1/(4xM)) of (2.2), and note that by the monotonicity of L {(y) with
respect to y

liminf  T7'L(y;)=L(1/(4nM)) (3.8)

T — oo, yr— 1/(4nM)

The required LDP follows by the Gértner-Ellis Theorem (see Ref. 12
[Thm. 2.3.6]) when L(1/(4nM))=co0. Indeed, then (3.8) holds with
equality and c:=lm, ., 4. (d/dy) L(y)=00 so that L(-) is steep.
However, in general this is not the case (and it is not even clear that
T 'L(1/(4nM)) converges), so we follow instead the strategy of
parameter dependent change of measure, as outlined in Ref 13. By the
monotonicity of L,(-) it follows that [ Ref. 13, (2.13) and (2.15)] hold true,
Excluding the trivial case of zero spectral density, since L'(y) >0 is non-
decreasing, there is ¢ >0 such that L'(y) —» ¢ as y»1/(4xM). Examining
[Ref. 13, Prop. 2.14] we see that the LDP with the rate function of (2.1)
holds even for L(1/(4nM)) < co as soon as ¢ = oo (i.e., when L(-) is steep).
Turning to deal with ¢ < co, observe that then I(-) of (2.1) is continuous
at x = and it is easy to check that for x=c¢

X 1
’(")=W'L<m>

Thus, by [Ref. 13, Prop. 2.14], suffices to show that for all x> ¢ and all
&> 0 small enough

.1 . 1 1
—_ - — > —_— [
lﬁlnglogP(lT Sr—xi<e)= 47ZM(X+8)+L<4TCM> (3.9)

in order to complete the proof of the theorem. To this end, let A,(7) >
AATY= -+ = 4,(T)= --- be the eigenvalues of (3.2) and for y < 1/(24,) let

—_ J

Since T~ '(d/dy) L;(y)=2X,k,(y, T) is monotone in y and approaches oo
as y approaches 1/(24,), there exists y,<1/(24,(T)) such that 372, k;=x
for k;=k,(y;, T). Moreover, for each fixed y <1/(4nM), by Remark 1
lim, T~ "(d/dy) L(y) = (d/dy) L(y) < ¢ < x, while lim sup; y < 1/(4nM) by
Remark 2; hence y,— 1/(2rnM). For y as earlier, define the masure Q, via

d
Ot exp(y 1S Lulyn)
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and let V', denote the random variable (77'S;— x) under measure Q.
Note that by (3.3) the Laplace transform of V. is given by

ELe"7] = [T exp(—sk)//T— sk,

i=1

where k,=k,(y+, T). Therefore ¥, has the representation

Vi= Y k(Z?—1)
j=1
with Z, iid. normal N(0,1). By Lemma2 we now deduce that
OA|T 'S —x| <&)=6 for all e>0 and some J =4(¢g) >0 which is inde-
pendent of T. Since y, >0 for all large T,

T 'log P(|T'Sy— x| <é)

_ dp
=T" log ({@ Liroigr <o dQT)
>T 'log Q(IT 'Sy—x|<e)—yr{x+e&)+ T 'L(ys)

and in the limit 7— co the required lower bound of (3.9) follows from

(38). 1

3.2. Proof of Theorem 2

Throughout this proof we consider R”, n> | as Hilbert subspaces of
¢, with the inherited norms. For an n x n-matrix A, we consider the usual
operator norm

A
Il = sup 1281

(3.10)
yeRMNO fyll

and the Hilbert-Schmidt norm |A|=./tr(AA’) (with the usual convention
that A’ is the conjugate transpose of the matrix A). It is well known
that |JABC|<|A]-|B}-||C|, and that A <|A|, see e.g., [Ref 16, Sec-
tion XI.6]. The distribution of the eigenvalues {4,,.,4,} of A is the
discrete probability measure

n

#n(dx)zn_l z élj(dx)
j=1

Jj=

(either on R or on C, depending on whether A is symmetric, or not). The
following resulit is known.
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Lemma 4 ([ Ref. 18, p. 105]). Suppose the n x n matrices A, and B,
have the distribution of the eigenvalues u, and v, respectively and assume
that

Stnlp( A, + IB,]) <o (3.11)
and
limkn*1 A, —B,|*=0 (3.12)

Then lim, _, .. |f x*u,(dx) — | x*v,(dx)| =0 for every k=1, 2,...
Let R, =cov(X,, X,,) be the dx d-covariance matrices, and let y, be
the distribution of the eigenvalues of the block-Toeplitz nd x nd matrix

R, R, ... R,
... R
A, = R R e (3.13)
Rv(n—l) R—(n—Z)"' RO

Extending the argument of Ref. 18 [p. 113] we next provide the asymptotic
of u,.

Lemma 5. If M =esssup |F(s)| < oo then sup, |A,| < M. Moreover,
for any a <b such that m(s: ,(s) =a) =m(s: A;(s)=b)=0 for j=1,..,d,

d
lim u,([a,b])=Q2nrd) " Y m(s:a<A(s)<b) (3.14)

j=1

where m is Lebesgue measure on [0, 2n] and A,(s) = 4,(s) =...A,(s) = 0 are
the eigenvalues of F(s) (recall that F(s), 0 <s< 2z, are Hermitian, non-
negative definite matrices).

Proof. For (n—1)2=A>1ler R,=(1 —k/A)R, for k=0,.., 4 and
R, =0 for k>4, with R_, =R,. Let B, , be the block-Toeplitz nd x nd
matrix constructed as in (3.13) but with the blocks R, instead of R,. Let
C,.. . be the block-circulant matrix associated with B, , by using the blocks
Rimoan instead of R,. Let F (s)=Y{__, e ™R, with {4k} jzra

denoting the eigenvalues of F ,(27k/n), k=0,.,n—1 and v,,eR’ the
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corresponding eigenvectors. The usual argument for circulant matrices
shows that for j=1,..,d, k=0,.., n— 1 the nd-dimensional vectors
2nik(in—1Y)/n vj‘k)

emking .. e

(V k A

ks
are linearly independent eigenvectors of C, , corresponding to the eigen-
values 4;,; therefore those are all the eigenvalues of C, ,. Consequently,
IC,,, all < sup; [F 4(s)I| and since

_ 1 2 sin®(A(s—1)/2)
Fal)=02 )y demi—np) F O

clearly,

1 (27 sin®(Ae/2
sup IF ((s)| <sup IF(9)] - | Segordi=M  (315)

— T dt=
ndo Asin%(¢/2)

We turn now to prove that |A,|| <M and ||B, || <M. To this end,
fix n, pick x;e R“ and write x = (x,) as a column vector. Then,

o n n
xIA% =0t [T T e x Ko 3 emx,, ) ds
k=1

ni=1

2n n 2
<@m [T L em®x| IF(s)] ds

0 k=1
< sup ||F(s)] (szn ie'”‘“x 2ds>—M|[x||2
\0<s£2n 27[ 0 k=1 g

By a similar argument we have for n> A

<xan,Ax)=(2ﬂ:)_l JJH < i e_ikskuFA(s) i eimsxm> ds

Y k=1 m=1

<|xI1? sup [F 4(s)Il < M |x]?

This shows that the matrices A,, B, , and C, , satisfy (3.11) for every
choice of A <(n—1)/2.
Applying Parseval’s relation elementwise one has

AL

2r
IR,12=Q2n)~" | |F(s)|>ds <dM?

J=-x

860/10/2-4
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Since for every n> A4 we have

5

A 3
n'1A,—B,*’<2 Y (j/APIR*+2 Y |R,

/1
i=1 Jj=A+1

by Kronecker’s Lemma it follows that n~'|A,—B, ,]* can be made
arbitrarily small (uniformly in n> 4) by choosing A large enough. There-
fore, by choosing first 4 large and then »n large enough, we can make sure
that (3.12) holds both for |A,—B,, ,| and for |B, ,—C, ,| since

A
IBnA_CnAlzszA |R|2<Ad]‘42
. 8 7
j=1

J=

Consequently, by Lemma4 the asymptotic of x, is the same as the
asymptotic of the distribution of the eigenvalues of C, , provided we let
n— oo first and then take 4 — co.

Fix a positive integer 7. In view of the continuity of F ,(s) we have for
any fixed 4 > 1

n 2

lim n 'Y tr(FA(27zk/n)’)=21—nL—ﬂ tr(F (s)’) ds

no k=1
=

Also
2n 2
/(275)‘[ tr(F ,(s)" —F(s)") ds
(4
2n
<dQ@m) " [ F,(5) —F(s)'|*ds
0
2n
sdszz“*“(zn)—‘j IF ,(s) — F(s)|? ds
4]
and since,

27 A 3
(1)~ [ IF () —F(s)Pds=2 ¥, (A’ IRIF+2 Y IR,
0 Jj=1

j=A+1
we have for 4 — oo that |3 tr(F ,(s)" — F(s)") ds — 0, leading to

Y
2

lim lim n! i tr(F,,(an/n)’)=LnJ ntr(F(s)/)ds

A— - =1 2
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With this holding for every positive integer Z, the limit (3.14) follows by
Ref. 18 [p. 105]. }

Let S,=%7.,<X;|X,> and L,(z) =log E(exp(zS,)) for ze C.

Lemma 6. If sup, ||F(s)| =M < o, then for every ze C such that
Re z < 1/(2M),

1 2n
lim n 'L(z)= ——j log det( — 2zF(s)) ds (3.16)
4n 0

n-sy

Remark 8. For d=1 this lemma is known, see Ref. 9 [p. 105], or
Ref. 10 [ Example 3.1a)].

Proof. Clearly,

S, =X, X, {X,,. X, }

Therefore by Lemma 1, for Re(z) <1/(2 max, 4;)

nd
n 'L(z)=—1/2n) Y log(l —2z4;)

il

where {A;} are the eigenvalues of the symmetric nonnegative definite
matrix A,,.

Lemma 5 implies that max; ;= ||A,| <M for all n, and by (3.14)
actually ||A, | - M as n— . Consequently, (3.16) follows by applying
(3.14) and observing that

iy d M
n L,,(z)=—5J‘ log(1 — 2zx) u,(dx) 1l
4]

Remark 9. By the induced convergence for analytic functions, from
Lemma 6 it follows that for y < 1/(2M)

o d _1 A,(s)
n dyL,,(y) L(y) Zf T )ds

where 4,(s), j = I,.., d are the (nonnegative) eigenvalues of F(s). (This claim
can also be verified directly from (3.14).
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Proof of Theorem 2. For W an identity matrix, the proof repeats the
reasoning from the proof of Theorem 1. Indeed, by Lemma 6, n~'L,(y)
onverges to L{y) of (2.4} for y < 1/(2M), while by Lemmas ! and §, for y >
1/(2M)

L(y)=lim n"'L(y)= o0

n— o

Excluding the trivial case of zero spectral density, notice that L'(y)>0
is monotonically increasing for y<1/(2M), and let ¢>0 be such that
L'(y)—»c as y 1/(2M). Define L(1/(2M))=lim_ ., ,,, L(y). Since
[Ref 13, (2.13) and (2.15)] hold by the monotonicity of L,(-), if c=00
then L(y) is steep and the LDP with the rate function I(-) of (2.3} and
(2.4) follows by [Ref. 13, Prop. 2.14] (even if n 'L, (1/(2M)) fails to con-
verge). Otherwise, ¢ <oo and I(x) is continuous at x=c¢ with {x)=
x/(2M)— L(1/(2M)) for all x>c. Letting {4,} denote the nonnegative
eigenvalues of the matrix A,, the n-dependent change of measure via
dQ,/dP =exp(y,S,— L,(y,)) results with n~'S, — x (under Q,)) having the
representation 74, k(Z?—1) with Z; iid. normal N(0,1) and k=
A/(n(1—2y,4)), where y,,<1/(2 max; A} chosen such that ¥/ k,=x.
Since max;{%,} =|A,|—> M as n—> oo it follows by Remark9 that
lim, y,=1/(2M) and the proof of the large deviations lower bound for
x=c is completed by applying Lemma 2 (note that lim inf, n 'L (y,) >
L(1/(2M})). For any W nonnegative definite symmetric real matrix, we
have W=W'"2W!'2 with W'? also nonnegative symmetric real matrix.
Hence (X, |WX)>=<Y;|Y,> for j=1,2,., where Y,=W'"X, is a
stationary process of bounded spectral density W, ,F(s) W"2 Therefore
the general case follows by applying the above proof of the process

Y} 1

Remark 10. For d— 1, by Lemmal and Ref 18 [pp. 38, 44],
n~'log E(exp((2M) " X2)) converges as n— oo to L(1/(2M)) of
(2.5). The validity of thxs result in the general context of Theorem 2 is not
addressed here.

3.3. Proof of Theorem 3
We first bound the maximal eigenvalue of A,—the covariance matrix
of [ X (... X,,]".

Lemma 7. If feL (ds) for 1<g<co then |A,[<Cn' for some
C<oo and all n>1.
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Proof. Let x=[x,,..x,] be such |[x|[=1 and |A,|=<{x|A,x).
Then. denoting 1/p+ 1/g=1, we have |A,| =127 {7 f(s) |3 x,e”|* ds <
H_f“(l( 127 j‘(z)r |Z '\’j()ij\lzp dS)I P < C(Z |X/-| )(2[7—2)/) < Cnl q. I

Proof of Theorem 3. Let T,=m,(n"'S,—EX]) and 1,=4,(n), 1 <

Jj < n, denote the eigenvalues of A,. Since by Lemma 7 and the choice of m,,

max; 4,;/m, — 0, for every y € R and all n>ny(y) we have

log Eexp(nm,, *yT,) = —ynm, ' EX{—5 ) log(1-2yi;/m,)
j=1

Notie that by Taylor’s Theorem for |w| <1
log(l —w)= —w—(1/2) w1 —1tw) 2
where r=1#(w)e[0,1]. This is applied here to w,=2yi /m, which by

Lemma 7 satisfies sup, |w,|—0 as n— oo, and hence, |1 —Hw;)w;]—1]
uniformly in 1 < j< s Thus, the limit of

m>n~"log E exp(nm, *yT,)

is the same as that of
ym, <n' 5 ;,,_E<X,2>>+y2w "
j=l je1

Clearly. >7_| 4, =tr A, =nE(X7), and

n—1 n—I n —l

'Y =ttt Al= Y (I-tklmyri= Y =2 Y (kin)r}

i=1 k= —(n—1) k= —(n—-1) k=1

Notice that by Parseval's identity ;- | ri>>/_ o ri=0"2 as
n— oc. On the other hand, by Kronecker’s Lemma Y} _| (k/n) r; — 0 as
n— o leading to

lim m2n~"log E exp(nm, *yT,) =% y’c”

n— s

We complete the proof by applying the Gartner-Ellis Theorem for the
speed a,, =m; /n— 0 (cf. [Ref. 12, Thm. 2.3.6 and Remark (a)]. §
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3.4. Proof of Proposition 1

For f(s) or |F(s)| bounded, the CLT follows immediately from
Lemmas 3 and 6 by a simple complex analysis argument given in [ Ref. 4,
Prop. 1]. In general, for every M < oo, we let X,=Y,+Z, in the con-
tinuous time setup and X, =Y,+Z, in the discrete time setup; in the
former case Y, and Z, are independent, real-valued, centered, separable
stationary Gaussian processes with spectral densities f,(s) =min(f(s), M)
and f,(s)=f(s)—f,(s), while in the latter Y, and Z, are independent,
R%valued, centered, stationary Gaussian sequences, with the spectral den-
sities F (s) and F,(s) having the same eigenvectors as F(s) but with eigen-
values min(4;(s), M) and max(i(s)— M, 0) respectively. Then, in the
continuous time setup,

1 T
Wii=—z=| (X2—Y2—E(X3— Y2)dt

ST
——_1—— T 2 5 _2—_ T
—\/_]_‘fo (22 E(ZO))dH-ﬁL Y,Z, dt

has mean zero and variance bounded above by ¢,,:=4a(4n [~ __ f.(s)* ds)"?,

while in the discrete time setup,

i (XX =Y 1Y) —E((Xp [ X)) =<Yo | Yo)))

1
Wiy i=—=
M \/;li=1

has zero mean and variance bounded by &,, :=4a(z "' [3" tr(F.(s)?) ds)'".
Note that in both cases ¢,,— 0 as M — oo, hence for every >0, by
Chebyshev’s inequality P(|W,,| >3J)<é,/6>— 0 as M — co uniformly in
T(n). Since f,(s) is bounded, 1/,/T |7 (Y2—E(Y2))d: is asymptotically
normal N(0, o,,) as T — o, with 6, :=(4n [~ f,(s)* ds)"”* monotonically
increasing to ¢ as M — oo0. Similarly, in the discrete time setup, [[F(s)] is
bounded and hence 1/\/n¥7_, (<Y,|Y,> —E({Yy|Y,))) is asymptoti-
cally normal N(0, g ,,) as n — oo, with g, :=(n " [3* tr(F (s))? ds)'* 7o as
M — oo. The required CLT then follows by the continuity of the normal
distribution function. |

3.5. Proof of Proposition 2

For y=[y, y,] define L (y)=log Eexp(<y|S,>). Let R, be the
covariance matrix of X=[X,.., X,,]’ with 1,(n) denoting the maximal
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eigenvalue of R,, I, denoting the identity matrix, and e, =[1,1,..,1]". By
adapting the calculations of Lemma 1 we have for y, < 1/(24,(n))

L(y)=Ly[0,y,]) +3yie, | RAI,—2y,R,) "' R %€,

(and L,(y)= oo for all other values of y).

Lemma 8. If y, <1/(2M) then

T _ yi/£(0)

with L(y) given by (2.5), and n~'L (y) = co when y, > 1/(2M).

Proof. We have by Ref. 18 [p. 65] that n~'L,([0, y,]1) ~ L(y,) for
all y,<1/(2M) and n™'L,(y) — oo for all y, > 1/(2M). Taking y, < 1/(2M)
we have by Ref. 18 [pp. 27, 53, 209] that

n_1<en | (In_zyZRn)_len> - 1/(1 _2y2f(0))

and the proof is completed by noting that 2y,R)*(I,—2y,R,) " 'R}*+1,
=(L,—2y,R,) " |}

Proof of Proposition 2. Defining L([ y,, 1/2M)])=lim,, .,,;,,L(y)
and L(y)= oo for y, > 1/(2M), it is easy to check that J(x,, x,) of (2.9) is
the Fenchel-Legendre transform of L(y). Here again, it is easy to check
that conditions [Ref. 13, (2.13) and (2.15)] follow from the monotonicity
of L,(y) with respect to y,. Hence, suffices to show that L(y) is steep, for
then the LDP with rate function J(.) holds by [Ref. 13, Prop. 2.14] (even
if n='L,(y) fails to converge for y,=1/(2M)). To that end, note that for
y.<1/2M)

2n

Ly L S
9y, ~2mle 1-2y,f(s)

Hence, by the differentiability of f(s) we have OL(y)/dy,— co as

v, 2 1/(2M) implying that L(y) is steep (for more details, see the proof of
Proposition 3). ||

3.6. Proof of Proposition 3

Let L,(y)=log E(exp({y | S,>)) and let Y,, be the symmetric Toeplitz
nx n-matrix whose first row is (yg, 3 ¥iss 3Va> 05, 0). Let R, be the
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covariance matrix of X=[X,., X,]. Since <(y|S,>=XY,X, by
Lemma | we have

Ly)=—1/2 ¥ log(1-24,(y)) (3.17)

Jj=1

where A,(y) are the eigenvalues of the matrix M, =Y,R, and y is such that
max, {A(y)} <1/2.

For iid. X; of unit variance we have that R, is the identity matrix,
hence M, =Y, is the symmetric Toeplitz matrix corresponding to the
“signed” bounded spectral density <{y|f(s)>. In particular, by Ref. 18
[p. 65] foryeD

1
—L A¥) - L(y) = i), 10g(1 — Xy [f(s)>) ds

By Ref 18 [pp.38,44] this relation holds for yedD, ie, when
sup, <y | f(s)> =3, while n='L,(y) — oo for all other values of y.

Notice that if |ly] <1/(2(d+ 1)) then ye D. Therefore, in order to
establish the LDP, we need only to verify the steepness condition, i.e.,

lim L'(y)l =

Yy—¥,¥eD

for all y,edD, see Ref. 12 [ Thm. 2.3.6]. To this end, fix y,edD and let
0<s,<2n be such that (y,|f(se)> =1/2. It suffices to show that
[<yo | L'(y)>| = 0 as y > y,, yeD. Clearly,

<YO f(s))
<yol L'(y)> = J 1-2(y | f(s))>

Let I, ={s: (yo | f(s)> >0}, and I_={s: {y, | f(s5)) <0}. We have

1 f (Yol fls))
2

lim sup L T=2¢y (1))

Y=Y

ds’ <Iyol

Since f(s) is differentiable, for each ¢>0 there is 6 >0 such that for
Is — 5| <J we have |y, | f(s5)> —<¥o | f(50)>| <&d and (y, | f(s)) =m>0;
ie. (so—0,5,) =1, (if 5,=0 replace (sq— 7, 54) by (8¢, 5o+ J)). Then
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J’ <YOlf(S)> J' <YOIf(3)> ds
1+1—2<y|f(s)> w-s 1 =2Cy | f(5))

S0 1
> Lo—a‘ 2{yo | f(so) —£(s))> + 2<yo —y | (s} “

é
m——e——
260 +2 |lyo—yl

Therefore lim inf, , , (yo | L'(y)) = m/(4ne) — |ly,ll. Taking ¢ - 0, this ends
the proof. 1
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